KLE axioms

KLE001+40.ax Idempotent semirings

Va,b:a+b=b+a fof(additive_commutativity, axiom)
Ve,byara+ (b+c¢) =(a+b)+c fof(additive_associativity, axiom)
Va:a+0=a fof(additive_identity, axiom)

Va:a+a=a fof(additive_idempotence, axiom)
Ya,b,c:a-(b-c)=(a-b)-c fof(multiplicative_associativity, axiom)
Ya:a-1=a fof(multiplicative_right_identity, axiom)

Va:l-a=a fof(multiplicative_left_identity, axiom)
Va,b,c:a-(b+c¢)=a-b+a-c  fof(right_distributivity, axiom)
Va,b,c: (a+b)-c=a-c+b-c  fof(left_distributivity, axiom)
Va:a-0=0 fof(right _annihilation, axiom)

Va:0-a=0 fof(left _annihilation, axiom)

Va,b: (a <b <= a+b=10) fof(order, axiom)

KLE001+1.ax Characterisation of tests by complement predicate

Vao: (test(zg) <= Jx1: 2f=1x0) fof(test, axiom)

Vo, z1: (2)=x0 <= (9 21 =0and z1-29 =0 and zg + 21 = 1)) fof(tests, axiom)
Vo, x1: (test(zg) = (c(xo) =21 <= z(=21)) fof(tests, axiom)

Vxo: (mtest(zg) = c(xg) =0) fof(testq, axiom)

KLE00142.ax de Morgan’s laws for tests
Vo, z1: ((test(zo) and test(z1)) = c(xo +x1) = (o) - ¢(x1)) fof(test_deMorgan, , axiom)
Vo, z1: ((test(zo) and test(z1)) = c(zo - x1) = c(zo) + ¢(x1)) fof(test_deMorgan,, axiom)

KLEO001+43.ax Universal characterisation of meet

Vag, x1,xe: (ismeet(za,zp,21) <= (r2 < zpand zo < xp and Vrs: ((v3 < zpand z3 < 1) = w3 <
x2))) fof(ismeet, axiom)

Vo, x1, e (ismeetu(ze, o, x1) <= Vrs: ((x3 <z and 3 < 1) < x3 < 22)) fof(ismeetu, axiom)

KLE001+4.ax Boolean domain, antidomain, codomain, coantidomain

Vxo: ad(xg) - 29 =0 fof(domain;, axiom)

Vo, z1: ad(zo - 1) + ad(zo - ad(ad(z1))) = ad(x - ad(ad(z1))) fof(domains, axiom)
Vzo: ad(ad(zg)) + ad(zg) =1 fof(domains, axiom)

Vxo: dom(zg) = ad(ad(zg)) fof(domaing, axiom)

Vao: xo - coad(xg) =0 fof(codomainy , axiom)

Vo, x1: coad(xg - x1) + coad(coad(coad(zg)) - 1) = coad(coad(coad(xo)) - 1) fof(codomainy, axiom)
Vxg: coad(coad(xg)) + coad(zp) =1 fof(codomaing, axiom)

Vxo: cod(zg) = coad(coad(zy)) fof(codomaing, axiom)

KLEO001+5.ax Domain (not Boolean domain!)

Vxo: 2o + dom(zg) - zg = dom(zg) - g fof(domain; , axiom)

Vg, x1: dom(zg - 1) = dom(xg - dom(xy)) fof(domains, axiom)

Vzo: dom(zg) +1=1 fof(domains, axiom)

dom(0) =0 fof(domaing, axiom)

Vg, z1: dom(zg 4+ 1) = dom(xg) + dom(x1) fof(domains, axiom)

KLEO001+46.ax Modal operators

Vzo: c(zg) = ad(dom(xy)) fof(complement, axiom)

Vg, 21: domain_difference(xg, 1) = dom(zy) - ad(x1) fof(domain_difference, axiom)

Vg, z1: forward_diamond(zg, z1) = dom(zg - dom(z1)) fof(forward_diamond, axiom)

Vg, x1: backward _diamond(xg, z1) = cod(cod(z1) - o) fof(backward_diamond, axiom)

Vg, z1: forward_box(zg, x1) = c(forward_diamond(zg, ¢(z1))) fof(forward_ box, axiom)

Vo, x1: backward_box(zg, z1) = c¢(backward_diamond(xg, c(x1))) fof(backward_box, axiom)
KLE001+7.ax Divergence Kleene algebras

Vxg: forward_diamond(zg, divergence(zg)) = divergence(xg) fof(divergence,, axiom)

Vo, 1, 22: (dom(xg) + (forward_diamond(zy, dom(xg)) + dom(xsz)) = forward_-diamond(z1, dom(xg)) + dom(xz) =
dom(zg)+(divergence(zq)+forward_diamond(z}, dom(xs))) = divergence(z; )+forward_diamond(z7, dom(z2))) fof(diverg

KLE0024-0.ax Kleene algebra

Ya,b:a+b=b+a fof(additive_commutativity, axiom)

Ve,bya:a+ (b+c¢)=(a+b)+c¢ fof(additive_associativity, axiom)
1



2

Ya:a+0=a fof(additive_identity, axiom)

Va:a+a=a fof(additive_idempotence, axiom)
Va,b,c:a-(b-c)=(a-b)-c fof(multiplicative_associativity, axiom)
Ya:a-1=a fof(multiplicative_right_identity, axiom)

Va:l-a=a fof(multiplicative_left_identity, axiom)

Va,b,c:a-(b+c¢)=a-b+a-c fof(right_distributivity, axiom)
Va,b,c: (a+b)-c=a-c+b-c fof(left_distributivity, axiom)
Va:a-0=0 fof(right_annihilation, axiom)

Va:0-a=0 fof(left_annihilation, axiom)

Va,b: (a <b < a+b=10) fof(order, axiom)

Va:1+a-a* <a* fof(star_unfold _right, axiom)

VYa:14+a*-a <a* fof(star_unfold left, axiom)

Va,b,c: (a-b+¢c<b = a*-c<b) fof(star_induction_left, axiom)
Va,b,c: (a-b+c<a = c-b*<a) fof(star_induction_right, axiom)

KLE00340.ax Omega algebra

VYa,b:a+b=b+a fof(additive_.commutativity, axiom)
Ve,bya:a+ (b+¢)=(a+b)+c fof(additive_associativity, axiom)
Ya:a+0=a fof(additive_identity, axiom)

Va:a+a=a fof(additive_idempotence, axiom)
Va,b,c:a-(b-c)=(a-b)-c fof(multiplicative_associativity, axiom)
Ya:a-1=a fof(multiplicative_right_identity, axiom)

Va:1-a=a fof(multiplicative_left_identity, axiom)

Va,b,c:a-(b+c¢)=a-b+a-c fof(right_distributivity, axiom)
Va,b,c: (a+b)-c=a-c+b-c fof(left distributivity, axiom)
Va:a-0=0 fof(right _annihilation, axiom)

Va:0-a=0 fof(left_annihilation, axiom)

Va,b: (a <b < a+b=10) fof(order, axiom)

Va:1+a-a* <a* fof(star_unfold _right, axiom)

Va:1+a*-a<a* fof(star_unfold left, axiom)

Va,b,c: (a-b+c<b = a*-c<b) fof(star_induction_left, axiom)
Va,b,c: (a-b+c<a = c-b*<a) fof(star_induction_right, axiom)
Va:a-a¥ = a® fof(omega_unfold, axiom)

Va,b,c: (a<b-a+c = a<W +b*-¢) fof(omega_co_induction, axiom)

KLE004+0.ax Demonic Refinement Algebra

Va,b:a+b=0b+a fof(additive_commutativity, axiom)
Ve,bya:a+ (b+¢)=(a+b)+c¢ fof(additive_associativity, axiom)
Va:a+0=a fof(additive_identity, axiom)

Va:a+a=a fof(idempotence, axiom)

Va,b,c:a-(b-¢)=(a-b)-c  fof(multiplicative_associativity, axiom)
VYa:a-1=a fof(multiplicative_right_identity, axiom)

Va:1l-a=a fof(multiplicative_left_identity, axiom)

Ya,b,c:a-(b+c¢)=a-b+a-c fof(distributivity,, axiom)
Va,b,c: (a+b)-c=a-c+b-c fof(distributivity,, axiom)

Va:0-a=0 fof(left_annihilation, axiom)
Va:1+a-a*=a* fof(star_unfold;, axiom)
Va:1+a*-a=a" fof(star_unfolds, axiom)

Va,b,c: (a-c+b<c = a*-b<c) fof(star_induction; , axiom)
Va,b,c: (c-a+b<c = b-a*<c¢) fof(star_inductions, axiom)

Va: strong_iteration(a) = a - strong_iteration(a) + 1 fof(infty_unfold, , axiom)
Va,b,c: (c<a-c+b = ¢ <strongiteration(a) - b) fof(infty coinduction, axiom)
Va: strong_iteration(a) = a* + strong_iteration(a) - 0 fof(isolation, axiom)

Va,b: (a <b <= a+b=10) fof(order, axiom)
KLE problems

KLEO001+1.p Addition is isotone
include(’Axioms/KLE001+0.ax’)
Vao, x1,xe: (g <1 = 2o+ 22 < 29 + x2) fof(goals, conjecture)



KLE00241.p Multiplication is isotone
include(’Axioms/KLE001+0.ax’)
Vag, x1,x2: (o < @1 = o T2 < X1 - X2) fof(goals, conjecture)

KLE003+1.p A semiring is idempotent iff 1 is idempotent
include(’Axioms/KLE001+40.ax”)
Vog:xo+x0 =290 < 1+1=1 fof(goals, conjecture)

KLE004+1.p Complement - 1 is the complement of 0
include(’Axioms/KLE001+40.ax”)
include(’ Axioms/KLE001+1.ax”)
c(0)=1 fof(goals, conjecture)

KLE00541.p Complement - 0 is the complement of 1
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+1.ax’)
e(1)=0 fof(goals, conjecture)

KLEO006+1.p Split 1 with p

include(’ Axioms/KLE001+40.ax")
include(’Axioms/KLE001+1.ax")

Vzo: (test(zg) = 1= m¢ + c(xo)) fof(goals, conjecture)

KLEO007+1.p Split 1 with q and split the parts with p

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+1.ax’)

Vo, z1: ((test(z1) and test(zg)) = 1= (zo + c(x0)) - 1 + (zo + c(x0)) - ¢(x1)) fof(goals, conjecture)

KLEO00742.p Split 1 with q and split the parts with p

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+1.ax")

