NUM axioms

NUMO001-0.ax Number theory axioms
a+ no=a cnf(adding_zero, axiom)
a + successor(b)=successor(a + b)

a - ne=ng cnf(times_zero, axiom)
a -successor(b)=a-b+a  cnf(times, axiom)

successor(a)=successor(b) = a=b cnf(successor_equality, axiom)
a=b = successor(a)=successor(b) cnf(successor_substitution, axiom)

cnf(addition, axiom)

NUMO01-1.ax Number theory less axioms
(less(a, b) and less(c,a)) = less(c,b) cnf(transitivity_of less, axiom)
successor(a) + b=c = less(b,c) cnf(smaller_number, axiom)

less(a,b) = successor(predecessor_of_lst_minus_2nd(b, a)) + a=b cnf(less_lemma, axiom)

NUMO001-2.ax Number theory div axioms

divides(a,b) = (less(a,b) or a=b) cnf(divides_only_less_or_equal, axiom)
less(a,b) = divides(a, b) enf(divides_if_less, axiom)

a=b = divides(a,b) enf(divides_if_equal, axiom)

NUMO002-0.ax Number theory (equality) axioms

a=a cnf(reflexivity, axiom)

(a=b and b=c) = a=c cnf(transitivity, axiom)

a+b=b+a cnf(commutativity of_addition, axiom)

a+ (b+c)=(a+b)+c cnf(associativity of_addition, axiom)

subtract(a + b, b)=a cnf(addition_inverts_subtraction; , axiom)

a=subtract(a + b, b) enf(addition_inverts_subtractions, axiom)

subtract(a, b) + c=subtract(a + ¢, b) cnf(commutativity, , axiom)

subtract(a + b, ¢)=subtract(a, c) + b cnf(commutativity,, axiom)

(a=b and c=a +d) = c=b+d cnf(add_substitution;, axiom)

(a=band c=d+a) = c=d+b cnf(add_substitutiong, axiom)

(a=b and c=subtract(a,d)) = c=subtract(b,d) enf(subtract_substitution;, axiom)
(a=b and c=subtract(d,a)) = c=subtract(d,b) cnf(subtract_substitutions, axiom)

NUMOO05+1.ax Less in RDN format
Impements a "human style” less using RDN format.

rdn_non_zero_digit(rdnn(ny )
rdn_non_zero_digit(rdnn(ng
rdn_non_zero_digit(rdnn(ns
rdn_non_zero_digit(rdnn(ny
rdn_non_zero_digit(rdnn(ns
rdn_non_zero_digit(rdnn(ng
rdn_non_zero_digit(rdnn(ny;
rdn_non_zero_digit(rdnn(ng
rdn_non_zero_digit(rdnn(ng))

fof(rdn_digit, , axiom
fof(rdn_digit,, axiom
fof(rdn_digits, axiom
fof(rdn_digit,, axiom
fof(rdn_digits, axiom
fof(rdn_digite, axiom
fof(rdn_digit,, axiom
fof(rdn_digitg, axiom
fof(rdn_digity, axiom)

)
)
)
)
)
)
)
)

i
i

rdn_positive_less(rdnn(ng), rdnn(n,
rdn_positive_less(rdnn(nq ), rdnn(ng
rdn_positive_less(rdnn(ng), rdnn(ns
rdn_positive_less(rdnn(ng), (ng

(

(

(

(

(

(

rdn_positive_less(rdnn(ns), ng
rdn_positive_less(rdnn(ng), ny
rdn_positive_less(rdnn(nz), rdnn(ng
rdn_positive_less(rdnn(ng), rdnn(n
Va,y, z: ((rdn_positive_less(rdnn(x), r
Vds, os, db, ob: (rdn_positive_less(os, o
Vds, 0, db: ((rdn_positive_less(rdnn(ds

)
(rdnn( )
(rdnn( )
(rdnn( )
rdn_positive_less(rdnn(ng ns))
(rdnn( )
(rdnn( )
(rdnn( )
)

Vd, db, ob: (rdn_non_zero(ob) = rdn_positive_less(rdnn(d), rdn(rdnn(db), ob)))

Vz: (rdn_non_zero_digit(rdnn(z)) =

Vd, o: (rdn_non_zero(o) = rdn_non_zero(rdn(rdnn(d),0)))

fof(rdn_positive_lessy; , axiom
fof(rdn_positive_less; 5, axiom
fof(rdn_positive_less,s, axiom
fof(rdn_positive_lesss,, axiom
fof(rdn_positive_less,s, axiom
fof(rdn_positive_lessyg, axiom
fof(rdn_positive_lessg;, axiom
fof(rdn_positive_less,g, axiom
fof(rdn_positive_lessgy, axiom

)
)
)
)
)
)
)
)
)

dnn(y)) and rdn_positive_less(rdnn(y), rdnn(z))) = rdn_positive_less(rdun(z), rdnn(z))

b) = rdn_positive_less(rdn(rdnn(ds), os), rdn(rdnn(db), ob)))

