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LOWER SEPARATION AXIOMS POINT-FREELY %, 11, s, ...
7

Th: no point-free counterpart

(2 points violating it cannot be told apart by open sets)

Ty the classical situation is almost so heavily dependent on points

that one cannot expect an exact counterpart.

There are two point-free properties loosely related to 77:

FITNESS, SUBFITNESS [J. Isbell (1972)]
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cL:={c(a)|aec L}
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Background: THE SUBLOCALE LATTICE S(L) It Is a co-frame

oL :={o(a) |ae L}
Vo(ai) = o(V ai)

el el

o(a) A o(b) =o0(a AD)
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[9. Isbell (1972)]

A frame (locale) L is
Subfit: every open sublocale is a join of closed ones.

e Not hereditary; categorically: badly-behaved!

X is subfitiff Ve e U e Q(X), Jye {a}: {y} < U.
(Sﬁt) +1Tp =1}

Fit: every (closed) sublocale is a meet of open ones.

e Hereditary; categorically: well-behaved
(the closest modification of subfit that behaves well);
fitness = hereditary subfitness.

@ Xisfitiff 2?7
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To discuss these two important properties
(1) Supplementing [H. Simmons (2006)].

(2) Subfitness is useful in its own right:

e Nearnesses ...

e “supportive role”: several Dowker-Strauss type 75 axioms

become one for subfit frames [J. P. & A. Pultr (2013)]

e monotone normality and stratifiable frames

[J. Gutierrez Garcia, J. P. & M. A. de Prada Vicente (2013)]
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Preliminaries: NEARNESSES frame (=locale) L

covers: C < L suchthat \/C = 1.
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Preliminaries: NEARNESSES

frame (=locale) L

covers: C < Lsuchthat\/C=1. C<D

VeeCdde D :e<d

CAD:={cnand|ceC,de D}
“thestarof x e LinC":  Cx =\/{ceC|cnAax#0}

Nearness: non-void filter N/ of covers such that

(N)Vae L,a=\/{zreL|3IC e N,Czx < a}.

[B. Banaschewski & A. Pultr (1996)]
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Preliminaries: NEARNESSES frame (=locale) L

“thestarof e LinC": Czx=\/{ceC|chanx+#0}

CS =\{ceC|o(c)n S # 0}

CS<a= Sco(a) Cx = Co(x) CS=CS

Nearness: non-void filter N of covers such that
(N)Vae L,a=\/{zreL|3C e N,Cx < a}.

(N") foreachae L, o(a) = V{SeS(L)|3ICeN,CS < a}.

PN NN
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Preliminaries: NEARNESSES frame (=locale) L

e . admits a general nearness iff it is subfit.

since: every open sublocale is a join of closed sublocales

e But L admits a nearness iff it is regular.

Nearness: non-void filter N/ of covers such that

(N) foreachae L,a=\/{zreL|3C e N,Cx < a}.

(N) foreachae L, o0(a) = \/{SeS(L)|3ICeN,CS < a}.

PN

[H. Herrlich & A. Pultr (2000)] “(*)  GENERAL NEARNESS |
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First order formulas:
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MORE ON FITNESS and SUBFITNESS

First order formulas:

Reqular: a<€<b = dc, avec=1¢—0#0D.
Fit: a<b = dc, ave=1¢c—>b+#b.
Subfit: a<<b = dc,ave=1#bvec.

Weakly subfit: a €0 = dc#1,avec=1.
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INHERITANCE BY SUBLOCALES

e L isfit & every sublocale of L is subfit.
‘<" ifnot: dab:avu=1=u—>b=0.
sc(a) ={r|avu=1=u—zx=2x}eS(L), a,besc(a)

sc(a) is subfit, @ < b= Ic ..., a CONTRADITION!

e sc(a) = NA{o(u)|c(a) < o(u)} semiclosed sublocales

THEOREM. L is fit & every semiclosed sublocale is closed

< every semiclosed sublocale is subfit.
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COREFLECTION Frm — FitFrm frame L

e [(L)={aeL|cla)=sc(a)}isasubframe of L.
o Lisfitiff F{(L)= L.

COREFLECTION: Fy(L) = L, Fay1 = Fi(Fa(L)), Fa(L) = () Fs(L)

B<a

Fa(L) decrease = HV(L): Fy (FW(L)(L)) = ny(L) (L) F(L)= F'y(L) (L)

D@

| > F(L)
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COREFLECTION Frm — FitFrm frame L

e [(L)={aeL|cla)=sc(a)}isasubframe of L.

o ac Fi(L), ¢(a) = A{o(u) | c(a) < o(u)}

D@

Y
=
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COREFLECTION Frm — FitFrm frame L

e [(L)={aeL|cla)=sc(a)}isasubframe of L.