Vg, z1: ((test(z1) and test(zg)) = (1 < (zo+c(xo)) x1+(xo+c(z0))-c(x1) and (zo+c(zo)) 1+ (xo+c(z0))-c(z1) <
1)) fof(goals, conjecture)

KLEO007+43.p Split 1 with q and split the parts with p

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax”)

Vg, z1: ((test(zq) and test(zg)) = 1= (zo + c(xo)) - 21 + (xo + c(x0)) - c(x1)) fof(goals, conjecture)

KLEO007+4.p Split 1 with q and split the parts with p

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+1.ax")

include(’Axioms/KLE001+2.ax’)

Vo, z1: ((test(z1) and test(zg)) = (1 < (zo+c(xo)) 21+ (xo+c(z0))-c(x1) and (zo+c(zo)) 1+ (xo+c(z0))-c(21) <
1)) fof(goals, conjecture)

KLE008+1.p A simple law to eliminate the complement

include(’Axioms/KLE001+40.ax")

include(’Axioms/KLE001+1.ax”)

Vg, x1,xe: (test(xza) = (xg < xo-x1 <= (20 < 1 and c(x2) - 29 < 0))) fof(goals, conjecture)

KLEO009+1.p Split 1 into all combinations of p,q and their complements

include(’ Axioms/KLE001+0.ax")

include(’Axioms/KLE001+1.ax’)

Vo, z1: ((test(z1) and test(zg)) = 1= ((zo - 21 +xo - c(z1)) + c(xo) - 1) + c(zo) - (1)) fof(goals, conjecture)

KLEO009+2.p Split 1 into all combinations of p,q and their complements

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+1.ax")

include(’Axioms/KLE001+2.ax”)

Vo, z1: ((test(z1) and test(zg)) = 1= ((zo - x1 + o - c(x1)) + c(xo) - 1) + c(zg) - c(x1)) fof(goals, conjecture)

KLEO009+43.p Split 1 into all combinations of p,q and their complements
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+1.ax’)
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Vo, z1: ((test(x1) and test(zg)) = (1 < ((wo-x1 +x0-c(1)) +c(0) - 71) + c(30) - (1) and ((zg -1 + o - c(x1)) +
c(xo) - 1) + ¢(xo) - e(x1) < 1)) fof(goals, conjecture)

KLE009+4.p Split 1 into all combinations of p,q and their complements

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax’)

Vo, z1: ((test(z1) and test(zg)) = (1 < ((wo-x1 +x0-c(x1)) +c(x0) - 1) + c(0) - c(x1) and ((xo -1 + 20 - c(z1)) +
c(xo) - 1) + c(xo) - (1) < 1)) fof(goals, conjecture)

KLEO010+1.p Split 1 into all combinations of p,q and their complements

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, z1: ((test(z1) and test(zg)) = 1 = (((x1-xotc(x1)-x0)+xo-21)+c(x0)-21)+c(T0) (1)) fof(goals, conjecture)

KLEO010+2.p Split 1 into all combinations of p,q and their complements

include(’ Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, z1: ((test(z1) and test(zg)) = (1 < (((z1-zo+c(x1) - o) + o - 1) + (o) - 1) + (o) - ¢(x1) and (((z1 - xo +
e(x1) - o) + o - 1) + c(x0) - 1) + e(x0) - (1) < 1)) fof(goals, conjecture)

KLEO010+43.p Split 1 into all combinations of p,q and their complements

include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax")

Vo, z1: ((test(z1) and test(zg)) = 1 = (((x1-xotc(x1)-x0)+xo-21)+c(20) 21)+c(20)-c(21)) fof(goals, conjecture)

KLE010+4.p Split 1 into all combinations of p,q and their complements

include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax")

include(’ Axioms/KLE001+2.ax”)

Vo, z1: ((test(z1) and test(zg)) = (1 < (((w1-zo+c(x1) - 2o) + o - 1) + c(x0) - 1) + c(zg) - ¢(x1) and (((z1 - x0 +
c(x1) - o) + o - x1) + c(x0) - 1) + e(x0) - (1) < 1)) fof(goals, conjecture)

KLEO011+1.p Split 1 into p,q and the product of their complements

include(’ Axioms/KLE001+40.ax”)

include(’Axioms/KLE001+1.ax")

Vo, z1: ((test(z1) and test(zg)) = 1= ((z1+c(z1)) 20+ (o +c(20)) - 1) + c(z0) - c(21)) fof(goals, conjecture)

KLEO011+42.p Split 1 into p,q and the product of their complements

include(’ Axioms/KLE001+0.ax")

include(’Axioms/KLE001+1.ax")

Vo, z1: ((test(z1) and test(zg)) = (1 < ((x1 +c(x1)) - @o + (2o + c(x0)) - 1) + c(x0) - c(x1) and ((z1 + ¢(x1)) - 2o +
(zo + c(x0)) - 1) + ¢(xg) - c(x1) < 1)) fof(goals, conjecture)

KLEO011+3.p Split 1 into p,q and the product of their complements

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+1.ax’)

include(’ Axioms/KLE001+2.ax”)

Vo, z1: ((test(z1) and test(zg)) = 1= ((z1+c(z1)) 20+ (o +c(0)) - 1) + c(z0) - c(21)) fof(goals, conjecture)

KLEO011+4.p Split 1 into p,q and the product of their complements

include(’ Axioms/KLE001+0.ax")

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax’)

Vo, z1: ((test(z1) and test(zg)) = (1 < (@1 +c(z1)) - @o + (2o + (o)) - 1) + c(20) - e(x1) and ((z1 +c(x1)) - 2o +
(2o + c(zg)) - 1) + c(x0) - c(z1) < 1)) fof(goals, conjecture)

KLE01241.p The multiplication of tests is commutative
include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, x1: ((test(z1) and test(zo)) = o -1 =21 - Z0o) fof(goals, conjecture)

KLE01341.p The complement of a product is the sum of the complements
include(’Axioms/KLE001+40.ax’)
include(’Axioms/KLE001+1.ax’)



Vxo, z1: ((test(x1) and test(zg)) = 1= (o + z1) + c(z0) - c(x1)) fof(goals, conjecture)

KLE014+2.p The complement of a product is the sum of the complements
include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, z1: ((test(z1) and test(zg)) = c(xo + x1) = (o) - c(x1)) fof(goals, conjecture)

KLE014+3.p The complement of a product is the sum of the complements

include(’ Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax”)

Vg, x1: ((test(z1) and test(xg)) = (c(xot+z1) < c(zo)-c(x1) and c(xo)-c(x1) < c(zo+x1))) fof(goals, conjecture)

KLE01541.p The complement of a product is the sum of the complements

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+1.ax’)

Vo, x1: ((test(z1) and test(zg)) = ((xo + 1) - c(xo)) - e¢(x1) = 0) fof(goals, conjecture)

KLEO0164-2.p The complement of a product is the sum of the complements
include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax")

Vg, z1: ((test(z1) and test(zg)) = c(xo-x1) = c(zg) + ¢(x1)) fof(goals, conjecture)

KLE016+3.p The complement of a product is the sum of the complements

include(’ Axioms/KLE001+0.ax")

include(’Axioms/KLE001+1.ax")

Vo, z1: ((test(z1) and test(zg)) = (c(zo-z1) < e(xo)+e(xr) and c(xg)+e(z1) < c(xo-21))) fof(goals, conjecture)

KLEO1741.p Product of tests is their meet

include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax")

Vg, 21, x2: ((test(zg) and test(x1) and test(za)) = (22 < xpx1 <= (22 < o and x5 < 27))) fof(goals, conjecture)

KLE018+1.p Move a term from the left of an implication to the right and back

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+1.ax")

Vo, 1, x2: ((test(zo) and test(z1) and test(z2)) = (zo-c(r1) <z2 = x0 < 21 + 22)) fof(goals, conjecture)

KLE019+1.p Move a term from the left of an implication to the right and back
include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, x1, z2: ((test(zo) and test(z1) and test(xz)) = (xo-c(x1) <x2 < 2o < 21 + 22)) fof(goals, conjecture)

KLE020+1.p On tests addition distributes over multiplication

include(’ Axioms/KLE001+40.ax”)

include(’Axioms/KLE001+1.ax”)

Vo, x1,xe: ((test(xg) and test(x1) and test(ze)) = mo+ 1 - 22 = (xo + x1) - (x0 + 22)) fof(goals, conjecture)

KLE02042.p On tests addition distributes over multiplication

include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, x1,x2: ((test(zo) and test(x1) and test(z2)) = (vo+x1-22 < (vo+x1)- (w0 +22) and (xo+ 1) - (xo +22) <
xo + X1 - T2)) fof(goals, conjecture)

KLEO021+1.p Decompose splitting

Decompose x into the part starting in p and the one starting in p’s complement; also the rule if p then x else x = x
where if p then y else z = p;y + ¢(p);z.

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, z1: (test(x1) = x0 =1 - 20 + c(21) - %o) fof(goals, conjecture)

KLEO021+-2.p Decompoase splitting

Decompose x into the part starting in p and the one starting in p’s complement; also the rule if p then x else x = x
where if p then y else z = p;y + ¢(p);z.

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+1.ax’)

Vo, z1: (test(zy) = (w0 < a1 o+ ¢(x1) - 2o and x1 - g + c(x1) - o < X)) fof(goals, conjecture)



6

KLE02143.p Decompose splitting

Decompose x into the part starting in p and the one starting in p’s complement; also the rule if p then x else x = x
where if p then y else z = p;y + ¢(p);z.

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+1.ax")

include(’ Axioms/KLE001+2.ax”)

Vo, z1: (test(xy) = x0 =21 - 20 + c(21) - To) fof(goals, conjecture)

KLEO021+44.p Decompose splitting

Decompose x into the part starting in p and the one starting in p’s complement; also the rule if p then x else x = x
where if p then y else z = p;y + ¢(p);z.