),rdnn(db)) and rdnnon zero(o)) = rdn_positive_less(rdn(rdnn(ds), o), rdn(rdnn(db),

fof(rdn_extra_digits_positive_ less, axiom)
fof(rdn_non_zero_by_digit, axiom)

fof(rdn_non_zero_by _structure, axiom)

rdn_non_zero(rdnn(z)))

1

fof(rdn_positive_ less_1



2

Ve, y, rDN_X, rDN_Y: ((rdn_translate(z, rdn_pos(rDN_X)) and rdn_translate(y, rdn_pos(rDN_Y)) and rdn_positive_less(rDN_3
less(z,y)) fof(less_entry_point_pos_pos, axiom)

Va,y, rDN_X, rDN_Y: ((rdn_translate(x, rdn_neg(rDN_X)) and rdn_translate(y, rdn_pos(rDN_Y))) = less(z,y)) fof(less_e
Va,y, rDN_X, rDN_Y: ((rdn_translate(z, rdn_neg(rDN_X)) and rdn_translate(y, rdn_neg(rDN_Y)) and rdn_positive_less(rDN_
less(x,y)) fof(less_entry_point_neg_neg, axiom)

Va,y: (less(z,y) < (—less(y,z) and y # x)) fof(less_property, axiom)

Vo,y: (z <y <= (less(z,y) or z =y)) fof(less_or_equal, axiom)

Ve,y,z: ((x +ni=y and less(z,y)) = z<ux) fof(less_successor, axiom)

NUMO06A0.ax Church Numerals in Simple Type Theory

0: ($1— $i) — $i — 8i thf(zero, type)

1: (81— $i) — $i — $i thf(one, type)

two: (81 — $i) — $i — $i thi(two, type)

three: (i — $i) — $i — 8i thf(three, type)

four: ($1 — $i) — $i — $i  thf(four, type)

five: (81 — $i) — 81— $i  thif(five, type)

six: ($i — $i) — $i — $i thi(six, type)

seven: ($i — $i) — $1 — $i thf(seven, type)

eight: ($1 — $i) — $i — $i thf(eight, type)

nine: ($i — $i) — $i — $i  thf(nine, type)

ten: ($i — $i) — $i — $i  thf(ten, type)

succ: (($i — $i) — $i — $i) — (81 — $i) > $i — $i  thf(succ, type)
+:(%i—8%)—>%—-8%)—(%i—8%)—>%—3%)— ($i—8%) —%i— 8 thf(plus, type)

< (($1— 81) — %1 — $i) — ((3i— $i) — $1 — i) — (81— $i) — $i — $i thf(mult, type)

0= (Az: $i — 8i,y: $i: y) thf(zero_ax, definition)

1= (A\z: $i — $i,y: $i: (zQy)) thf(one_ax, definition)

two = (Az: $i — $i,y: $i: (zQ(zQy))) thf(two_ax, definition)

three = (Az: $i — $i,y: $i: (zQ(2xQ(zQy)))) thf(three_ax, definition)

four = (Az: $1 — $i, y: $i: (2Q(2Q(2Q(2Qy))))) thf(four_ax, definition)

five = (Az: $i — $i,y: $i: (zQ(2Q(2Q(zQ(zQy)))))) thf(five_ax, definition)

six = (Az: $i — 8i,y: $i: (2Q(zQ(zQ(zQ(zQ(2Qy))))))) thf(six_ax, definition)

seven = (Az: $i — $i,y: $i: (zQ(zQ(zQ(zQ(zQ(zQ(zQy)))))))) thf(seven_ax, definition)

eight = (Az: $i — $i, y: $i: (xQ(zQ(zQ(xQ(zQ(zQ(xQ(z@y))))))))) thf(eight_ax, definition)

nine = (Az: $i — $i,y: $i: (zQ(2Q(zQ(zQ(2Q(zQ(zQ(xQ(xQYy)))))))))) thf(nine_ax, definition)
ten = (Az: $i — $i, y: $i: (zQ(zQ(2Q(zQ(zQ(2xQ(zQ(zQ(xQ(2Qy))))))))))) thf(ten_ax, definition)
suce = (An: ($1 — $i) — $i — $i,z: $1 — $i, y: $i: (zQ(nQzQy))) thf(succ_ax, definition)

+ = (Am: (%1 — $i) — $i — $i,n: (81 — $i) — $i — $i,2: $i — 81, y: $i: (MQrQ(nQzQyY))) thf(plus_ax, definition)
<= (Am: ($1 — $i) — $i — $i,n: (81 — $i) — $i — $i,z: $i — $i, y: $i: (MQ(nQzx)Qy)) thf(mult_ax, definition)

NUM problems

NUMO001-1.p (A +B) + C=A + (B + Q)
include(’ Axioms/NUMO002-0.ax’)
= (a+b)+c=a+ (b+c) cnf(prove_equation, negated_conjecture)

