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Boolean algebras and Sets

The category caBA of complete and atomic Boolean algebras and
complete homomorphisms

is dual to the category Set of sets and functions:

On objects B(X) = P(X) and G(P(X)) =X

On morphisms, for g : X — Y and h: P(Y) — P(X)

B(g)(S) = g7 '[S] and G(h)(x) is the unique y s. t. x € h({y})

This works because g1 preserves () and | J



Adding complete operators and relations

caBAOQ: is the category of caBAs with completely
join-preserving operations of type 7: F — w

Each f € F has arity 7(f)
The objects are A = (A, A\, V), {fA: f € F})

The morphisms are complete homomorphisms
i.e., h: A — B preserves all joins, meets, complement, and

h(fA(ar,...,an) = fB(h(ar), .., h(as))
A central duality of algebraic logic is that caBAO, =? RS,

RS, = category of relational (Kripke) structures
X = (X,{FX:F c F}) where FX c x7(F)+1,

But what are the morphisms in RS,?



Bounded morphisms

A relation FX C X! defines an operation f : P(X)" — P(X) by
f(S1,...,Sn) = FX[S1,...,Sal = {z: (>, ..., %n, 2) € FX for
some x; € S;}

Then f is a | J-preserving operation on B(X)

From f we can recover FX by (xq,...,xp,z) € FX iff

ze f({x}, ..., {xa})

For a function g : X — Y to be a morphism we want
g_l[FY[Slv'” 75”]] = Fx[g_1[51]7"'7g_1[5n]]

Since F[] and g 1[] are [ J-preserving it suffices to check for
Si={vi}



Want g7 [FY[{y1}, - Ayl = FXlg {87 {ym)]

x € g F [t Ayl iff x € FX[g 7 [{n}], . 87 [{ym)]]
g(x) € FY[{n}, - {yn}] iff Ixi € g [{yi (31, - .. xn x) € F)
V1, ymg(x)) € FY iff Ix;(g(x;) = yi and (x1,...,%n,x) € FX)
g is a bounded morphism if it satisfies the above for all F € F
Back: (x1,...,xn.x) € FX = (g(x1),....&(yn), &(x)) € FY and

Forth: (y1,...,yn &(x)) € FY = 3x; € X such that g(x;) = y;
and (x1,...,xp,x) € FX

Aim: extend this duality to (complete semi)lattices with operators



Formal Concept Analysis

A context is a structure X = (X_, X, X) such that
X_, X4 are sets and X C X_ x Xj.

The incidence relation X determines two functions
XT:P(X_) = P(X3) and X+ : P(Xy) — P(X_) by

XTA={b:Vac AaXb}and X}B = {a:Vbec B aXb}.

Gives a Galois connection from P(X_) to P(X4), i.e.,
ACXIB «<— BC XTAforall AC X_and BC X,.

cd_(X)={X*XTA: AC X_} and I (X) = {XTXIB: B C X, }
are dually isomorphic complete lattices with intersection as
meet and Galois-closure of union as join.



Background

Contexts are due to Birkhoff; studied in Formal Concept Analysis
Let L be a (bounded) \/-semilattice

The Dedekind-MacNeille context is C(L) = (L, L, <)

cl_(C(L)) is the MacNeille completion L of L

For a finite \/-semilattice can take C(L) = (X_, X, <) where X_
are the join-irreducibles and X are the meet-irreducibles

For complete perfect lattices results similar to the ones below
appear in [Dunn Gehrke Palmigiano 2005] and [Gehrke 2006]

For complete semilattices they are due to [Moshier 2011]

For complete residuated lattices this is joint work with
N. Galatos



Complete lattices with complete homomorphisms form a category
What are the appropriate morphisms for contexts?

