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Background Notation

Definition

For each S C w<v,
[S]={seS:VteS,sCt=s=t}

cdS)={tew¥:tCseS}
m0(S) ={s0:s€ S}

Sisa Tree on w, if c/(S) = S.
For s, t € w<¥,

s<t& (sCtorls|=|t] & s <jex t)

If S and T are trees on w then

(D:{Ug T U=Ss).
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Background Selective ultrafilters on w

Definition
Let &/ be an ultrafilter on w.
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Background Selective ultrafilters on w

Definition
Let &/ be an ultrafilter on w.

@ U is selective if for each sequence Ag D A; D Ay D ... of members
of U, there exists A = {ag, a1, ...} € U such that for each n < w,

A \ {307 dly ..., an—l} C An‘
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Background Selective ultrafilters on w

Definition
Let &/ be an ultrafilter on w.

@ U is selective if for each sequence Ag D A; D Ay D ... of members
of U, there exists A = {ag, a1, ...} € U such that for each n < w,

A \ {aO) dly ..., an—l} C An‘

@ U is Ramsey if for each map F : [w]" — 2 there exists A € U such
that F is constant on [A]”
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Background Selective ultrafilters on w

Definition
Let &/ be an ultrafilter on w.

@ U is selective if for each sequence Ag D A; D Ay D ... of members
of U, there exists A = {ag, a1, ...} € U such that for each n < w,

A \ {aO) dly ..., an—l} C An‘

@ U is Ramsey if for each map F : [w]" — 2 there exists A € U such
that F is constant on [A]”

Theorem (Kunen, [1])

Let U be an ultrafilter on w.

U is selective if and only if U is Ramsey.
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Definition of a topological Ramsey space
Definition ([6])
Let (R, <, r) be a triple,
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Definition of a topological Ramsey space
Definition ([6])
Let (R, <, r) be a triple, where R is nonempty,
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Topological Ramsey Theory Definition of a topological Ramsey space
Definition ([6])

Let (R, <, r) be a triple, where R is nonempty, where < is a
quasi-ordering on R and
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Befinitionfoffalfopolosicallkamseviepace
Definition ([6])
Let (R, <, r) be a triple, where R is nonempty, where < is a
quasi-ordering on R and where

r: Rxw—AR

is a mapping giving us the sequence (r,(-) = r(-, n)) of approximation
mappings.
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Befinitionfoffalfopolosicallkamseviepace
Definition ([6])
Let (R, <, r) be a triple, where R is nonempty, where < is a
quasi-ordering on R and where

r: Rxw—AR

is a mapping giving us the sequence (r,(-) = r(-, n)) of approximation
mappings.
Fors€ AR and X € R let

[, X] ={YeR:Y <X & (3In)s=r(Y)}
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Befinitionfoffaltopolosical[Ramsevispace
Definition ([6])
Let (R, <, r) be a triple, where R is nonempty, where < is a
quasi-ordering on R and where

r:Rxw—AR
is a mapping giving us the sequence (r,(-) = r(-, n)) of approximation
mappings.
Fors€ AR and X € R let
[, X] ={YeR:Y <X & (3In)s=r(Y)}

The Ellentuck topology on R is the topology generated by the collection

{[s,X]:s € AR, X € R}.
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Befinitionfoffaltopolosical[Ramsevispace
Definition ([6])
Let (R, <, r) be a triple, where R is nonempty, where < is a
quasi-ordering on R and where

r:Rxw—AR
is a mapping giving us the sequence (r,(-) = r(-, n)) of approximation
mappings.
Fors€ AR and X € R let
[, X] ={YeR:Y <X & (3In)s=r(Y)}

The Ellentuck topology on R is the topology generated by the collection

{[s,X]:s € AR, X € R}.

Example (The Ellentuck Space, ([w]“, C, r))

rn({a0,a1,a2,...}) ={a0,...,an-1}

e ——— - - 4
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Topological Ramsey Theory Definition of a topological Ramsey space

Definition ([6])

A subset X' of R is Ramsey if for every nonempty [s, X], there is a

Y €[s,X] such that [s, Y] C X or [s, Y] N X = 0.
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Topological Ramsey Theory Definition of a topological Ramsey space

Definition ([6])
A subset X' of R is Ramsey if for every nonempty [s, X], there is a
Y € [s, X] such that [s, Y] C X or [s, Y] N X = 0.