NUMO002-1.p (X-Y) + Z =X + (Z-Y)
include(’Axioms/NUMO002-0.ax’)
—subtract(a, b) + c=a + subtract(c, b) cnf(prove_equation, negated_conjecture)

NUMO003-1.p A + (B-C) = (A-C) + B
include(’Axioms/NUMO002-0.ax’)
—a + subtract(b, ¢)=subtract(a, c) + b enf(prove_equation, negated_conjecture)

NUMO004-1.p (A +B)-C=A + (B- Q)
include(’ Axioms/NUMO002-0.ax’)
—subtract(a + b, ¢)=a + subtract(b, c) cnf(prove_equation, negated_conjecture)

NUMO05-1.p Greatest Common Divisor

If GCD(a,b) is the greatest common divisor of two positive a, b, then for any positive integer d, GCD(a*d,b*d) =
GCD(a,b)*d.

divides(z, x) cnf(reflexivity of_divides, axiom)

(divides(z, y) and divides(y, z)) = divides(z, z) cnf(transitivity_of_divides, axiom)



divides(z, x - y) cnf(operand_divides_product, axiom)

divides(y, z) = divides(z -y, z - z) cnf(divides_and _multiply, axiom)

divides(quotlent(m, x),y) cnf(one_divides_everything, axiom)

(divides(y, ) and divides(quotient(z,y),2)) = divides(x,y - z cnf(divides_quotient_multiply, , axiom)

(y )
(divides(z,y) and divides(z - z,y)) = divides(z, quotient(y, z)) cnf(divides_quotient_multiply,, axiom)
(divides(y, x) and divides(z,y - 2)) = divides(quotient(x,y), 2) cnf(divides_quotient_multiply,, axiom)
ged(z,y,u) = divides(u,y) cnf(ged_divides,, axiom)
ged(z,y,u) = divides(u, ) cnf(ged-divides,, axiom)
divides(k(y, z), x) cnf(divides kq, axiom)

k(y,

divides(k(y, x),y) enf(divides ks, axiom)

(divides(v, ) and divides(v,y)) = divides(v, k(y, z)) cnf(divides k3, axiom)

(divides(v, ) and divides(v,y) and ged(z,y,u)) = divides(v, u) cnf(ged,, axiom)

(divides(u, z) and divides(u,y)) = (gcd(z,y,u) or divides(h(y,x,u),x)) cnf(ged,, axiom)

(divides(u, z) and divides(u,y)) = (gcd(z,y,u) or divides(h(y,z,u),y)) cnf(geds, axiom)

(divides(u, z) and divides(u,y) and divides(h(y,z,u),u)) = ged(z,y,u) enf(ged,, axiom)
hz,y,z) = h(y,z, 2) cnf(commutativity,of,h, axiom)

k( y) = k(y, ) cnf(commutativity of k, axiom)

Yy=y-x cnf(commutativity _of multiply, axiom)
gcd(x y,z) = ged(y, x, 2) cnf(commutativity_of_ged, axiom)
ged(a, b, e) cnf(e,ls,gcd,of,a,and,b,hypothesis)
—ged(a-e,b-c,e-c) cnf(prove_ged, negated_conjecture)

NUMO06-1.p Goldbach conjecture
include(’Axioms/SET003-0.ax’)
include(’Axioms/ALG001-0.ax’)
include(’ Axioms/NUMO003-0.ax’)

fr9 € even_numbers cnf(an_even_number, hypothesis)
= f79 € non_ordered_pair(empty_set, successor(successor(empty_set))) cnf(its_not_0_org, hypothesis)
(z € prime_numbers and y € prime_numbers) = apply_to_two_arguments(+,x,y) # frg cnf(prove_its_not_the_sum_of_tw

NUMO07-1.p Least Common Multiple
If LCM(a,b) is the least common multiple of two positive integers a, b, then LCM(a,b) = a*b/GCD(a,b).
divides(z, x) cnf(reflexivity of_divides, axiom)
(divides(z, y) and divides(y, z)) = divides(z, z) cnf(transitivity_of_divides, axiom)
divides(z, z - y) cnf(operand_divides_product, axiom)
divides(y, z) = divides(z -y, z - z) cnf(divides_and_multiply, axiom)
divides(quotient(z, x), y) cnf(one_divides_everything, axiom)
(divides(y, x) and divides(quotient(z,y), 2)) = divides(x,y - 2) cnf(divides_quotient_multiply, , axiom)
(divides(z,y) and divides(z - z,y)) = divides(x, quotient(y, z)) cnf(divides_quotient_multiply,, axiom)
(divides(y, x) and divides(z,y - z)) = divides(quotient(z, y), z) cnf(divides_quotient_multiply,, axiom)
ged(z,y,u) = divides(u,y) cnf(ged_divides,, axiom)
ged(z,y,u) = divides(u, z) cnf(ged_divides,, axiom)
(divides(v, ) and divides(v,y) and ged(x,y,u)) = divides(v,u) cnf(ged,, axiom)
(divides(u, z) and divides(u,y)) = (ged(z,y,u) or divides(h(y,x,u),x)) cnf(ged,, axiom)
(divides(u, z) and divides(u,y)) = (gcd(z,y,u) or divides(h(y,z,u),y)) cnf(geds, axiom)
(divides(u, z) and divides(u,y) and divides(h(y, z,u),u)) = gecd(z,y,u) cnf(ged,, axiom)
ged(z,y,u) = ged(z-2,2-y,2 - u) cnf(property_of_ged, axiom)

u)

u)

z-
(divides(z, u) and divides(y,u)) = (lem(x,y,u) or divides(x, k(y, z,u))) cnf(lemy , axiom)
(y,u)) =