» ac Fi(L), ca) = Afo(u) | c(a) € o(u)} LM
-~ -1 = ) e

@ s FitFrm
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COREFLECTION Frm — FitFrm frame L

e [(L)={aeL|cla)=sc(a)}isasubframe of L.

e ac Fi(L), c(a) = Alo(u) | e(a) € o(u) R
f‘ll -] = £ fetoc
c(h(a)) = Afo(h(u)) | c(a) S o(u)}
@ F GRS . L > F(L)
hl lh h[Fy(L)] € Fy(M)

M > ['(M)
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COREFLECTION Frm — FitFrm frame L

e [(L)={aeL|cla)=sc(a)}isasubframe of L.

e ae Fi(L), cla) = Afo(u) | c(a)  o(u)} LM
f‘ll fI-1 4 £ feLoc

c(h(a)) = Afo(h(u)) | ¢(a) < o(u)}
2 Af{o(v) | e(h(a)) < o(v)} = sc(h(a))

F
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(fit)
/ \

Prefit: Va#0: 3b#0, b< a. pflt) P ~ (sfit)
(wsfit)

PROPOSITION. A frame is fit iff each closed sublocale is prefit.
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(fit)

A new axiom: PREFITNESS. //‘\N
Prefit: Va#0: 3b#0, b< a. (pflt) P ~ (sfit)
(wsfit)

PROPOSITION. A frame is fit iff each closed sublocale is prefit.

@ (Closed sublocales are induced by closed subspaces)
COROLLARY. X is fit iff

any closed F,anyopenU,U n F # g =

= JopenV : VA F#g, VAFcUNF.
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NON-SYMMETRIC GENERALIZED NEARNESS on a biframe (L, L1, L2)
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BACKGROUND: THE CATEGORY OF BIFRAMES

[Banaschewski, Brummer & Hardie (1983)]
bitopological space

(X7 (317‘32)
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BACKGROUND: THE CATEGORY OF BIFRAMES

[Banaschewski, Brummer & Hardie (1983)]
bitopological space
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BACKGROUND: THE CATEGORY OF BIFRAMES

[Banaschewski, Brummer & Hardie (1983)]
bitopological space

(X, El,ig) T > (Tl V 52,51,52)
(L7L17L2)

- L: frame, Lq, Lo: subframes of L

biframes
YVeel,x= \/(CLZ A\ bz), a; € Ll,bi (S L2

| (]

h : (L,Ll,Lg) — (M, Ml,MQ)

- h: L — M frame homomorphism
biframe maps

h(LZ) M, (r=1,2).
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NON-SYMMETRIC GENERALIZED NEARNESS biframe (L, L1, Lz)

e non-void filter N/ of paircovers
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NON-SYMMETRIC GENERALIZED NEARNESS biframe (L, L1, Lz)

e non-void filter N/ of paircovers

paircovers: C < L x Ly such that C = {c1 Aca | (c1,c0) € C} e Cov

C<D, CAD

eVae L,o(a) =\/{SeSL)|3ICeN,C;S < a} where

C1S =V{a | (a,b) e Cio(b) n S #0}, C28 =\{b]|...,0(a)nS # 0}

PROPOSITION. A biframe admits a quasi-nearness iff it is subfit.
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BIFRAME VARIANTS OF FITNESS AND SUBFITNESS biframe (L, L1, Lz)

Fit: Vae L;, c(a) = Afo(b) |be Lj,c(a) S o)}  (i,5 =1,2, i # 7)
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Fit: Vae L;, c(a) = Afo(b) |be Lj,c(a) S o)}  (i,5 =1,2, i # 7)

< |Vae L;, VbeL, a€<b= dcelj:avc=1c—>b<b

Subfit: Vae L;, o(a) = \/{c(b) | be Lj,c(b) S o(a)}.
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BIFRAME VARIANTS OF FITNESS AND SUBFITNESS biframe (L, L1, Lz)

Fit: Vae L;, c(a) = Afo(b) |be Lj,c(a) S o)}  (i,5 =1,2, i # 7)

< |Vae L;, VbeL, a€<b= dcelj:avc=1c—>b<b

Subfit: Vae L;, o(a) = \/{c(b) | be Lj,c(b) S o(a)}.

< Vae L;,VbeL, a<b = dcelLj:ave=1#bvec

too WEAK!!
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BIFRAME VARIANTS OF FITNESS AND SUBFITNESS biframe (L, L1, Lz)

Fit: Vae L;, c(a) = Afo(b) |be Lj,c(a) S o)}  (i,5 =1,2, i # 7)

< |Vae L;, VbeL, a€<b= dcelj:avc=1c—>b<b

Subfit: Vae L;, o(a) = \/{c(b) | be Lj,c(b) S o(a)}.

< |Vae Ly, Vb e L, a<l —-b= 3dcelj:ave=1<Lcvb

< VYae L;,Vbe L, a<b= dceljtavc=1#bvc b =1

too WEAK!!

[subbilocales, heredity, ...]
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