X is Ramsey null if for every nonempty [s, X], there exists Y € [s, X]
such that [s, Y] N X = 0.
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Topological Ramsey Theory Definition of a topological Ramsey space

Definition ([6])
A subset X' of R is Ramsey if for every nonempty [s, X], there is a
Y € [s, X] such that [s, Y] C X or [s, Y] N X = 0.

X is Ramsey null if for every nonempty [s, X], there exists Y € [s, X]
such that [s, Y] N X = 0.

A triple (R, <,r) is a topological Ramsey space if every subset of R
with the Baire property is Ramsey and if every meager subset of R is
Ramsey null.
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Topological Ramsey Theory Definition of a topological Ramsey space

Definition ([6])
A subset X' of R is Ramsey if for every nonempty [s, X], there is a
Y € [s, X] such that [s, Y] C X or [s, Y] N X = 0.

X is Ramsey null if for every nonempty [s, X], there exists Y € [s, X]
such that [s, Y] N X = 0.

A triple (R, <,r) is a topological Ramsey space if every subset of R
with the Baire property is Ramsey and if every meager subset of R is
Ramsey null.

The Ellentuck Theorem (Ellentuck, [3])

The Ellentuck space ([w]“, C, r) is a topological Ramsey space.
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Topological Ramsey Theory The topological Ramsey space R.
Definition

For each n < w, let
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Topological Ramsey Theory The topological Ramsey space R.

Definition

For each n < w, let

N

T1(0)
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Topological Ramsey Theory The topological Ramsey space R.
Definition

For each n < w, let

T1(1)
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Topological Ramsey Theory The topological Ramsey space R.
Definition

For each n < w, let

= Ta(n)

n<w
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RS TCTATEINAET S Al The topological Ramsey space Rj.
Definition
T

R =
1 Tl
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RS TCTATEINAET S Al The topological Ramsey space Rj.
Definition
T

R =
1 Tl

For each S € R; and each i < w
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Topological Ramsey Theory The topological Ramsey space R.

Ty
Ry = .
. < T1>

For each § € R1 and each i < w , let

Definition

7T0(5) = {ko, kl, kg, 0o }
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Topological Ramsey Theory The topological Ramsey space R.

Ty
Ry = .
. < T1>

For each § € R1 and each i < w , let

Definition

7T0(5) = {ko, kl, kg, .. }
S(i) = {s € S : mo(s) = ki} U{()}
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Topological Ramsey Theory The topological Ramsey space R.

T
Ry = .
. < T1>

For each § € R1 and each i < w , let

Definition

7T0(5) = {ko, kl, kg, .. }
S(iy={seS:m(s) =k} U{()}
r(S) =JSW).

j<i
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Topological Ramsey Theory The topological Ramsey space R.

T
Ry = .
. < T1>

For each § € R1 and each i < w , let

Definition

7T0(5) = {ko, kl, kg, .. }
S(iy={seS:m(s) =k} U{()}
r(S) =JSW).

J<i
For S, T € R4,

S < T ifand only if S is a subtree of T.
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Topological Ramsey Theory The topological Ramsey space R.

T
Ry = .
. < T1>

For each § € R1 and each i < w , let

Definition

7T0(5) = {ko, kl, kg, .. }
S(iy={seS:m(s) =k} U{()}
r(S) =JSW).

J<i
For S, T € R4,

S < T ifand only if S is a subtree of T.

Theorem (Dobrinen, Todorcevic, [2])

(R1,<,r) is a topological Ramsey space.
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RS TCTATEINAET S Al The topological Ramsey space Rj.

Definition
Let U be an ultrafilter on [T1] and C C R;.
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Topological Ramsey Theory The topological Ramsey space R.

Definition
Let & be an ultrafilter on [T1] and C C R;.
©Q U is generated by C, if

{[A] : A€ C} is cofinal in (U, D).
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Topological Ramsey Theory The topological Ramsey space R.

Definition
Let & be an ultrafilter on [T1] and C C R;.
©Q U is generated by C, if

{[A] : A€ C} is cofinal in (U, D).

@ U is selective for R, if for each sequence Ag 2 A1 D A D ... of
members of C, there exists A € C such that for each n < w,

A\ rn(A) C A,
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Topological Ramsey Theory The topological Ramsey space R.

Definition
Let & be an ultrafilter on [T1] and C C R;.
©Q U is generated by C, if

{[A] : A€ C} is cofinal in (U, D).