(divides(x, u) and divides (Iem(z, y,u) or divides(y, k(y, x,u))) cnf(lemy, axiom)

(divides(z, u) and divides(y, u) and divides(u, k(y, z,u))) = lem(z,y,u) cnf(lemg, axiom)
k(z,y,2) = k(y,z, z) cnf(commutativity_of k, axiom)

hz,y,z) = h(y,z, 2) enf(commutativity_of_h, axiom)

T-Yy=y-x cnf(commutativity_of_multiply, axiom)

lem(z,y,2) = lem(y,z, 2) cnf(commutativity of lem, axiom)

ged(z,y,2) = ged(y, z, 2) cnf(commutativity of_ged, axiom)
ged(a, b, ) cnf(c-is_ged_of_a_and_b, negated_conjecture)
—lem(a, b, quotient(a - b, ¢)) cnf(prove_lem, negated_conjecture)

NUMOO08-1.p Peano axiom 0
include(’Axioms/SET003-0.ax’)
include(’Axioms/ALGO001-0.ax’)
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include(’Axioms/NUMO003-0.ax")
= little_set(natural numbers) cnf(prove_naturals_are_a_set, negated_conjecture)

NUMO009-1.p Peano axiom 1
include(’Axioms/SET003-0.ax’)
include(’Axioms/ALG001-0.ax”)
include(’Axioms/NUMO003-0.ax’)

—empty_set € natural numbers cuf(prove_zero_is_a_natural, negated_conjecture)

NUMO010-1.p Peano axiom 2

include(’Axioms/SET003-0.ax’)

include(’Axioms/ALG001-0.ax”)

include(’Axioms/NUMO003-0.ax’)

fra € natural numbers cnf(a_natural number, hypothesis)

= successor( f74) € natural_.numbers cnf(prove_it_has_a_successor, negated_conjecture)

NUMO11-1.p Peano axiom 3

include(’Axioms/SET003-0.ax’)

include(’Axioms/ALG001-0.ax”)

include(’Axioms/NUMO003-0.ax’)

frs € natural_numbers cnf(a_natural number, hypothesis)

empty._set = successor( f75) cnf(prove_zero_is_first, negated_conjecture)

NUMO012-1.p Peano axiom 4

include(’Axioms/SET003-0.ax’)

include(’Axioms/ALG001-0.ax”)

include(’ Axioms/NUMO003-0.ax’)

fr6 € natural_numbers cnf(a_natural number, hypothesis)

f77 € natural_numbers cnf(another natural_number, hypothesis)
successor( f7¢) = successor( f77) cnf(successors_are_equal, hypothesis)
fre # frr cnf(prove_well_definedness_of_successor, negated_conjecture)

NUMO13-1.p Peano axiom 5
include(’Axioms/SET003-0.ax’)
include(’Axioms/ALGO001-0.ax’)

include(’ Axioms/NUMO003-0.ax’)

empty_set € frg cnf(zero_in_set, hypothesis)

xk € frs = successor(xk) € frs cnf(successor_in_set, hypothesis)
—natural_numbers C frg cnf(prove_set_is_in_naturals, negated_conjecture)
NUMO014-1.p If a is a prime and a = bA2/cA2 then a divides b

x - x=square(x) enf(square, axiom)

T-y=z = Y- Tr=2 cnf(commutativity, axiom)

x-y=z = divides(z, z) cnf(divides, axiom)

(prime(x) and y - z=u and divides(z,u)) = (divides(z,y) or divides(z, z)) cnf(remainder, axiom)
prime(a) cnf(a_is_prime, hypothesis)

a - square(c)=square(b) cnf(a_equals_b_squared_by_c_squared, hypothesis)
—divides(a, b) cnf(prove_a_divides_b, negated_conjecture)

NUMO015-1.p Any number greater than 1 has a prime divisor

divides(zx, x) cnf(divide_self, axiom)

(divides(z, y) and divides(y, z)) = divides(z, z) cnf(transitive_divide, axiom)
prime(z) or divides(divisor(z), x) cnf(prime, axiom)

prime(z) or less(nq, divisor(x)) cnf(divisory , axiom)

prime(z) or less(divisor(z), x) cnf(divisory, axiom)