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax”)

Vg, z1: (test(xy) = (2o <21 -mo 4+ c(x1) - 2o and 1 - g + c(x1) - 29 < x0)) fof(goals, conjecture)

KLE02241.p Decompose x into parts ending in p and p’s complement
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+1.ax’)
Vg, x1: (test(z1) = xo =x0- 21 + 20 - c(x1)) fof(goals, conjecture)

KLE022+-2.p Decompose x into parts ending in p and p’s complement
include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vg, z1: (test(xy) = (20 <z -1 4+ 20 - c(z1) and g - 1 + 20 - c(z1) < 20)) fof(goals, conjecture)

KLE022+43.p Decompose x into parts ending in p and p’s complement
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+1.ax’)
include(’Axioms/KLE001+2.ax”)
Vg, z1: (test(xy) = x9 =0 - 21 + 2o - c(x1)) fof(goals, conjecture)

KLE02244.p Decompose x into parts ending in p and p’s complement
include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax”)

Vo, z1: (test(xy) = (w0 < 2o x1 4+ 20 - c(x1) and g - 1 + 20 - c(z1) < 20)) fof(goals, conjecture)

KLEO02341.p Two ways of expressing the Hoare triple pxq

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, 21, x2: ((test(z1) and test(x2)) = (x1-mo+zo T2 = xo-x2 = xo-c(x2)+c(x1)20 = c(x1)20)) fof(goals, conjecture)

KLE02342.p Two ways of expressing the Hoare triple pxq

include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax")

include(’ Axioms/KLE001+2.ax”)

Vo, 21, x2: ((test(z1) and test(x2)) = (x1-@o+zo-T2 = X922 = xo-c(x2)+c(x1) 20 = c(21)20)) fof(goals, conjecture)

KLEO024+1.p Two ways of expressing the Hoare triple pxq

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+1.ax")

Vg, 21, x2: ((test(z1) and test(xa)) = (xo-e(x2)+e(xr)xo = c(x1) 20 = (x1-20)-c(22) = 0)) fof(goals, conjecture)

KLEO024+-2.p Two ways of expressing the Hoare triple pxq

include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax")

include(’ Axioms/KLE001+2.ax”)

Vo, 21, x2: ((test(z1) and test(z2)) = (xo-c(x2)+e(x1)xo = c(x1)x0 = (T1-20)-c(x2) = 0)) fof(goals, conjecture)

KLE025+1.p Two ways of expressing the Hoare triple pxq

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+1.ax”)

Vo, 1, xe: ((test(x1) and test(x2)) = ((z1-x0)-c(x2) =0 = x1 -0 = (21 X0) - 2)) fof(goals, conjecture)

KLE02542.p Two ways of expressing the Hoare triple pxq



include(’ Axioms/KLE001+0.ax”)
include(’Axioms/KLE001+1.ax’)
include(’Axioms/KLE001+2.ax’)
Vo, x1, x2: ((test(z1) and test(z2)) = ((x1-z0)-clx2) =0 = 2120 = (T1-20) - 2)) fof(goals, conjecture)

KLE026+1.p Two ways of expressing the Hoare triple pxq

include(’ Axioms/KLE001+40.ax”)

include(’ Axioms/KLE001+1.ax’)

Vo, 1, x2: ((test(z1) and test(z2)) = (120 = (1 -20) T2 = 1 20 < o - T2)) fof(goals, conjecture)

KLE02642.p Two ways of expressing the Hoare triple pxq

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax”)

Vo, 21, x2: ((test(z1) and test(za)) = (2120 = (21 -20) T2 = 1 20 < o - T2)) fof(goals, conjecture)

KLE027+41.p Simplify conditional

Simplify conditional: if p then (if p then x else y) else z = if p then x else z.

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, x1, T2, T3, T4: ((test(zs) and test(xq)) = x3-(z3-xo+c(ws)-x1)+c(23) T2 = T3-20+C(T3) T2) fof(goals, conjecture)

KLE027+2.p Simplify conditional

Simplify conditional: if p then (if p then x else y) else z = if p then x else z.

include(’ Axioms/KLE001+0.ax")

include(’Axioms/KLE001+1.ax’)

Vo, 1, %2, T3, x4t ((test(xs) and test(zq)) = (23 - (r3- 20 + c(x3) - 1) + c(z3) - w2 < 23 - T + ¢(x3) - T2 and z3 -
xo + c(xs) -2 < xg - (w320 + c(x3) - 1) + ¢(x3) - T2)) fof(goals, conjecture)

KLE02743.p Simplify conditional

Simplify conditional: if p then (if p then x else y) else z = if p then x else z.

include(’ Axioms/KLE001+40.ax”)

include(’Axioms/KLE001+1.ax”)

include(’Axioms/KLE001+2.ax’)

Vo, T1, %2, T3, x4t ((test(zs) and test(xs)) = x3-(x3-wo+c(xs)-21)+c(x3) w2 = T30 +0C(T3)-T2) fof(goals, conjecture)

KLEO027+4.p Simplify conditional

Simplify conditional: if p then (if p then x else y) else z = if p then x else z.

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax’)

Vo, 1,22, T3, x4t ((test(xs) and test(zq)) = (23 - (r3- 20 + c(x3) - 1) + c(z3) - w2 < 23 - ko + ¢(x3) - 2 and z3 -
xo+ c(x3) - we < a3 (2320 + c(x3) - 1) + c(x3) - X2)) fof(goals, conjecture)

KLE028+1.p Switch nested conditions and rearrange branches of conditional

If p then (if q then u else x) else (if q then y else z) = if ¢ then (if p then u else y) else (if p then x else z).
include(’ Axioms/KLE001+40.ax”)

include(’Axioms/KLE001+1.ax")

Vxo, T1, %2, T3, T4, T5: ((test(zs) and test(xs)) = x4 - (v5 - x0 + c(z5) - 1) + c(4) - (x5 - 22 + c(5) - x3) = 5 - (T4 -
o+ c(xq) - x2) + c(xs5) - (24 - 1 + c(24) - 23)) fof(goals, conjecture)

KLE028+-2.p Switch nested conditions and rearrange branches of conditional

If p then (if g then u else x) else (if q then y else z) = if q then (if p then u else y) else (if p then x else z).
include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+1.ax”)

Vxo, T1, %2, T3, 24, T5: ((test(zq) and test(zs)) = (x4 (w5 - 20 + c(xs) - 1) + c(z4) - (x5 - 22 + c(w5) - x3) < 25 -
(x4 - 20 + c(x4) - T2) + c(5) - (x4 - 21 + c(4) - x3) and x5 - (24 - o + c(x4) - T2) + c(x5) « (24 - 1 + c(xyg) - x3) <
xg - (5 - mo + c(x5) - 1) + c(zq) - (w5 - 22 + c(5) - 23))) fof(goals, conjecture)

KLE028+3.p Switch nested conditions and rearrange branches of conditional

If p then (if q then u else x) else (if q then y else z) = if ¢ then (if p then u else y) else (if p then x else z).
include(’ Axioms/KLE001+40.ax”)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax’)
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Vxg, 1, T2, T3, T4, T5: ((test(zyq) and test(zs)) = x4 (w5 - xo + c(w5) - 1) + c(24) - (x5 - 22 + ¢(x5) - x3) = X5 - (T4 -
o+ c(xq) - x2) + c(xs5) - (x4 - 21 + c(24) - 23)) fof(goals, conjecture)

KLE028+4.p Switch nested conditions and rearrange branches of conditional

If p then (if q then u else x) else (if q then y else z) = if ¢ then (if p then u else y) else (if p then x else z).
include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax’)

Vo, 21, X2, T3, 24, T5: ((test(zy) and test(zs)) = (x4 - (x5 - 20 + c(xs) - 1) + c(z4) - (x5 - 22 + c(5) - 23) < 25 -
(x4 -y + c(x4) - T2) + c(x5) + (x4 - x1 + c(24) - x3) and x5 - (x4 - o + c(x4) - T2) + c(x5) - (T4 - 21 + c(24) - 23) <
xq - (5 - wo + c(x5) - 1) + c(zq) - (x5 - 22 + c(5) - 23))) fof(goals, conjecture)

KLE029+1.p Characterisations of meet

Equivalence of characterisation as greatest lower bound and universal characterisation.
include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+3.ax”)

Vg, 1, x2: (ismeet(xg, z1, 2) <= ismeetu(xo, z1,22)) fof(goals, conjecture)

KLEO030+1.p Restriction can be pulled out of meet

include(’ Axioms/KLE001+40.ax”)

include(’Axioms/KLE001+1.ax”)

include(’Axioms/KLE001+3.ax”)

Vxo, 1,22, 3 ((test(xs) and ismeet(zrg, x1,22)) = ismeet(zs - zo, 23 - T1,22)) fof(goals, conjecture)

KLEO031+1.p Restriction distributes through meet

include(’ Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+1.ax”)

include(’Axioms/KLE001+3.ax’)

Vo, T1, %2, T3 ((test(xs) and ismeet(zo, x1,z2)) = ismeet(xs - zo, 23 - T1,23 - T2)) fof(goals, conjecture)

KLE032+1.p Meet of restrictions is restriction by meet

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+3.ax’)

Vo, x1, z2: ((test(ze) and test(z1)) = ismeet((z1 - z2) - To, 21 - To, T2 - o)) fof(goals, conjecture)

KLEO033+1.p Disjoint tests induce disjoint restrictions

include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax’)

include(’ Axioms/KLE001+3.ax”)

Vg, 21, x2: ((test(z2) and test(x1) and ismeet(0, x1,22)) = ismeet(0, 1 - xo, Z2 - T0)) fof(goals, conjecture)

KLEO034+1.p Hoare rule product

Encoding of Hoare rule pxq <description> qyr — px;yr.

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+1.ax”)

Vg, 21, %2, T3, 24: ((test(z3) and test(x2) and test(z4) and (x2 - x0) - ¢(x3) < 0 and (x3 - x1) - e(xq) <0) = ((z2-
xo) - x1) - c(xq) <0) fof(goals, conjecture)

KLEO034+-2.p Hoare rule product

Encoding of Hoare rule pxq <description> qyr — px;yr.

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+1.ax”)

include(’Axioms/KLE001+2.ax’)

Vo, T1, %2, T3, x4t ((test(xs) and test(xz) and test(z4) and (x2 - x0) - c¢(xs) < 0 and (x3 - x1) - c(xg) <0) = ((z2-
x0) - 21) - ¢(zq) <0) fof(goals, conjecture)

KLE03541.p Hoare rule sum

Encoding of Hoare rule pxq <description> qyr — px;yr.

include(’Axioms/KLE001+40.ax’)

include(’Axioms/KLE001+1.ax’)

Vg, 21,22, x3: ((test(xs) and test(zs) and (z2-x0) - c(x3) < 0 and (x2-x1) - c(zz) <0) = (22 (zo+21)) - c(x3) <
0) fof(goals, conjecture)

KLEO035+4-2.p Hoare rule sum



Encoding of Hoare rule pxq <description> qyr — px;yr.