@ U is selective for R, if for each sequence Ag 2 A1 D A D ... of
members of C, there exists A € C such that for each n < w,

A\ rn(A) C A,

© U is Ramsey for R4, if for map F : AR, — 2 there exists A € C
such that F is constant on AR,|A = {r,(B): B < A}.
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RS TCTATEINAET S Al The topological Ramsey space Rj.

Definition
For S, TER1, S<*T <= (Fi<w)(S\r(S)CT).
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RS TCTATEINAET S Al The topological Ramsey space Rj.

Definition
For S, TER1, S<*T <= (Fi<w)(S\r(S)CT).

Theorem (Mijares, [5])

If C is a (R1, <*)-generic filter then C generates a Ramsey for R
ultrafilter on [T1].
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RS TCTATEINAET S Al The topological Ramsey space Rj.

Definition
For S, TER1, S<*T <= (Fi<w)(S\r(S)CT).

Theorem (Mijares, [5])

If C is a (R1, <*)-generic filter then C generates a Ramsey for R
ultrafilter on [T1].

Theorem (Mijares, [5])
IfU is Ramsey for Rq then U is selective for Ri.
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RS TCTATEINAET S Al The topological Ramsey space Rj.

Definition
For S, TeR1, S<' T <= (Fi<w)(S\r(S)CT).

Theorem (Mijares, [5])

If C is a (R1, <*)-generic filter then C generates a Ramsey for R
ultrafilter on [T1].

Theorem (Mijares, [5])
IfU is Ramsey for Rq then U is selective for Ri.

Question

Is Ramsey for R1 equivalent to selective for R1?
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Topological Ramsey Theory The topological Ramsey space R.

Definition
For S, TeR1, S<' T <= (Fi<w)(S\r(S)CT).

Theorem (Mijares, [5])

If C is a (R1, <*)-generic filter then C generates a Ramsey for R
ultrafilter on [T1].

Theorem (Mijares, [5])
IfU is Ramsey for Rq then U is selective for Ri.

Question
Is Ramsey for R1 equivalent to selective for R1?

Lemma (Follows from work of Laflamme, [4])

If U is Ramsey for Rq then U is weakly-Ramsey.
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Topological Ramsey Theory The topological Ramsey space R*

Definition
Let {to, t1, t2, ...} be an increasing enumeration of [T1].
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Topological Ramsey Theory The topological Ramsey space R *

Definition
Let {to, t1, t2, ...} be an increasing enumeration of [T1]. For each n < w,
let

Ti(n) =cl ({{n)" t;: i < n}).

O
T =J T

n<w

v
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Topological Ramsey Theory The topological Ramsey space R *

Definition
Let {to, t1, t2, ...} be an increasing enumeration of [T1]. For each n < w,
let

Ti(n)=cl ({(n)"ti:i<n}).

O
T =J T

n<w

v
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Topological Ramsey Theory The topological Ramsey space R *

Definition
Let {to, t1, t2, ...} be an increasing enumeration of [T1]. For each n < w,
let

Ti(n) =cl ({(n)" ti: i < n}).

XD >

7 5
S

O
T =J T

n<w

v
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Topological Ramsey Theory The topological Ramsey space R *

Definition

Let {to, t1, t2, ...} be an increasing enumeration of [T1]. For each n < w,

let

Ti(n)=cl ({(n)"ti:i<n}).

e XD - ’@( > - &'Q/ \'\/f Xy
S B R
o o o

O
T =J T

n<w

v
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Topological Ramsey Theory The topological Ramsey space R *

Definition

Let {to, t1, to, . .

let

xQ xQ
e o
S

LY

Ti(n) =l ({(n) ¢t :

f&p/ \'\/f Xy (’@( \'\'/ ’@/( x>
AOR SSO
[ ]

i<n}).

.} be an increasing enumeration of [T;]. For each n < w,
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Topological Ramsey Theory The topological Ramsey space R *

Definition

Let {to, t1, to, . .