(less(ny,x) and less(x,a)) = prime(factor_of(x)) cnf(factory, axiom)
(less(ny, x) and less(z,a)) = divides(factor_of(x), x) cnf(factory, axiom)
less(ny, a) cnf(a_is_greater_than,, hypothesis)

prime(z) = -—divides(x,a) cnf(prove_a_has_prime_divisor, negated_conjecture)
NUMO16-1.p There exist infinitely many primes

—less(z, x) cnf(nothing_is_less_than_itself, axiom)

less(x,y) = —less(y,x) cnf(numbers_are_different, axiom)

divides(z, x) cnf(everything_divides_itself, axiom)



(divides(z, y) and divides(y, z)) = divides(z, z) cnf(transitivity _of_divides, axiom)

divides(z,y) = —less(y, z) cnf(small_divides_large, axiom)

less(z, factorial plus_one(z)) cnf(a_prime_is_less_than_the next_one, axiom)

divides(z, factorial_plus_one(y)) = less(y,z) cnf(divisor_is_smaller, axiom)

prime(z) or divides(prime_divisor(z), z) cnf(division_by_prime_divisor, axiom)

prime(z) or prime(prime_divisor(x)) cnf(prime_divsiors, axiom)

prime(z) or less(prime_divisor(z), x) cnf(smaller_prime_divisors, axiom)

prime(a) cnf(a_is_prime, hypothesis)

(prime(z) and less(a,x)) = less(factorial_plus_one(a), z) cnf(prove_there_is_another_prime, negated_conjecture)

NUMO016-2.p There exist infinitely many primes

—less(z, x) cnf(nothing_is_less_than_itself, axiom)

less(z,y) = —less(y,x) cnf(numbers_are_different, axiom)

less(x, factorial_plus_one(z)) cnf(a_prime_is_less_than_the next_one, axiom)

divides(z, factorial_plus_one(y)) = less(y,x) cnf(divisor_is_smaller, axiom)

prime(z) or divides(prime_divisor(z), x) cnf(division_by_prime_divisor, axiom)

prime(z) or prime(prime_divisor(zx)) cnf(prime_divsiors, axiom)

prime(z) or less(prime_divisor(z), x) cnf(smaller_prime_divisors, axiom)

(prime(z) and less(a,x)) = less(factorial_plus_one(a), z) cnf(prove_there_is_another_prime, negated_conjecture)

NUMO016A5.p TPS problem NUMO016-1

There exist infinitely many primes.

a: $i thf(a, type)

factorial _plus_one: $i — $i thf(factorial_plus_one, type)

less: $i — $i — $o thf(less, type)

prime: $i — $o thf(prime, type)

prime_divisor: $i — $i thf(prime_divisor, type)

divides: $i — $i — $o  thf(divides, type)

-V $i: —less@Qr@x and Va: $i, y: $i: (—lessQxQy or —less@QyQz) and Va: $i: (divides@QzQx) and Va: $i, y: $i, z: $i: (- divide

NUMO17-1.p Square root of this prime is irrational
If a is prime, and a is not bA2/cA2, then the square root of a is irrational.
r=x cnf(reflexivity, axiom)
=y = y==x cnf(symmetry, axiom)
(z=y and y=z2) = z==z cnf(transitivity, axiom)
(d=band c¢-a=d) = c- a:b cnf(product_substitution,;, axiom)
(d=band ¢-d=a) = c¢-b=a cnf(product_substitution,, axiom)
(c=band c-d=a) = b-d=a  cnf(product_substitutions, axiom)
(b=a and divides(c, b)) = dlvides(c7 a) cnf(divides_substitution;, axiom)
(a=b and divides(a,c)) = divides(b,c) cnf(divides_substitutions, axiom)
(a:b and prime(a)) = prime(b) cnf(prime_substitution, axiom)
“b=a-b cnf(closure_of_product, axiom)
(a b=cand d-e=band a-d=f) = f-e=c enf(product _associativity, , axiom)
(a-b=cand d-b=e and f-d=a) = f e=c enf(product _associativity,, axiom)
a-b=c = b-a=c cnf(product_commutativity, axiom)
(a-b=cand a-d=c) = b=d cnf(product_left_cancellation, axiom)
(divides(a, b) and divides(c,a)) = divides(c, b) cnf(transitivity_of_divides, axiom)
(a-b=cand a-b=d) = d=c cnf(well_defined_product, axiom)
divides(a,b) = a - second_divided_by_1st(a, b)=b cnf(divides_implies_product, axiom)
a-b=c = divides(a,c) cnf(product_divisible_by_operand, axiom)

(divides(a, b) and ¢ - c¢=b and prime(a)) = divides(a, c) cnf(primes_lemma, , axiom)
prime(a) cnf(a_is_prime, hypothesis)

b-b=d enf(b_squared, hypothesis)

c-c=¢e enf(c_squared, hypothesis)

-a-e=d cnf(a_times_c_squared_is_not_b_squared, hypothesis)

divides(a,c) = - divides(a,b) cnf(prove_there_is_no_common_divisor, negated_conjecture)