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax")

Vg, 21,22, x3: ((test(xs) and test(zs) and (x2-x0) - c(x3) < 0 and (x2-x1) - c(zz) <0) = (22 (o +21)) - c(x3) <
0) fof(goals, conjecture)

KLE036+1.p Star recursion

Together with star unfold this yields the classical recursion equation for star.

include(’ Axioms/KLE002+0.ax”)

Vao: oy <1420 - ) fof(goals, conjecture)

KLEO037+1.p Star reflexivity

Star is reflexive, i.e., contains the identity.
include(’Axioms/KLE002+0.ax’)

Vag: 1 <z fof(goals, conjecture)

KLE038+1.p Star extensivity

Star is extensive.
include(’Axioms/KLE002+0.ax’)
Vao: zo < xf fof(goals, conjecture)

KLE039+1.p Star idempotence
The star operation is idempotent.
include(’Axioms/KLE002+0.ax’)
Vxo: (2)* = 2§ fof(goals, conjecture)

KLE039+42.p Star idempotence
The star operation is idempotent.
include(’ Axioms/KLE002+0.ax")
Vo: ((zf)* < xf and z§ < (x5)*) fof(goals, conjecture)

KLE040+1.p The star of an element is multiplicatively idempotent
include(’ Axioms/KLE002+0.ax")
Vxo: zf - xf = ) fof(goals, conjecture)

KLE040+-2.p The star of an element is multiplicatively idempotent
include(’ Axioms/KLE002+0.ax")
Vao: (zf - 2§ < zf and o < af - ) fof(goals, conjecture)

KLEO041+1.p Star isotony

The star operation is isotone.

include(’ Axioms/KLE002+0.ax”)

Vo, z1: (0 <21 = 2§ < x7) fof(goals, conjecture)

KLE042+1.p Star sliding

Two ways of grouping an alternation of x’s and y’s that starts and ends with x.
include(’ Axioms/KLE002+0.ax”)

Vg, x1: (X - x1)* - 20 = @0 - (21 - T0)* fof(goals, conjecture)

KLE042+-2.p Star sliding

Two ways of grouping an alternation of x’s and y’s that starts and ends with x.

include(’ Axioms/KLE002+0.ax”)

Vo, z1: (o - x1)* - 20 < 2o - (21 - 20)* and g - (21 - 20)* < (mo - 21)* - 20) fof(goals, conjecture)

KLE043+1.p Star recursion

Classical recursion equation for star of x followed by y.
include(’Axioms/KLE002+0.ax’)

Vo, 1t xf - 11 = 21 + (20 - ) - 21 fof(goals, conjecture)

KLE043+4-2.p Star recursion

Classical recursion equation for star of x followed by y.

include(’Axioms/KLE002+0.ax’)

Vo, x1: (xf -1 < @1+ (X0 - f) - 1 and z1 + (zo - xf) - 1 < xf - 1) fof(goals, conjecture)

KLE044+1.p Star simplification
Identity can be eliminated from the star of a sum.
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include(’ Axioms/KLE002+0.ax”)
Vzo: (14 2z0)* =z fof(goals, conjecture)

KLE044+-2.p Star simplification

Identity can be eliminated from the star of a sum.

include(’ Axioms/KLE002+0.ax”)

Vao: (14 2z0)* < zf and zf < (1 +z9)*) fof(goals, conjecture)

KLE045+1.p Semi-commutation

If x semi-commutes over y transforming into z then the same applies to x and y*.
include(’ Axioms/KLE002+0.ax”)

Vo, 1,22t (o2 < 221 = af T2 < Tg-2x7) fof(goals, conjecture)

KLE046+1.p Church-Rosser theorem

Normalise arbitrary sequences of x’s and y’s into x’s followed by y’s.
include(’ Axioms/KLE002+0.ax”)

Veo, z1: (2] - xh < af -2 = (zo+2x1)* < af-z7) fof(goals, conjecture)

KLE04741.p Star simplification

Semi-commutation of x and y allows normalizing arbitrary sequences of x’s and y’s.
include(’ Axioms/KLE002+0.ax”)

Veg, z1: (21 - 20 < g - 21 = (x0+21)* < 2l - 2F) fof(goals, conjecture)

KLE048+1.p The star of a test is always 1
include(’ Axioms/KLE002+0.ax")
include(’Axioms/KLE001+1.ax")

Vxo: (test(zg) = zf=1) fof(goals, conjecture)

KLEO049+1.p Hoare rule while

Encoding of Hoare rule p;qxq — q while p do x ¢(p);q, where while p do x = (p;x)*;c(p).

include(’ Axioms/KLE002+0.ax")

include(’ Axioms/KLE001+1.ax’)

Vg, x1,xe: ((test(x1) and test(x2) and ((xo-x1)-xo)-c(x2) <0) = ((x2-(x1-20)*)-c(x1))-c(x2) < 0) fof(goals, conjecture)

KLEO049+4-2.p Hoare rule while

Encoding of Hoare rule p;qxq — q while p do x ¢(p);q, where while p do x = (p;x)*;c(p).

include(’ Axioms/KLE002+0.ax”)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax’)

Vo, 1, 22: ((test(z1) and test(xz) and ((z2-21)-o)-c(x2) <0) = ((x2-(x1-20)*)-c(21))-c(x2) < 0) fof(goals, conjecture)

KLEO05041.p Loop denesting

Encoding of the law while p do (x ; while q do y) = if p then (x ; while p4q do if q then y else x) else skip.
include(’Axioms/KLE002+0.ax’)

include(’Axioms/KLE001+1.ax’)

Vo, x1, T2, 3: ((test(x2) and test(zs)) = (((x2- o) - (w3 - x1)*) - c(x3))* - c(x2) = (((x2 - ®0) - (x2 + 3)) - (w3 - 21 +
c(xg) - ®0)*) - e(xe + x3) + c(22)) fof(goals, conjecture)

KLE05042.p Loop denesting

Encoding of the law while p do (x ; while q do y) = if p then (x ; while p+q do if q then y else x) else skip.
include(’ Axioms/KLE002+0.ax’)

include(’Axioms/KLE001+1.ax”)

Vo, 1, T2, 3: ((test(zz) and test(zs)) = (w2 zo) - (w3 - x1)*) - c(3))* - c(z2) < (w2 - mp) - (w2 + 3)) - (w3 -
1 + c(x3) - x0)*) - c(x2 + z3) + c(z2) and (((z2 - xg) - (2 + z3)) - (w3 - &1 + c(x3) - 0)*) - (T2 + x3) + c(x2) <
(((xg - xo) - (x5 - 21)*) - c(x3))* - c(x2))) fof(goals, conjecture)

KLEO050+43.p Loop denesting

Encoding of the law while p do (x ; while q do y) = if p then (x ; while p+q do if q then y else x) else skip.
include(’ Axioms/KLE002+0.ax”)

include(’Axioms/KLE001+1.ax’)

include(’Axioms/KLE001+2.ax’)

Vo, x1, T2, 3: ((test(x2) and test(zs)) = (((x2- o) - (w3 - x1)*) - c(x3))* - c(x2) = (((x2 - ®0) - (x2 + 3)) - (w3 - 21 +
c(x3) - 20)*) - c(x2 + x3) + c(x2)) fof(goals, conjecture)

KLE050+4.p Loop denesting

Encoding of the law while p do (x ; while q do y) = if p then (x ; while p+q do if q then y else x) else skip.
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include(’Axioms/KLE001+1.ax’)
include(’Axioms/KLE001+2.ax’)
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Vg, 21,22, x3: ((test(xz) and test(z3)) = ((((z2 - o) - (x5 - x1)*) - c(x3))* - c(x2) < (((x2 - o) - (22 + x3)) - (23 -
x1 + c(x3) - x0)*) - c(x2 + z3) + c(x2) and (((z2 - xg) - (2 + x3)) - (23 - &1 + e(x3) - 0)*) - (T2 + 3) + c(x2) <

(((xg - xo) - (w3 - 1)*) - c(x3))* - c(x2))) fof(goals, conjecture)

KLEO051+1.p Every domain semiring is automatically isotone
include(’Axioms/KLE001+0.ax”)
include(’Axioms/KLE001+5.ax’)

Vo: To + xo = o fof(goals, conjecture)

KLEO05241.p Domain is a left invariant
include(’ Axioms/KLE001+40.ax")
include(’Axioms/KLE001+5.ax”)

Vag: dom(zg) - kg = xo fof(goals, conjecture)

KLEO05341.p Domain is a projection

include(’ Axioms/KLE001+0.ax”)
include(’Axioms/KLE001+5.ax’)

Vzo: dom(dom(zg)) = dom(zg) fof(goals, conjecture)

KLEO054+1.p Domain is prefix increasing
include(’Axioms/KLE001+0.ax’)

include(’ Axioms/KLE001+5.ax”)

Vg, 21: dom(zg - 21) + dom(xg) = dom(xg) fof(goals, conjecture)

KLEO05541.p Domain expands subidentities

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+5.ax”)

Vzo: (to+1=1 = x9+ dom(xg) = dom(xg)) fof(goals, conjecture)

KLEO05641.p Domain is very strict
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+5.ax’)

Vo: (dom(xg) =0 = z9=0) fof(goals, conjecture)

KLEO05741.p Domain is very strict

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+5.ax”)

Vzo: (dom(zg) =0 < 29 =0) fof(goals, conjecture)

KLEO058+1.p Domain is costrict
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+5.ax’)
dom(1l) =1 fof(goals, conjecture)

KLEO05941.p Domain is isotone
include(’ Axioms/KLE001+40.ax")
include(’ Axioms/KLE001+5.ax”)
Vao,x1: (o + 1 = 1 = dom(zp) + dom(z1) = dom(zy)) fof(goals, conjecture)

KLE060+1.p Domain elements can be exported

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+5.ax’)

Vo, z1: dom(dom(zo) - #1) = dom(zg) - dom(z1) fof(goals, conjecture)

KLEO061+1.p Domain elements are multiplicatively idempotent
include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+5.ax”)

Vxg: dom(zg) - dom(zg) = dom(xg) fof(goals, conjecture)

KLEO062+1.p Domain elements are multiplicatively commutative
include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+5.ax’)

Vo, z1: dom(zg) - dom(z1) = dom(zy) - dom(z) fof(goals, conjecture)
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KLE063+1.p Domain elements are least left preservers

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+5.ax’)

Vg, x1: (2o + dom(zq) - 2o = dom(z1) - 9 = dom(xp) + dom(x;) = dom(x1)) fof(goals, conjecture)

KLEO064+1.p Domain elements are least left preservers

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+5.ax”)

Vo, 21: (20 + dom(xy) - g = dom(z1) - 29 < dom(zg) + dom(z1) = dom(z1)) fof(goals, conjecture)

KLEO06541.p Domain is weakly local

include(’ Axioms/KLE001+0.ax")

include(’Axioms/KLE001+5.ax”)