For a context X = (X_, X5, X) the relation X is an identity
morphism that induces the identity map X*X" on the closed sets

A context morphism R: X — Y = (Y_, Y}, Y) is a relation

R C X_ x Yy such that RTX*XT = Rt = YTY4RT (Ris
compatible)

Lemma

If R is compatible then Y*RT : cl_(X) — cl_(Y) preserves \/



Theorem

(i) The collection Cxt of all contexts with compatible relations as
morphisms is a category

Composition X Yy Z, soxR;Sy iffx € RV JTSHy}
P
X 1% z
X_ Y_ Z_

(ii) The category Cxt is equivalent to the category SUP of
complete semilattices with completely join-preserving
homomorphisms

The adjoint functors are cl_ : Cxt — SUP and C : SUP — Cxt
On morphisms, cI_(R) = Y*RT : cl_(X) — cl_(Y) and for a

SUP morphism h: L - M, C(h) ={(x,y) e Lx M : h(x) <y}



Lattice compatible morphisms

Lemma. Y'R' preserves |\ iff there exists a compatible relation
R, : Y_ — Xy such that Y*RT = RYXT  (call R lattice
compatible)

Theorem. The category LCxt of all contexts with lattice
compatible relations as morphisms is equivalent to the category
CLat of complete lattices with complete lattice morphisms.

Lemma. (i) R: X — Y is a monomorphism in Cxt iff
RIRT = x+XxT

(i) R : X — Y is a epimorphism in Cxt iff RTRY = YTy+

Every morphism has itself as epi-mono factorization



LCxt is “much larger” than CLat since many different contexts
represent the same lattice

It is easier to construct examples in LCxt than in CLat

Contexts can be logarithmic in size compared to their lattices of
Galois closed sets

So checking compatibility of R is much more efficient than
checking the homomorphism property between large lattices

Now want to extend to complete lattices with operators, relational
contexts



Chu-relation morphisms

A Chu-relation pair (S, T) : X — Y is a pair of relations
SCX_xY_and T C Y, x Xy such that

y € YIS[{x}] <= x e X'T[{y}]



Chu-relation morphisms

Lemma

For a relation S C X_ x Y_ the following are equivalent:

1. for all AC X_ we have S[X*XTA] C Y+YTS[A]

2. forally € Y*, {x € X_: S[{x}] C YH{y}} isin cl_(X)

3. there exists a relation T C Y, x Xy such that (S, T) are a
Chu-relation pair

4. the relation R = {(x,y) € X_ x Y, 1y € YIS[{x}]} is a
context morphism

and they imply that the map Y'Y TS[]: cl_(X) — cl_(Y) is
\/-preserving.

1. is the nuclear condition from [Galatos-J. Residuated Frames|



Contexts with Chu-relation morphisms

Lemma

If(S, T): X =Y and (S',T"): Y — Z are Chu-relation pairs,
then (S;S', T'; T) is a Chu-relation pair from X to Z, and
(idx_,idx,) is a Chu-relation pair from X to X, hence contexts
with Chu-relation pairs form a category, called RelCxt.

This category is not equivalent to Cxt since many Chu-relation
pairs can correspond to the same context morphism R.

However there are functors F : Cxt — RelCxt and

G : RelCxt — Rel given by F(R) = (R, R1) where
xRoy <= y € Y*R'{x} and yRix <= x € XTR{y}
xG(S, T)y < y € Y'S[{x}]

GF(R) = R and FG(S, T) is naturally isomorphic to (S, T)



Complete lattices with complete operators

Let SUP, be the class of \/-semilattices with \/-preserving
operations of type 7 : F — w, where each f € F has arity 7(f)

The objects are L = (L, \/, {f* : f € F})

The morphisms are complete homomorphisms
i.e h:L — M preserves all joins and

h(ft(a1,...,a,) = fM(h(a1),..., h(a,))

Cxt, = category of contexts with relations
X = (X_, Xy, X, {FX : F € F}) where the FX C X" satisty

FX[XYXTSy, .. X¥XTS,] € XYXTFX[Sy,. .., Sy] for all S; € X



Bounded morphisms for contexts

A relation FX C X" defines an operation f : cl_(X)" — cl_(X)
by £(S1,...,S,) = X¥XTFX[Sy, ..., S,]

= X¥XMNz:(x1,...,xn,2) € FX forsome x; € S;, all i=1,..., n}
Then f is a \/-preserving operation on cl_(X)

For a relation R: X — Y to be a Cxt, morphism we want
YIRTF(S1,...,Sn) = F(YYRTS, ..., YIRTS,)

Since f and Y*R" are \/-preserving, enough to check for S; = {x;}
YIRTXIXTFX[{x1}, .. {xa}] = YIYTEY[YIR X1}, .. YIRT{x,}]