NUMO17-2.p Square root of this prime is irrational

If a is prime, and a is not bA2/cA2, then the square root of a is irrational.
a-b=a-b cnf(closure_of_product, axiom)

(a-b=cand d-e=band a-d=f) = f-e=c cnf(product_associativity, , axiom)
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(a-b=cand d-b=c and f-d=a) = f-e=c cnf(product_associativity,, axiom)
a-b=c = b-a=c cnf(product_commutativity, axiom)
(a-b=cand a-d=c) = b=d cnf(product_left_cancellation, axiom)

(divides(a, b) and divides(c,a)) = divides(c, b) cnf(transitivity of_divides, axiom)
(a-b=cand a-b=d) = d=c cnf(well_defined_product, axiom)

divides(a,b) = a - second_divided by_lst(a,b)=b cnf(divides_implies_product, axiom)
a-b=c = divides(a,c) cnf(product_divisible_by_operand, axiom)

(divides(a, b) and ¢ - c¢=b and prime(a)) = divides(a, c) cnf(primes_lemma, , axiom)
prime(a) cnf(a_is_prime, hypothesis)

b-b=d enf(b_squared, hypothesis)

c-c=¢e cnf(c_squared, hypothesis)

—a-e=d cnf(a_times_c_squared_is_not_b_squared, hypothesis)

divides(a,c) = - divides(a,b) cnf(prove_there_is_no_common_divisor, negated_conjecture)

NUMO18-1.p There is an infinite number of twin prime numbers
include(’Axioms/SET003-0.ax’)

include(’Axioms/ALG001-0.ax”)

include(’Axioms/NUMO003-0.ax’)

finite(twin_prime_numbers) cuf(prove_infinite_number_of_twin_primes, negated_conjecture)

NUMO019-1.p Symmetry of equality can be derived
include(’ Axioms/NUMO001-0.ax’)

r=x cnf(reflexivity, hypothesis)

(r=y and z=2) = y=z2 cnf(transitivity, hypothesis)

= successor(a)=mng cnf(zero_is_the_first_number, hypothesis)
a=aa cnf(a_equals_aa, hypothesis)
—aa=a cnf(prove_b_equals_a, negated_conjecture)

NUMO020-1.p a + 1 = successor(a)

include(’Axioms/NUMO001-0.ax’)

r=x cnf(reflexivity, axiom)

=y = y=u cnf(symmetry, axiom)

(r=y and y=z2) = z==z cnf(transitivity, axiom)

nj=successor(ng) cnf(one_succeeds_zero, axiom)

- a + successor(ng)=successor(a) cnf(deny_addition_lemma, negated_conjecture)
= successor(a)=mng cnf(prove_a_contradiction, negated_conjecture)

NUMO20A1.p Find N such that N *3 =6
include(’Axioms/NUMO006"0.ax’)
In: ($i — 8i) — $i — $i: (-Qn@three) =six  thf(thm, conjecture)

NUMO21-1.p If a < b < ¢, then ¢ cannot divide a
include(’Axioms/NUMO001-0.ax’)
include(’Axioms/NUMO001-1.ax’)
include(’Axioms/NUMO001-2.ax’)

r=x cnf(reflexivity, axiom)

=y = y=x cnf(symmetry, axiom)

(z=y and y=2) = z=z cnf(transitivity, axiom)

less(b, c) cnf(b_less_than_c, hypothesis)

—less(b, a) cnf(b_greater_equal_a, hypothesis)

divides(c, a) cnf(impossible_c_divides_a, negated_conjecture)
- successor(a)=mng cnf(prove_a_contradiction, negated_conjecture)

NUMO21A1.p Find operator o such that 203 =5and 1 02 =3

include(’Axioms/NUMO006"0.ax’)

Jop: (($1 — $i) — %1 — $i) — (($1 — $i) — $i — $i) — ($i — $i) — $1 — $i: ((op@twoQthree) = five and (op@1Qtwo) =
three) thf(thm, conjecture)

NUMO022-1.p Numerator divisble by smaller denominators

If a numerator is divisible by a denominator, then the numerator is divisible by numbers smaller than the denomi-
nator.

include(’Axioms/NUMO001-1.ax’)

include(’Axioms/NUMO001-2.ax’)



(a=b and c=a) = c=b cnf(transitivity, axiom)

less(a, b) cnf(a_less_than_b, hypothesis)

divides(b, d) cnf(b_divides_d, hypothesis)

—less(a, d) cnf(prove_a_less_than_d, negated_conjecture)

NUMO023-1.p Zero is less than all successor numbers

include(’Axioms/NUMO001-0.ax’)

include(’Axioms/NUMO001-1.ax”)

r=x enf(reflexivity, axiom)

=y = y==x cnf(symmetry, axiom)

(r=y and y=2) = z=z cnf(transitivity, axiom)

— successor(a)=mng cnf(zero_is_first_number, axiom)

less(a, successor(a)) cnf(numbers_less_than_its_successor, axiom)