Vag,x1: (ko 21 =0 = x¢-dom(xz;) =0) fof(goals, conjecture)

KLEO066+1.p Domain is weakly local

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+5.ax”)

Vo, x1: (xo- 21 =0 < x¢-dom(xzy) =0) fof(goals, conjecture)

KLE067+1.p Domain elements are closed under addition

include(’ Axioms/KLE001+0.ax”)

include(’ Axioms/KLE001+5.ax”)

Vg, z1: dom(dom(zg) + dom(z1)) = dom(zg) + dom(xy) fof(goals, conjecture)

KLE068+1.p Domain elements are closed under multiplication

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+5.ax’)

Vo, z1: dom(dom(z) - dom(z1)) = dom(zg) - dom(xy) fof(goals, conjecture)

KLE069+1.p Domain elements satisfy the first lattice absorption law
include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+5.ax’)

Vg, 21: dom(zg) - (dom(zg) + dom(z1)) = dom(zg) fof(goals, conjecture)

KLEO07041.p Domain elements satisfy the second lattice absorption law
include(’Axioms/KLE001+40.ax’)
include(’Axioms/KLE001+5.ax”)
Vg, 21: dom(zg) + dom(zg) - dom(z1) = dom(z) fof(goals, conjecture)

KLEO71+1.p Domain elements satisfy one of the lattice distributivity laws

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+5.ax”)

Vg, 21, x2: dom(zg) + dom(zy) - dom(zs) = (dom(xg) + dom(xy)) - (dom(zg) + dom(z3)) fof(goals, conjecture)

KLEO07241.p Domain elements satisfy the first axiom of Kleene modules

include(’ Axioms/KLE001+0.ax”)

include(’ Axioms/KLE001+5.ax”)

Vo, x1,x2: dom((xg + x1) - dom(zs)) = dom(zg - dom(zz)) + dom(z; - dom(xs)) fof(goals, conjecture)

KLEO07341.p Domain elements satisfy the second Kleene module axiom

include(’ Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+4.ax”)

Vg, 1, x2: dom(zg - (dom(x1) + dom(zs))) = dom(xg - dom(x;)) + dom(zg - dom(zz)) fof(goals, conjecture)

KLEO07441.p Domain elements satisfy the third Kleene module axiom.

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+5.ax’)

Vo, x1,x2: dom((xg - 1) - dom(zz)) = dom(zg - dom(z - dom(zz))) fof(goals, conjecture)
KLEQ07541.p Domain elements satisfy the fourth Kleene module axiom
include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+5.ax’)

Vao: dom(1 - dom(zg)) = dom(z) fof(goals, conjecture)

KLEO076+41.p Domain elements satisfy the fifth Kleene module axiom
include(’Axioms/KLE001+0.ax’)
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include(’Axioms/KLE001+5.ax”)
Vxo: dom(zg - dom(0)) =0 fof(goals, conjecture)

KLEO7741.p Domain elements satisfy the sixth Kleene module axiom

include(’ Axioms/KLE002+0.ax”)

include(’Axioms/KLE001+5.ax’)

Vo, x1, x2: ((dom(xg)+dom(zq-dom(xs)))+dom(zs) = dom(zz) = dom(x}-dom(zg))+dom(xz) = dom(xz)) fof(goals, cc

KLEO078+1.p Antidomain elements are domain elements

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+5.ax’)

Vo: (Vap: (dom(zq) + ad(z1) = 1 and dom(z) - ad(z1) = 0) = dom(ad(xo)) = ad(zo)) fof(goals, conjecture)

KLEO079+41.p Domain and antidomain elements are complements

include(’Axioms/KLE001+40.ax’)

include(’ Axioms/KLE001+5.ax”)

Vxo: (Vor: (dom(z1) + ad(z1) =1 and dom(zy) - ad(xz1) =0) = ad(zg) - dom(zg) = 0) fof(goals, conjecture)

KLEO080+1.p Another complementation property of domain and antidomain elements

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+5.ax”)

Vzo: (Vor: (dom(zy) + ad(z1) =1 and dom(zy) - ad(z1) = 0) = ad(ad(zg)) = dom(xg)) fof(goals, conjecture)

KLEO81+1.p Antidomain elements are left annihilators

include(’ Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+5.ax”)

Vao: (Vor: (dom(z1) + ad(x1) =1 and dom(z) - ad(z1) =0) = ad(xg) -z =0) fof(goals, conjecture)

KLE082+1.p Antidomain is local with respect to multiplication

include(’ Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+5.ax”)

Vo, z1: (Vo (dom(zz) + ad(z2) = 1 and dom(zs) - ad(z2) = 0) = ad(xo - 1) + ad(xo - dom(z1)) = ad(xo -
dom(z1))) fof(goals, conjecture)

KLE083+1.p Domain is a left invariant
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+4.ax’)

Vao: g = dom(zg) - o fof(goals, conjecture)

KLEO084+1.p Domain is local with respect to multiplication
include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

Vg, 21: dom(zg - 1) = dom(xg - dom(xy)) fof(goals, conjecture)

KLEO08541.p Domain elements are subidenties
include(’ Axioms/KLE001+40.ax")
include(’Axioms/KLE001+4.ax”)

Vxo: dom(zg)+1=1 fof(goals, conjecture)

KLEO08641.p Domain is strict
include(’ Axioms/KLE001+40.ax”)
include(’ Axioms/KLE001+4.ax”)
dom(0) =0 fof(goals, conjecture)

KLEO87+1.p Domain is additive

include(’Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+4.ax”)

Vg, z1: dom(zg + x1) = dom(xg) + dom(x1) fof(goals, conjecture)

KLEO088+1.p Antidomain elements are greatest left annihilators

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+4.ax’)

Vo, z1: (dom(zg) - 21 =0 = dom(xg) + ad(z1) = ad(z1)) fof(goals, conjecture)

KLE089+1.p Antidomain elements are greatest left annihilators
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+4.ax’)
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Vg, x1: (dom(xg) - x1 =0 < dom(zp) + ad(x1) = ad(z1)) fof(goals, conjecture)

KLE090+1.p Antidomain elements are antitone

include(’ Axioms/KLE001+40.ax”)

include(’ Axioms/KLE001+4.ax’)

Vzo, z1: (0 + 21 =21 = ad(z1) + ad(xg) = ad(zg)) fof(goals, conjecture)

KLE091+1.p Codomain closure

In a Boolean domain semiring, codomain elements are domain elements.
include(’Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+4.ax”)

Vxg: dom(cod(zg)) = cod(zo) fof(goals, conjecture)

KLE092+1.p Coantidomain closure

In a Boolean domain semiring, coantidomain elements are domain elements.
include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+4.ax’)

Vxo: dom(coad(x)) = coad(xo) fof(goals, conjecture)

KLE093+1.p Domain of star

In a Kleene algebra with domain, the domain of a star is always one.
include(’ Axioms/KLE002+0.ax”)

include(’Axioms/KLE001+5.ax’)

Vzo: dom(zf) =1 fof(goals, conjecture)

KLE094+1.p Segerberg

Segerberg’s formula holds in every Kleene algebra with Boolean domain.

include(’Axioms/KLE002+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’ Axioms/KLE001+6.ax”)

Vg, 21: domain_difference(forward_diamond(z, dom(z1)), dom(z1))+forward_diamond(z, domain_difference(forward_diamo
forward_diamond(z{;, domain_difference(forward_diamond(zg, dom(z1)), dom(z1))) fof(goals, conjecture)

KLE09541.p Modal operators satisfy a star unfold law

include(’Axioms/KLE002+0.ax’)

include(’Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

Vg, x1: dom(xg)+forward_diamond(zy, forward _diamond(x, dom(xg))) = forward _diamond(x7, dom(xg)) fof(goals, conje

KLE096+1.p Modal operators satisfy a star unfold law

include(’ Axioms/KLE002+0.ax”)

include(’ Axioms/KLE001+4.ax”)

include(’Axioms/KLE001+6.ax”)

Vg, z1: dom(zg)+forward_diamond(x7, forward _diamond(x;, dom(zy))) = forward_diamond(z}, dom(xg)) fof(goals, conje

KLE097+1.p Modal operators at left hand-sides can be eliminated

include(’Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

Vo, x1,x2: (forward_diamond(zo,dom(z1)) + dom(zz) = dom(ze) < o - dom(zy) + dom(zz) - 9 = dom(xs) -
Zo) fof(goals, conjecture)

KLE098+1.p Modal operators at left hand-sides can be eliminated

include(’ Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax’)

Vg, 21, x2: (forward_diamond(zg,dom(z1)) + dom(ze) = dom(ze) = 2o - dom(z1) 4+ dom(z) - 9 = dom(xs) -
Zo) fof(goals, conjecture)

KLE099+1.p Modal operators at left hand-sides can be eliminated

include(’Axioms/KLE001+0.ax’)

include(’ Axioms/KLE001+4.ax")

include(’Axioms/KLE001+6.ax”)

Vo, x1,xe: (forward_diamond(zg, dom(zq))+dom(xs) = dom(xs) = ad(xz)-(zo-dom(z1)) = 0) fof(goals, conjecture)

KLE100+1.p Modal operators at left hand-sides can be eliminated
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include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+4.ax’)
include(’Axioms/KLE001+6.ax’)
Vo, x1, x2: (forward_diamond(zg, dom(z1))+dom(zs) = dom(z2) < ad(zg)-(xo-dom(xy)) = 0) fof(goals, conjecture)

KLE101+41.p Forward and backward diamonds are conjugates

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

Vg, 21, x2: (forward_diamond(xg, dom(z;))-dom(z2) =0 = dom(z;)-backward_diamond(zg, dom(xz)) = 0) fof(goals, co

KLE10241.p Forward and backward diamonds are conjugates

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

Vg, 1, x2: (forward_diamond(zg, dom(z;))-dom(zz) =0 < dom(z;)-backward_diamond(zg, dom(zz)) = 0) fof(goals, co:

KLE103+1.p Forward and backward boxes are conjugates

include(’ Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax’)

Vo, x1,x2: (forward_box(xg, dom(z1))+dom(ze) =1 = dom(z;)+backward_box(xg, dom(zs)) = 1) fof(goals, conjecture

KLE104+1.p Forward and backward boxes are conjugates

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’ Axioms/KLE001+6.ax”)

Vg, 21, x2: (forward_box(xg, dom(z))+dom(ze) =1 < dom(zq)+backward_box(xg, dom(zz)) = 1) fof(goals, conjecture

KLE10541.p Galois

Forward diamonds and backward boxes are adjoints in a Galois connection.

include(’Axioms/KLE001+40.ax")

include(’Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

Vg, z1,x2: (forward_diamond(zg,dom(z;)) + dom(x2) = dom(zs) = dom(zy) + backward_box(zg,dom(zq)) =
backward_box(xg, dom(xs))) fof(goals, conjecture)

KLE106+1.p Galois

Forward diamonds and backward boxes are adjoints in a Galois connection.