= R'FX[{x},...,{xa}] = YTFY[YIRTxq ), ..., YIRT{x,}]



This is the bounded morphism condition for contexts with
relations

Note that the morphism condition is just for points of the context

Can give a similar condition for relational context morphisms using
Chu-relation pairs

This has practical advantages since composition of Chu-relation
pairs is ordinary relation composition that does not require
intermediate closure calculations

Theorem The category Cxt, of all contexts with bounded
compatible relations as morphisms is equivalent to the category
SUP.. with complete homomorphisms

This equivalence restricts to the subcategories of LCxt, with
bounded compatible lattice relations and CLat,, i.e., complete
lattices with \/-preserving operators and complete homomorphisms



Example: Complete residuated lattices

The general theory can also be applied to algebras with
quasi-operators, defined in the distributive case by [Gehrke Priestley
2007], and for operations that satisfy Sahlqvist-type equations

(LA, V. \,/,e) is a complete residuated lattice if

» (L, A\,V) is a complete lattice,
» (L,-,e) is a monoid and

> x-y<z <= y<x\z < x<z/yforallx,y,zel

It follows that - is completely join-preserving in each argument

cRL is the category of complete residuated lattices with complete
homomorphisms



Residuated frames

(X_, X4, X,0,\\, //, E) is a unital residuated frame (or
ru-frame) if

» (X_, X4, X) is a context

»oC X3, \CX_xX2 /J/CXixX_xX;and ECX_
» XT(x 0 E) = XT{x} = XT(Eox)

> xoy CXHz) = yeX'x\2) = xeXHz/ly)

The last two conditions use the notation x oy = o[{x}, {y}]

The last condition implies A - B := X*XT(A o B) is a completely
join-preserving operation on the lattice of closed sets

An associative ru-frame satisfies XT((x o y) 0 z) = XT(x o (y 0 2))



Morphisms for ru-frames

Recall a relation R : X_ x YT is a lattice context morphism if it is
compatible RTXYXT = RT = YTY'RT and there exists a
compatible relation R, : Y_ x X, such that Y*RT = R¥ X"

Also want Y¥RT(A-B) = (Y+RTA) - (Y*RTB),
Y+RT(A\B) = (Y*RTA)\(Y*R'B) and
YIRT(A/B) = (Y*RTA)/(Y+R'B) for all A,B € cl_(X)

Since - is \/-preserving, the first simplifies to
YR ({xa} - {e}) = (YR {x}) - (YR {x}),
RT(x1 0x) = YI(Y*RT{x;} o Y*RT{x}) and the others reduce to

YERI{XP\XH'Y) = (YERT{(x})\RH{x'} and
YERI(XHx}/{x}) = RHXY /(YR {x})

Theorem. With this definition of morphisms, the category of
associative unital residuated frames is equivalent to the category of
complete residuated lattices.



In [Galatos, J.] residuated frames are also defined for the case of
involutive FL-algebras

Gentzen systems for (involutive) residuated lattices are used to
construct (involutive) residuated frames to prove cut-elimination,
finite model properties and finite embeddability results for a range
of subvarieties

In these applications the contexts are rarely separating or reduced,
so it is important to have an equivalence with all contexts

Extension to all semilattices: A context is algebraic if X+ X1
preserves all directed unions

From [Hofmann Mislove Stralka 1974] get an equivalence between
all join-semilattices and algebraic contexts with compatible
morphisms s.t. Y+RT preserve all directed unions

Can use Hartung’s topological contexts to get equivalence for all
lattices with operators



Application: Poset products

Products of lattices = disjoint union of contexts with full incidence
relation between distinct parts

Ordinal sums = disjoint unions but with “half-full” incidence relation

Poset products of bounded (residuated) lattices are an intermediate
concept

Let (P, <) be a poset and consider the context (P, P, &)

Given contexts X, for p € P, let X_ = [Jp Xp—, X; = Up Xp+ and
for x € X, and y € X, define xXy iff p £ ¢

The context X is the poset sum of {X,, : p € P}, and cl_(X) is the
poset product of the lattices cl_(X})

Poset products of complete residuated lattices <= Poset sums of
contexts
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