—less(ng, successor(a)) enf(prove_zero_is_less_than_all_successors, negated_conjecture)

NUMO024-1.p No number is less than itself
include(’Axioms/NUMO001-0.ax’)

include(’Axioms/NUMO001-1.ax’)

T=x cnf(reflexivity, axiom)

=y = y=x cnf(symmetry, axiom)

(r=y and y=2) = z=z cnf(transitivity, axiom)

a+b=c+b = a=c cnf(plus_substitution, axiom)

a+b=b+a cnf(commutativity of_plus, axiom)

less(a, a) enf(impossible_a_is_less_than_itself, hypothesis)

= successor (a)=mng cnf(prove_a_contradiction, negated_conjecture)

NUMO025-1.p If a<b then not b<a
include(’Axioms/NUMO001-0.ax’)
include(’Axioms/NUMO001-1.ax’)

r=x cnf(reflexivity, axiom)

=y = y=x cnf(symmetry, axiom)

(z=y and y=z) = z==z cnf(transitivity, axiom)

— successor(a)=mng cnf(zero_is_the_first_number, axiom)
—less(a, a) cnf(no_number _less_than_itself, axiom)

less(a, b) cnf(aless_than_b, hypothesis)

less(b, a) cnf(prove_b_not_less_than_a, negated_conjecture)

NUMO025-2.p If a<b then not b<a

include(’ Axioms/NUMO001-0.ax’)

r=x cnf(reflexivity, axiom)

=y = y==x cnf(symmetry, axiom)

(z=y and y=z2) = z==z cnf(transitivity, axiom)

greater_or_equalish(c,b) = (greater_or_equalish(a,b) or greater_or_equalish(c, a)) cnf(transitivity -of_less, axiom)
successor(a) + b=c = - greater_or_equalish(b, c) cnf(smaller_number, axiom)

greater_or_equalish(a, b) or successor(predecessor_of_lst_minus_2nd(b,a)) + a=b  cnf(less_lemma, axiom)
= successor(a)=mng cnf(zero_is_the_first_number, axiom)

greater_or_equalish(a, a) cnf(no_number less_than_itself, axiom)

— greater_or_equalish(a, b) cnf(a_less_than_b, hypothesis)

— greater_or_equalish(b, a) cnf(prove_b_not_less_than_a, negated_conjecture)

NUMO26-1.p Less preserved over multiplication by a number
include(’Axioms/NUMO001-0.ax’)
include(’Axioms/NUMO001-1.ax’)

r=x cnf(reflexivity, axiom)

=y = y=x cnf(symmetry, axiom)

(z=y and y=2) = z=z cnf(transitivity, axiom)

= successor(a)=mng cnf(zero_is_the_first_number, axiom)

—less(a, a) cnf(no_number_less_than_itself, axiom)

—c=ny cnf(c_notg, hypothesis)

less(a, b) cnf(aless_than_b, hypothesis)

—less(a-¢,b-c) cnf(prove_a_times_c_less_b_times_c, negated_conjecture)

NUMO27-1.p If a >= b and b*c < a*c, then ¢ =0
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include(’ Axioms/NUMO001-0.ax’)

include(’Axioms/NUMO001-1.ax’)

r=x cnf(reflexivity, axiom)

=y = y=u cnf(symmetry, axiom)

(z=y and y=2) = z=z cenf(transitivity, axiom)

a=b = a-c=b-c cnf(equality _preserved_over_times, axiom)
less(a,b) = —a=b cnf(not_less_and_equal, axiom)

less(a, b) or b=a or less(b, a) cnf(numbers_either_less_or_equal, axiom)
—less(a, a) cnf(number_not_less_than_itself, axiom)

= successor (a)=mng cnf(zero_is_the_first_number, axiom)

less(a,b) = (c=ng orless(a-¢,b-c)) cnf(multiply _lemma, axiom)
—less(b, a) cnf(b_not_less_than_a, hypothesis)

less(b- c,a - c) cnf(b_times_c_less_than_a_times_c, hypothesis)
—c=ny cnf(prove_c_is,, negated_conjecture)

NUMO028-1.p Symmetrization property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

symmetrization_of(z) = x cnf(prove_symmetrization_property1l,, negated_conjecture)
symmetrization_of(a’) # ' cnf(prove_symmetrization_property1l,, negated_conjecture)

NUMO029-1.p Symmetrization property 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

symmetrization_of(a’) = ’ cnf(prove_symmetrization_property2,, negated_conjecture)
symmetrization_of(x) # cnf(prove_symmetrization_property2,, negated _conjecture)

NUMO030-1.p Symmetrization property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

symmetrization_of(x) = cnf(prove_symmetrization_property3; , negated _conjecture)
—subclass(z’, x) enf(prove_symmetrization_property3,, negated _conjecture)

NUMO31-1.p Symmetrization property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(2’, x) cnf(prove_symmetrization_property4, , negated _conjecture)
symmetrization_of(x) # x cnf(prove_symmetrization_property4,, negated_conjecture)