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax”)

Vg, 21, x2: (forward_diamond(zg,dom(z1)) + dom(x2) = dom(zs) <« dom(z;) + backward_box(zg,dom(zs)) =
backward_box(xg, dom(xs))) fof(goals, conjecture)

KLE107+1.p Galois

Backward diamonds and forward boxes are adjoints of a Galois connection.

include(’ Axioms/KLE001+0.ax")

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax’)

Vo, x1,22: (backward_diamond(zo,dom(z;)) + dom(xe) = dom(zs) = dom(zy) + forward_box(zo,dom(zs)) =
forward_box(zg, dom(z2))) fof(goals, conjecture)

KLE108+1.p Galois

Backward diamonds and forward boxes are adjoints of a Galois connection.

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

Vo, x1,xe: (backward_diamond(zg,dom(z1)) + dom(ze) = dom(zy) < dom(z;) + forward box(zg,dom(zs)) =
forward box(z, dom(x2))) fof(goals, conjecture)

KLE109+1.p Forward diamonds and backward boxes satisfy a cancellation law
include(’ Axioms/KLE001+0.ax”)
include(’Axioms/KLE001+4.ax’)
include(’Axioms/KLE001+6.ax’)
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Vg, x1: forward_diamond(zg, backward _box(zq, dom(z1))) + dom(z1) = dom(z) fof(goals, conjecture)

KLE110+1.p Forward diamonds and backward boxes satisfy a cancellation law

include(’Axioms/KLE001+40.ax’)

include(’ Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

Vg, z1: dom(zg)+backward _box(x1, forward _diamond(x, dom(zy))) = backward_box(x1, forward_diamond(x;, dom(xzy)))

KLE111+1.p Backward diamonds and forward boxes satisfy a cancellation law
include(’Axioms/KLE001+0.ax”)

include(’ Axioms/KLE001+4.ax”)

include(’Axioms/KLE001+6.ax’)

Vo, x1: backward_diamond(z, forward_box(zo,dom(z1))) + dom(z;) = dom(z1) fof(goals, conjecture)

KLE112+1.p Backward diamonds and forward boxes satisfy a cancellation law

include(’ Axioms/KLE001+40.ax")

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax’)

Vo, x1: dom(zg)+forward_box(x1, backward_diamond(x;, dom(zy))) = forward_box(x;, backward_-diamond(xz;, dom(zy)))

KLE113+1.p Diamonds are strict

include(’ Axioms/KLE001+40.ax")
include(’Axioms/KLE001+4.ax’)
include(’Axioms/KLE001+6.ax’)

Vaq: forward_diamond(zp,0) = 0 fof(goals, conjecture)

KLE114+41.p Boxes are costrict
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+4.ax’)
include(’ Axioms/KLE001+6.ax”)
Vxq: forward_box(zp,1) =1 fof(goals, conjecture)

KLE11541.p Diamonds are additive

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax”)

Vg, 21, x2: forward_diamond(xg, dom(z1 )+dom(zs)) = forward_diamond(xg, dom(z1))+forward_diamond(zg, dom(z2)) fi

KLE116+41.p Boxes are multiplicative

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’ Axioms/KLE001+6.ax”)

Vg, x1,xe: forward_box(zg, dom(z1)-dom(zs)) = forward_box(zg, dom(z))-forward_box(zg, dom(xs)) fof(goals, conjectu

KLE11741.p Diamonds are isotone

include(’ Axioms/KLE001+40.ax”)

include(’Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

Vo, z1: (xo+x1 = 1 = Vag: forward_diamond(xg, dom(xs))+forward_diamond(x, dom(zz)) = forward_diamond(x;, dom(a

KLE11841.p Boxes are antitone

include(’ Axioms/KLE001+40.ax”)

include(’ Axioms/KLE001+4.ax”)

include(’Axioms/KLE001+6.ax’)

Vo, z1: (xo+x1 = 1 = Vag: forward_box(zg, dom(zz))+forward_box(z1, dom(xz)) = forward_box(zg, dom(xz))) fof(gos

KLE119+1.p Validity of abort rule

The abort rule of Hoare logic is valid with respect to the Kleene algebra semantics.
include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax’)

Vg, 21: backward_diamond (0, dom(z¢)) + dom(z;) = dom(z1) fof(goals, conjecture)

KLE120+41.p Validity of skip rule
The skip rule of Hoare logic is valid with respect to the Kleene algebra semantics.
include(’Axioms/KLE001+0.ax’)



17

include(’Axioms/KLE001+4.ax’)
include(’Axioms/KLE001+6.ax’)
Vxo: backward_diamond(1, dom(xg)) 4+ dom(zo) = dom(zg) fof(goals, conjecture)

KLE121+1.p Validity of composition rule

The composition rule of Hoare logic is valid with respect to the Kleene algebra semantics.

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax’)

Vg, 21, X2, 3, 24: ((backward_diamond(x3, dom(z)) + dom(z1) = dom(z;) and backward_diamond(z4, dom(x1)) +
dom(zs) = dom(zs)) = backward_diamond(xs - 24, dom(zg)) + dom(z3) = dom(z3)) fof(goals, conjecture)

KLE122+1.p Validity of conditional rule

The conditional rule of Hoare logic is valid with respect to the Kleene algebra semantics.

include(’Axioms/KLE001+0.ax’)

include(’ Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax”)

Vg, 21, x2: if_then_else(zg, x1, z2) = dom(zg) - x1 + ad(zo) - @2 fof(if_then_else_definition, axiom)

Vxo,x1, T2, T3, r4: ((backward_diamond(zq, dom(zs)-dom(x3))+dom(z,) = dom(z,) and backward _diamond(xy, ad(z2)-
dom(z3))+dom(xs) = dom(xs)) = backward_diamond(if_then_else(xz, zg, z1), dom(z3))+dom(zs) = dom(z4)) fof(goals

KLE123+1.p Validity of while rule

The while rule of Hoare logic is valid with respect to the Kleene algebra semantics.

include(’ Axioms/KLE002+0.ax”)

include(’ Axioms/KLE001+4.ax”)

include(’Axioms/KLE001+6.ax’)

Vo, z1: while_do(z1, z) = (dom(zy) - zo)* - ad(z1) fof(while_do_definition, axiom)

Vo, x1, x2: (backward_-diamond(zo, dom(x;)-dom(zz))+dom(xs) = dom(xe) = backward_diamond(while_do(x1, z¢), dom(z:
dom(zg) = dom(zq)) fof(goals, conjecture)

KLE124+1.p Validity of weakening rule

The weakening rule of Hoare logic is valid with respect to the Kleene algebra semantics.

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’ Axioms/KLE001+6.ax”)

Vg, 21, X2, 3, 24: ((dom(zs)+dom(z1) = dom(z;) and backward_diamond(zg, dom(z;))+dom(z3) = dom(z3) and dom(z3)-
dom(z4) = dom(z4)) = backward_diamond(zg,dom(zs)) + dom(x4) = dom(xy)) fof(goals, conjecture)

KLE12541.p Quasicommutation theorem

If x quasicommutes over y, then x+y terminates if x and y individually do.
include(’Axioms/KLE001+0.ax’
include(’Axioms/KLE001+4.ax’
include(’ Axioms/KLE001+6.ax’
include(’Axioms/KLE001+7.ax’
Vo, 1t (o -21+21- (T1+20)* = 21+ (21 +20)* = (divergence(x; +x¢) =0 <= divergence(z1)+divergence(zy) =
0)) fof(goals, conjecture)

~— — — —

KLE126+1.p Lazy commutation theorem

If x lazily commutes over y, then x+y terminates if x and y individually do.

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax’)

include(’Axioms/KLE001+7.ax”)

Vo, 210 (2o - 21 + 21 - (1 + 20)* = 21 - (21 + 20)* + 9 = (divergence(x; + x9) = 0 <= divergence(z1) +
divergence(zg) = 0)) fof(goals, conjecture)

KLE127+41.p Loop refinement theorem

If x quasicommutes over y, then all infinite behaviours of x+y can be separated into infinite behaviours of x and a
infinite behaviour of y after finitely many x steps.

include(’ Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+4.ax”)

include(’Axioms/KLE001+6.ax’)

include(’Axioms/KLE001+7.ax’)

PPy
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Vo, 18 (xo-x1+x1-(T1+20)* = z1-(x1+20)* = divergence(x;+x¢) = divergence(z)+forward_diamond(z3, divergence(zy)))

KLE128+41.p Comparison of two different notions of termination

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’ Axioms/KLE001+6.ax”)

include(’ Axioms/KLE001+7.ax”)

Vxo: (divergence(zg) =0 = Vzp: (dom(x;) + forward_diamond(zg, dom(x;)) = forward_diamond(zg, dom(z1)) =
dom(z1) = 0)) fof(goals, conjecture)

KLE129+1.p Comparison of two different notions of termination

include(’ Axioms/KLE001+40.ax")

include(’ Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax’)

include(’Axioms/KLE001+7.ax’)

Vzo: (divergence(zp) =0 <= Vzp: (dom(x;) + forward_-diamond(zg, dom(x;)) = forward_diamond(xg, dom(z1)) =
dom(zq) = 0)) fof(goals, conjecture)

KLE130+1.p Two notions of termination

The lemma compares absence of divergence with a third notion of termination.