.} be an increasing enumeration of [T;]. For each n < w,

Ti(n)=cl ({(n)"ti:i<n}).
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Topological Ramsey Theory The topological Ramsey space R *

Definition

Let {to, t1, to, . .

let

Q
7

SR

XD >

-

.} be an increasing enumeration of [T;]. For each n < w,

Ti(n)=cl ({(n)"ti:i<n}).
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RETEEAE I ET SR NIl The topological Ramsey space R*
Definition
T*
1

*
1

Ri =
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RETEEAE I ET SR NIl The topological Ramsey space R*

Definition
T
*
Rl = *
1

For each S € R} and each i < w
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Topological Ramsey Theory The topological Ramsey space R*

Definition
T
*
Rl = *
1

For each S € R and each i < w , let

7T0(5) = {k(), kl, k2, .. }
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Topological Ramsey Theory The topological Ramsey space R*

R{:( 1*).
1

For each S € R and each i < w , let

Definition

70(S) = {ko, k1, ka, ... }
S(iy={s€S:m(s) =k} U{()}
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Topological Ramsey Theory The topological Ramsey space R*

R{:( 1*).
1

For each S € R and each i < w , let

Definition

m0(S) = {ko, k1, ko, ... }
S(iy={s€S:m(s) =k} U{()}
ri(S) = US(j).

j<i
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Topological Ramsey Theory The topological Ramsey space R *

R{:( 1*).
1

For each S € R and each i < w , let

Definition

m0(S) = {ko, k1, ko, ... }
S(iy={s€S:m(s) =k} U{()}
ri(S) = US(j).

j<i
For S, T € R%,

S < T if and only if S is a subtree of T.
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Topological Ramsey Theory The topological Ramsey space R *

:
Ri= (1)

For each S € R and each i < w , let

Definition

m0(S) = {ko, k1, ko, ... }
S(iy={s€S:m(s) =k} U{()}
ri(S) = US(j).

j<i
For S, T € R%,

S < T if and only if S is a subtree of T.

Theorem (T.)

(R7, <, r) is a topological Ramsey space.

v
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RETEEAE I ET SR NIl The topological Ramsey space R*

Theorem (Mijares, [5])

If C is a (R}, <*)-generic filter then C generates a Ramsey for R}
ultrafilter on [T{].
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RETEEAE I ET SR NIl The topological Ramsey space R*

Theorem (Mijares, [5])

If C is a (R}, <*)-generic filter then C generates a Ramsey for R}
ultrafilter on [T{].

Definition

Let {so,s1,52, ...} be the increasing enumeration of [T{].
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RETEEAE I ET SR NIl The topological Ramsey space R*

Theorem (Mijares, [5])

If C is a (R}, <*)-generic filter then C generates a Ramsey for R}
ultrafilter on [T{].

Definition

Let {so,s1,52, ...} be the increasing enumeration of [T{].

0: [Tf]—)[Tl] and F:R{—>R1
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Topological Ramsey Theory The topological Ramsey space R*

Theorem (Mijares, [5])

If C is a (R}, <*)-generic filter then C generates a Ramsey for R}
ultrafilter on [T{].

Definition

Let {so,s1,52, ...} be the increasing enumeration of [T{].

0: [Tf]—)[Tl] and F:R{—>R1

§(sj) = tj and T(S) = cl(5"[S])
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Topological Ramsey Theory The topological Ramsey space R *
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RETEEAE I ET SR NIl The topological Ramsey space R*
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i
Theorem (T., [7])

IfC is a (R}, <*)-generic filter then T"'C generates an ultrafilter on [T1]
which is selective for Ry but not Ramsey for R;.
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i
Theorem (T., [7])

IfC is a (R}, <*)-generic filter then T"'C generates an ultrafilter on [T1]
which is selective for R1 but not Ramsey for R ;.

Proof.
Let U be the ultrafilter on [T;] generated by C.

v
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i
Theorem (T., [7])

IfC is a (R}, <*)-generic filter then T"'C generates an ultrafilter on [T1]
which is selective for R1 but not Ramsey for R ;.

Proof.

Let U be the ultrafilter on [T;] generated by C. §(U) is an ultrafilter on
[T1] generated by I'"C.

v
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i
Theorem (T., [7])

If C is a (Ry, <*)-generic filter then [''C generates an ultrafilter on [T1]
which is selective for R1 but not Ramsey for R ;.

Proof.
Let U be the ultrafilter on [T;] generated by C. §(U) is an ultrafilter on

[T1] generated by I'"C.
F(Aog) DT(A1) DT(A) D ...
Ac2DAI DA D ...
JA € C, Vi < w, A\I’,’(A) C A
Vi <w, T(A)\ ri(F(A)) S T(A)
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i
Theorem (T., [7])

If C is a (Ry, <*)-generic filter then [''C generates an ultrafilter on [T1]
which is selective for R1 but not Ramsey for R ;.