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax’)

include(’ Axioms/KLE001+6.ax”)

include(’ Axioms/KLE001+7.ax”)

Vxg: (divergence(zg) =0 = Vzp: dom(zq)+forward_diamond(xf, domain_difference(dom(x;), forward diamond(xq, dom(z1))
forward_diamond(zfj, domain_difference(dom(z1 ), forward_diamond(zg, dom(z1))))) fof(goals, conjecture)

KLE131+1.p Two notions of termination

The lemma compares absence of divergence with a third notion of termination.

include(’Axioms/KLE001+0.ax")

include(’ Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax’)

include(’Axioms/KLE001+7.ax’)

Vxo: (divergence(zp) =0 < Vzy: dom(zq)+forward_-diamond(zf, domain_difference(dom(x), forward_diamond(zo, dom(z1))
forward_diamond (2§, domain_difference(dom(z1 ), forward_diamond(zg, dom(z1))))) fof(goals, conjecture)

KLE132+1.p Every element that satisfies Loeb’s formula is wellfounded

include(’ Axioms/KLE001+0.ax”)

include(’Axioms/KLE001+4.ax’)

include(’Axioms/KLE001+6.ax’)

include(’Axioms/KLE001+7.ax”)

Vxg: (Vay: forward_diamond(xg, dom(z; ))+forward_diamond(zf, domain_difference(dom(z1 ), forward_diamond(zg, dom(z1)))
forward_diamond(zfj, domain_difference(dom(zy ), forward_diamond(zg, dom(z1)))) = Vaa: (dom(zs)+forward_diamond(zg,
forward_diamond(zg, dom(zz)) = dom(zz) = 0)) fof(goals, conjecture)

KLE133+1.p Loeb’s formula and wellfoundedness

Every diamond transitive wellfounded element satisfies Loeb’s formula.

include(’Axioms/KLE001+40.ax")

include(’Axioms/KLE001+4.ax”)

include(’ Axioms/KLE001+6.ax”)

include(’Axioms/KLE001+7.ax’)

Vzo: ((Vz1: dom(x;)+forward_diamond(zf, domain_difference(dom(z1 ), forward_diamond(zg, dom(z1)))) = forward_diamond
forward_diamond(zg, dom(z2))) = Vas: forward_diamond(xg, dom(z3))+forward_diamond(z§, domain_difference(dom(z3), fc
forward_diamond(z, domain_difference(dom(z3), forward_diamond(zg, dom(z3))))) fof(goals, conjecture)

KLE134+1.p A no name lemma
include(’Axioms/KLE001+0.ax’)
include(’Axioms/KLE001+4.ax’)

include(’ Axioms/KLE001+6.ax”)

Vg, 21, x2: domain_difference(forward_diamond(x, dom(x
forward_diamond(xg, domain_difference(dom(z ), dom(z2)

1)), forward_diamond(zg, dom(x2)))+forward diamond(zg, domain
) fof(goals, conjecture)

KLE13541.p Two notions of termination
If an element does not diverge, then it always becomes disabled after finitely many steps.



19

include(’Axioms/KLE001+0.ax’
include(’Axioms/KLE001+4.ax’
include(’Axioms/KLE001+6.ax’
include(’Axioms/KLE001+7.ax’
Vxg: (divergence(zg) =0 = forward_diamond(z, ad(zg)) = 1) fof(goals, conjecture)

— — — —

KLE136+41.p Newman’s lemma holds in divergence Kleene algebras

include(’Axioms/KLE001+0.ax’)

include(’Axioms/KLE001+4.ax”)

include(’Axioms/KLE001+6.ax”)

include(’ Axioms/KLE001+7.ax”)

Vo, x1: ((divergence(ro+x1) = 0 and z1-zo+xi-2] = z§-2]) = (vot+x1) +af-o] = x§-x7) fof(goals, conjecture)
KLE137+41.p There is a greatest element, namely 1Ainfty

include(’ Axioms/KLE004+0.ax”)
Vxg: zp < strong_iteration(1) fof(goals, conjecture)

KLE138+1.p Strong iteration of a abort is miracle
include(’Axioms/KLE004+0.ax’)
strong_iteration(0) = 1 fof(goals, conjecture)

KLE139+1.p Dual unfold
include(’ Axioms/KLE004+0.ax”)
Vxg: strong_iteration(xg) = strong-iteration(zg) - zo + 1 fof(goals, conjecture)

KLE139+2.p Dual unfold
include(’ Axioms/KLE004+0.ax”)
Vxo: (strong_iteration(xg) < strong_iteration(xg)-zp+1 and strong_iteration(xg)-xo+1 < strong_iteration(zo)) fof(goals, cc

KLE140+41.p Isotonicity of strong iteration
include(’ Axioms/KLE004+0.ax”)
Vo, 21: (20 < 21 = strong.iteration(zg) < strong-iteration(z)) fof(goals, conjecture)

KLE141+1.p The greatest is left annihilator

The greatest is left annihilator; a miracle followed by anything is again a miracle.

include(’Axioms/KLE004+0.ax’)

Vxg: strong_iteration(1) - o = strong_iteration(1) fof(goals, conjecture)

KLE141+-2.p The greatest is left annihilator

The greatest is left annihilator; a miracle followed by anything is again a miracle.

include(’Axioms/KLE004+0.ax’)

Vxo: (strong-iteration(1)-z¢ < strong_iteration(1) and strong_iteration(1) < strong-iteration(1)-z¢) fof(goals, conjecture)

KLE142+1.p If strong iteration is applied twice, a miracle occurs.
include(’ Axioms/KLE004+0.ax”)
Vxo: strong_iteration(strong_iteration(x)) = strong_iteration(1) fof(goals, conjecture)

KLE142+-2.p If strong iteration is applied twice, a miracle occurs.

include(’ Axioms/KLE004+0.ax")

Vxg: (strong_iteration(strong_iteration(xg)) < strong_iteration(1) and strong_iteration(1) < strong_iteration(strong_iteration(
KLE143+1.p Strong iteration is idempotent w.r.t. multiplication

include(’Axioms/KLE004+0.ax’)

Vxq: strong_iteration(xy) - strong_iteration(zg) = strong-iteration(zo) fof(goals, conjecture)

KLE143+42.p Strong iteration is idempotent w.r.t. multiplication

include(’Axioms/KLE004+0.ax’)

Vxo: (strong-iteration(xo)-strong_iteration(zg) < strong_iteration(zo) and strong-iteration(zg) < strong-iteration(zg)-
strong_iteration(zg)) fof(goals, conjecture)

KLE144+1.p Strong iteration applied after finite iteration is magic.
include(’ Axioms/KLE004+0.ax’)
Vxo: strong_iteration(x) = strong_iteration(1) fof(goals, conjecture)

KLE144+2.p Strong iteration applied after finite iteration is magic.
include(’ Axioms/KLE004+0.ax”)
Vxg: (strong_iteration(x) < strong-iteration(1) and strong_iteration(1) < strong_iteration(zg)) fof(goals, conjecture)

KLE145+1.p Finite iteration after strong iteration is strong iteration
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include(’ Axioms/KLE004+0.ax”)
Vxg: strong_iteration(xg)* = strong_iteration(xo) fof(goals, conjecture)

KLE145+42.p Finite iteration after strong iteration is strong iteration
include(’Axioms/KLE004+0.ax’)
Vxg: (strong_iteration(xzg)* < strong_iteration(xy) and strong_iteration(zg) < strong_iteration(zg)*) fof(goals, conjecture)

KLE146+41.p Skip is part of strong iteration
include(’ Axioms/KLE004+0.ax")
Vxo: 1 < strong_iteration(z) fof(goals, conjecture)

KLE14741.p Sliding of strong iteration
include(’Axioms/KLE004+0.ax’)
Vo, x1: strong_iteration(zf - 1) = 7 - strong_iteration(zf - 1) fof(goals, conjecture)

KLE1474-2.p Sliding of strong iteration

include(’ Axioms/KLE004+0.ax")

Vg, z1: (strong_iteration(zf-x1) < a7 -strong_iteration(x§-x1) and x7 -strong_iteration(xf-x1) < strong_iteration(xf-
x1)) fof(goals, conjecture)

KLE148+1.p Blocking law

If y is blocked by x then x before strong iteration of y reduces to x.
include(’Axioms/KLE004+0.ax’)

Vo, 21: (2o - 21 =0 = ¢ - strong_iteration(x;) = x¢) fof(goals, conjecture)

KLE148+42.p Blocking law

If y is blocked by x then x before strong iteration of y reduces to x.

include(’ Axioms/KLE004+0.ax”)

Vo, z1: ((zo -1 =0 = ¢ - strong_iteration(z1) < x¢) and z¢ < x¢ - strong_iteration(z)) fof(goals, conjecture)

KLE149+41.p Strong version of unfold
include(’Axioms/KLE004+0.ax’)
Vg, 21: strong_iteration(zg+ 1) = (27 - z¢) - strong_iteration (x4 1) + strong_iteration(z1 ) fof(goals, conjecture)

KLE149+2.p Strong version of unfold

include(’ Axioms/KLE004+0.ax”)

Vg, z1: (strong_iteration(zg+xz1) < (a7 -x0)-strong_iteration(zo+z1)+strong iteration(x;) and (z7-zg)-strong_iteration(xo+
x1) + strong_iteration(x) < strong_iteration(xg + x1)) fof(goals, conjecture)

KLE150+41.p Iterating non-terminating elements reduces to the element itself

include(’Axioms/KLE004+0.ax’)
Vxq: strong_iteration(zg - 0) =14 20 - 0 fof(goals, conjecture)

KLE150+42.p Iterating non-terminating elements reduces to the element itself
include(’ Axioms/KLE004+0.ax”)
Vaxo: (strong_iteration(zg - 0) < 1+ xg -0 and 1 + z¢ - 0 < strong_iteration(xg - 0)) fof(goals, conjecture)

KLE151+1.p Sliding of strong iteration

Two ways of grouping an alternation of x’s and y’s that starts and ends with x.
include(’Axioms/KLE004+0.ax’)

Vg, 21: 2o - strong_iteration(x; - z) < strong_iteration(zg - 1) - g fof(goals, conjecture)

KLE152+1.p Sliding of strong iteration

Two ways of grouping an alternation of x’s and y’s that starts and ends with x.

include(’ Axioms/KLE004+0.ax”)

Vg, z1: strong_iteration(zg - x1) - £o < g - strong_iteration(x; - xo) fof(goals, conjecture)

KLE153+1.p Sliding of strong iteration

Two ways of grouping an alternation of x’s and y’s that starts and ends with x.

include(’ Axioms/KLE004+0.ax")

Vg, 21: o - strong_iteration(x; - x¢) = strong_iteration(zg - 1) - 2o fof(goals, conjecture)

KLE154+1.p Denesting of strong iteration
include(’ Axioms/KLE004+0.ax”)
Vg, z1: strong_iteration(zo+xz1) = strong_iteration(xg)-strong_iteration(z; -strong_iteration(xg)) fof(goals, conjecture)

KLE15442.p Denesting of strong iteration
include(’Axioms/KLE004+0.ax’)
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Vo, x1: (strong_iteration(xg+x1) < strong_iteration(z)-strong_iteration(x;-strong_iteration(zg)) and strong_iteration(xg)-
strong_iteration(z; - strong_iteration(xg)) < strong_iteration(xg + x1)) fof(goals, conjecture)

KLE15541.p Denesting of strong iteration
include(’Axioms/KLE004+0.ax’)
Vg, 21: strong_iteration(z - 1) - strong_iteration(xg) = strong_iteration(xzo + 1) fof(goals, conjecture)