Proof.
Let U be the ultrafilter on [T;] generated by C. §(U) is an ultrafilter on

[T1] generated by I'"C.
F(Aog) DT(A1) DT(A) D ...
Ac2DAI DA D ...
JA € C, Vi < w, A\I’,’(A) C A
Vi <w, T(A)\ ri(F(A)) S T(A)

Let F : [T1]?> — 3 be the map such that F{s, t} is the length of the longest
common initial segment of 5~ 1(s) and 6~1(t).
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i
Theorem (T., [7])

If C is a (Ry, <*)-generic filter then [''C generates an ultrafilter on [T1]
which is selective for R1 but not Ramsey for R ;.

Proof.
Let U be the ultrafilter on [T;] generated by C. §(U) is an ultrafilter on

[T1] generated by I'"C.
F(Aog) DT(A1) DT(A) D ...
Ac2DAI DA D ...
JA € C, Vi < w, A\I’,’(A) C A
Vi <w, T(A)\ ri(F(A)) S T(A)

Let F : [T1]?> — 3 be the map such that F{s, t} is the length of the longest
common initial segment of §~1(s) and 6~(t). For each A € C, F does not
omit a value on [[(A)]2.
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i
Theorem (T., [7])

If C is a (Ry, <*)-generic filter then [''C generates an ultrafilter on [T1]
which is selective for R1 but not Ramsey for R ;.

Proof.
Let U be the ultrafilter on [T;] generated by C. §(U) is an ultrafilter on

[T1] generated by I'"C.
F(Aog) DT(A1) DT(A) D ...
Ac2DAI DA D ...
JA € C, Vi < w, A\I’,’(A) C A
Vi <w, T(A)\ ri(F(A)) S T(A)

Let F : [T1]?> — 3 be the map such that F{s, t} is the length of the longest
common initial segment of §~1(s) and 6~(t). For each A € C, F does not
omit a value on [[(A)]?. Therefore (Uf) is not weakly-Ramsey. O
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Selective but not Ramsey ultrafilters Rn

Definition
Let n be a positive integer. Suppose that Ty, T»,..., T, have been
defined.
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Selective but not Ramsey ultrafilters Rn

Definition
Let n be a positive integer. Suppose that Ty, T»,..., T, have been
defined. For each i < w, let

i(i+1)

Tot1(i) = {(i)As cs e Ta()) & —

IA

. (+1)(i+2)
< )
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Selective but not Ramsey ultrafilters Rn

Definition
Let n be a positive integer. Suppose that Ty, T»,..., T, have been
defined. For each i < w, let

i(i+1)

Tot1(i) = {(i)As cs e Ta()) & —

IA

. (+1)(i+2)
< )

Tos1 = [ Tora(i)

i<w
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Selective but not Ramsey ultrafilters Rn

Definition
Let n be a positive integer. Suppose that Ty, T»,..., T, have been
defined. For each i < w, let

Tov1(i) = {(i)’\s:se To(j) & i(i;Fl) << (,+1)2(,+2)}

n+1 U Tn+1

i<w

a1 (i) = {<i>ﬁs:s€ TA(j) & ’(’;‘1) <j< (:—1—1)2(:~|—2)}
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Selective but not Ramsey ultrafilters Rn

Definition
Let n be a positive integer. Suppose that Ty, T»,..., T, have been
defined. For each i < w, let

Tov1(i) = {(i)’\s:se To(j) & i(i;Fl) << (,+1)2(,+2)}

n+1 U Tn+1

i<w

51 i) = {<i>“s seTI0) &
n+l U n+1 J

i<w

i(i;—l) e (i+1)2(i—|—2)}
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Selective but not Ramsey ultrafilters Rn

Theorem (T., [7])

Let n be a positive integer. If C is a (R}, <*)-generic filter then "'C

generates an ultrafilter on [T,] which is selective for R, but not Ramsey
for Rp.

VY VWY
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Selective but not Ramsey ultrafilters Rn

Theorem (T., [7])

Let n be a positive integer. If C is a (R}, <*)-generic filter then "'C

generates an ultrafilter on [T,] which is selective for R, but not Ramsey
for Rp.

R
0) 2
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