KLE15542.p Denesting of strong iteration

include(’ Axioms/KLE004+0.ax”)

Yz, z1: (strong iteration(zg + x1) < strong.iteration(zf - x1) - strong.iteration(xo) and strong_iteration(zf - x1) -
strong_iteration(zg) < strong_iteration(zo + 1)) fof(goals, conjecture)

KLE15641.p Semicommuation law of finite iteration

If x semicommutes over y every finite sequence of x’s and y’s can be rearranged to a finite sequence of x’s followed
by finite sequence of y’s.

include(’ Axioms/KLE004+0.ax")

Vro, z1: (X0 21 <120 = (21 +20)* = 2] - xf) fof(goals, conjecture)

KLE15642.p Semicommuation law of finite iteration

If x semicommutes over y every finite sequence of x’s and y’s can be rearranged to a finite sequence of x’s followed
by finite sequence of y’s.

include(’ Axioms/KLE004+0.ax”)

Vao, 21 (ko - 21 <120 = (1 +0)* <2t - af) and a7 - of < (21 + 20)*) fof(goals, conjecture)

KLE15741.p Semicommuation law of finite iteration

If x semicommutes over y every sequence of x’s and y’s can be rearranged to a sequence of x’s followed by sequence

of y’s.

include(’Axioms/KLE004+0.ax’)

Vg, x1: (xo-w1 < ®1-xp = strong-iteration(zi+z¢) = strong_iteration(xy)-strong_iteration(z)) fof(goals, conjecture)

KLE157+2.p Semicommuation law of finite iteration

If x semicommutes over y every sequence of x’s and y’s can be rearranged to a sequence of x’s followed by sequence

of y’s.

include(’Axioms/KLE004+0.ax’)

Vo, z1: ((zo-x1 < 21-19 = strong-iteration(x;+x¢) < strong iteration(x;)-strong_iteration(zo)) and strong_iteration(x;)-
strong_iteration(zg) < strong-iteration(zq + xo)) fof(goals, conjecture)

KLE158+1.p Simulation law for data refinement
include(’ Axioms/KLE004+0.ax”)
Vo, x1,xe: (To - 21 < Tg-x9 = o - strong_iteration(x;) < strong_iteration(xs) - xo) fof(goals, conjecture)

KLE159+1.p Simulation law for data refinement
include(’Axioms/KLE004+0.ax’)
Vag, x1,xe: (T 21 < Tg 20 = xo-x] < x5 - 30) fof(goals, conjecture)

KLE160+1.p Simulation law for data refinement
include(’ Axioms/KLE004+0.ax’)
Vg, 21, 22: (o 21 <2122 = af-11 <31 -23) fof(goals, conjecture)

KLE161+1.p Data refinement

The first hypothesis says that b cannot loop infinitely. The second hypothesis says that a is data refined by aa w.r.t.
upward simulation z. By the third hypothesis, 1 is data refined by b. The fourth and fifth condition expresses the
standard data refinement of initialisations and finalisations.

include(’ Axioms/KLE004+0.ax")

Vo, 21, X2, T3, X4, Ty, Te, T7: ((strong_iteration(xr) = x5 and zp-x¢ < x5-2 and xg-27 < x¢ and z9 < x1-2 and zg-
x4 < x3) = x9- (strong_iteration(xg + x7) - 4) < 21 - (strong_iteration(xs) - x3)) fof(goals, conjecture)

KLE162+1.p Part 1 of Back’s atomicity refinement theorem

Back’s atomicity refinement theore is proved up to the reconstruction of concurrecy.

include(’Axioms/KLE004+0.ax’)

Vg, 21,22, T3, 24, T5: (g < x3-20 and x4-21 < xq1-24 and (zo+(x4+21)) 22 < 29 (o+ (24+21)) and z4-23 < 23
x4 and x = strong_iteration(x4) and x3-z9 < x9-x3 and x3-21 =0 and x5 < x5-23) = w5 (strong_iteration((zo+
(x4+x1))+x2)-x3) < (w5-(strong_iteration(xs)-x3))-((strong_iteration(z4)-x3)-strong_iteration((xq-strong_iteration(z))-
(z3 - strong_iteration(z4))))) fof(goals, conjecture)

KLE163+1.p Part 2 of Back’s atomicity refinement theorem
The concurrency bit of Back’s atomicity refinement theorem.
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include(’ Axioms/KLE004+0.ax”)

Vag, 1, T2, 3, T4, T5: ((xg < x3- 0 and x4 - 21 < 1 - x4 and (xg + (24 + 1)) - 22 < 2o« (o + (x4 + 21)) and x4 -
x3 < x3 - x4 and z; = strong iteration(z4) and x3 - 9 < x9 - xzand x5 -1 = 0and x5 < x5 - x3 and z3 <
1) = (x5 - (strong.iteration(zz) - x3)) - ((strong_iteration(xy) - x3) - strong-iteration((zo - strong-iteration(z1)) - (z3 -
strong_iteration(z4)))) < x5 - strong_iteration(((zo - strong_iteration(z1)) - x3 + 4) + 2)) fof(goals, conjecture)

KLE164+1.p Back’s atomicity refinement theorem

include(’ Axioms/KLE004+0.ax")

Vg, 21, %2, 3,24, T5: ((xg < @5 2o and x4 -1 < 2124 and (zg+ (x4 +21)) 22 < zo- (T + (x4 +21)) and x4 - 23 <
x3 - x4 and x5 = strong_iteration(z4) and x3 - 9 < xo - xzand x3 -x; = 0Oand x5 < x5 -2z and 23 < 1) =
x5 - (strong_iteration((zg + (w4 + x1)) + 32) - v3) < x5 - strong_iteration(((x¢ - strong_iteration(z1)) - w3 + x4) +
x32)) fof(goals, conjecture)

KLE16541.p Denest for weakly quasi commutation
include(’Axioms/KLE004+0.ax’)
Vo, z1: (xo-x1 < x1-strong iteration(x;+xo) = strong_iteration(z1+zo) = strong_iteration(z)-strong-iteration(xo)) fof

KLE16542.p Denest for weakly quasi commutation

include(’ Axioms/KLE004+0.ax”)

Vo, z1: ((zo-z1 < xy-strong_iteration(x;+z¢) = strong-iteration(z;+zo) < strong-iteration(z)-strong-iteration(x)) and st
strong_iteration(zg) < strong-iteration(zy + xo)) fof(goals, conjecture)

KLE166+1.p Strong iteration

If x weakly quasicommutes over y, x and y is strongly terminating iff x + y strongly terminates.
include(’Axioms/KLE004+0.ax’)

Vo, 21: (20 - 71 < a7 - strong_iteration(z; + x9) = (strong_iteration(z; +x¢) -0 =0 <= strong_iteration(z) -0+
strong_iteration(zg) - 0 = 0)) fof(goals, conjecture)

KLE16741.p Blocking law

If y is blocked by x then x before finite iteration of y reduces to x.

include(’ Axioms/KLE004+0.ax”)

Voo, x1: (ko 21 =0 = xo 2] < x0) and zg < xo - x7) fof(goals, conjecture)

KLE168+1.p If x quasicommutes over y then xAinfty quasicommutes over yAinfty
include(’ Axioms/KLE004+0.ax”)
Vo, x1: (xo-x1 < 119 = strong_iteration(xg)-strong_iteration(zy) < strong_iteration(zq)-strong_iteration(xg)) fof(goals

KLE16941.p Exponential automata

Automata grows exponentially with N in sigma*.a.sigmaAN.a
include(’ Axioms/KLE002+0.ax”)

sigma=a+b fof(an, axiom)

a-(b-a) <sigma* - (a- (sigma-a)) fof(a, conjecture)

KLE170+1.002.p aAN < a* N=2
include(’ Axioms/KLE002+0.ax”)
a-a<a* fof(a, conjecture)

KLE170+41.004.p aAN < a*, N=4
include(’ Axioms/KLE002+0.ax”)
a- (a-(a-a))<a* fof(a, conjecture)

KLE17041.006.p aAN < a*, N=6
include(’ Axioms/KLE002+0.ax”)
a-(a-(a-(a-(a-a))) <a* fof(a, conjecture)

KLE171+41.p Ben’s problem 1

include(’ Axioms/KLE002+0.ax”)

sigma=a+b fof(an, axiom)

a-(b-(b-a)) <sigma®- (a-(sigma-a)) fof(a, conjecture)
KLE17241.p Ben’s problem 2
include(’Axioms/KLE002+0.ax’)

sigma=a+b fof(an, axiom)

a-(b-(b-(a-b))) <sigma* - (a- (sigma-a)) fof(a, conjecture)
KLE17341.p Idempotent semirings with tests
include(’Axioms/KLE001+0.ax’)



include(’Axioms/KLE001+1.ax’)
include(’Axioms/KLE001+2.ax’)
include(’Axioms/KLE001+3.ax’)

KLE17441.p Idempotent semirings with domain/codomain, modal
include(’Axioms/KLE001+40.ax’)
include(’Axioms/KLE001+4.ax”)
include(’ Axioms/KLE001+6.ax”)
include(’ Axioms/KLE001+7.ax”)

KLE17541.p Idempotent semirings with tests
include(’ Axioms/KLE001+40.ax")
include(’Axioms/KLE001+5.ax”)

KLE176+1.p Kleene algebra

include(’ Axioms/KLE002+0.ax’
include(’Axioms/KLE001+1.ax’
include(’Axioms/KLE001+2.ax’
include(’Axioms/KLE001+3.ax’

KLE17741.p Kleene algebra

include(’ Axioms/KLE002+0.ax’
include(’Axioms/KLE001+4.ax’
include(’Axioms/KLE001+6.ax’
include(’ Axioms/KLE001+7.ax’

KLE17841.p Kleene Algebra
include(’ Axioms/KLE002+0.ax”)
include(’Axioms/KLE001+5.ax’)

KLE17941.p Omega algebra

include(’Axioms/KLE003+0.ax’
include(’Axioms/KLE001+1.ax’
include(’Axioms/KLE001+2.ax’
include(’Axioms/KLE001+3.ax’

KLE180+1.p Omega algebra

include(’Axioms/KLE003+0.ax’
include(’Axioms/KLE001+4.ax’
include(’Axioms/KLE001+6.ax’
include(’Axioms/KLE001+7.ax’

KLE181+41.p Omega algebra
include(’Axioms/KLE003+0.ax’)
include(’Axioms/KLE001+5.ax’)

KLE182+1.p Demonic Refinement Algebra
include(’Axioms/KLE004+0.ax’)

— — — —

~— — — —

— — — —

— — — —
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