NUMO032-1.p Symmetrization property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

symmetrization_of(x) = x cnf(prove_symmetrization_property5, , negated_conjecture)

restrict(z, universal_class, universal_class) # ' cnf(prove_symmetrization_propertyb,, negated_conjecture)

NUMO033-1.p Symmetrization property 6

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, cross_product(universal_class, universal_class)) cnf(prove_symmetrization_property6, , negated_conjecture)
symmetrization_of(z) = x cnf(prove_symmetrization_property6,, negated_conjecture)

£z cnf(prove_symmetrization_property64, negated conjecture)

NUMO034-1.p Symmetrization is idempotent

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

symmetrization_of(symmetrization_of(x)) # symmetrization_of(x) cnf(prove_idempotency_of_symmetrization; , negated_cc



NUMO035-1.p Domain equals range of symmetrization

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

domain_of(symmetrization_of(z)) # range_of(symmetrization_of(z)) cnf(prove_domain_equals_range_of_symmetrization, , 1

NUMO036-1.p Symmetrization property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

union(symmetrization_of(z), symmetrization_of(y)) # symmetrization_of(union(zx, y)) cnf(prove_symmetrization_property

NUMO037-1.p Symmetrization property 8

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

— subclass(restrict(x, universal_class, universal_class), cross_product(domain_of(symmetrization_of(z)), domain_of(symmetriza

NUMO038-1.p Symmetrization property 9

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

restrict(a, universal_class, universal_class) # restrict(z, domain_of(symmetrization_of(x)), domain_of(symmetrization_of(z)))

NUMO039-1.p Irreflexive class property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

irreflexive(z, y) cnf(prove_irreflexive_class_propertyl, , negated_conjecture)
ordered_pair(u,u) € x cnf(prove_irreflexive_class_propertyl,, negated_conjecture)
u €y cnf(prove_irreflexive_class_propertyls, negated_conjecture)

NUMO040-1.p Irreflexive class property 2
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)

irreflexive(z, y) cnf(prove_irreflexive_class_property2,, negated_conjecture)
subclass(z, y) enf(prove_irreflexive_class_property2,, negated_conjecture)
—irreflexive(x, z) cnf(prove_irreflexive_class_property2s;, negated_conjecture)

NUMO041-1.p Irreflexive class property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

irreflexive(x, domain_of(symmetrization_of(z))) cnf(prove_irreflexive_class_property3, , negated_conjecture)
—subclass(z, identity_relation”) cnf(prove_irreflexive_class_property3,, negated_conjecture)

NUMO42-1.p Irreflexive class property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(z, identity relation’) cnf(prove_irreflexive_class_property4, , negated _conjecture)

—irreflexive(z, domain_of(symmetrization_of(x))) cnf(prove_irreflexive_class_property4,, negated_conjecture)

NUMO043-1.p Irreflexive class property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

irreflexive(x, domain_of(symmetrization_of(z))) cnf(prove_irreflexive_class_property5, , negated_conjecture)
ordered_pair(u,u) € x cnf(prove_irreflexive_class_property5,, negated_conjecture)

NUMO044-1.p Irreflexive class property 6
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)
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irreflexive(z, y) cnf(prove_irreflexive_class_property6, , negated_conjecture)
restrict(intersection(z, identity relation), y, y) # null_class cnf(prove_irreflexive_class_property6,, negated_conjecture)

NUMO045-1.p Irreflexive class property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

restrict(intersection(z, identity relation), y, y) = null_class cnf(prove_irreflexive_class_property7,, negated_conjecture)
—irreflexive(z, y) cnf(prove_irreflexive_class_property7,, negated_conjecture)

NUMO046-1.p Connected class property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

connected(z, y) cnf(prove_connect_class_propertyl, , negated_conjecture)

ordered_pair(u, v) € cross_product(y, y) cnf(prove_connect_class_propertyl,, negated_conjecture)
—ordered_pair(u,v) € x cnf(prove_connect_class_propertyl,, negated_conjecture)
—ordered_pair(v,u) € x cnf(prove_connect_class_propertyl,, negated_conjecture)

u#v cnf(prove_connect_class_propertyl;, negated_conjecture)

NUMO47-1.p Connected class property 2
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

connected(x, y) cnf(prove_connect_class_property2, , negated_conjecture)
subclass(z, y) cnf(prove_connect_class_property2,, negated_conjecture)
— connected(z, z) cnf(prove_connect_class_property2,, negated_conjecture)

NUMO048-1.p Connected class property 3

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(cross_product(y, y), identity relation) cuf(prove_connect_class_property3,, negated_conjecture)

— connected(restrict(x, y, y), domain_of(symmetrization_of(restrict(z, y,y)))) cnf(prove_connect_class_property3,, negated

NUMO049-1.p Connected class property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(cross_product(y, y), identity relation) cnf(prove_connect_class_property4,, negated_conjecture)
- connected(z, y) cnf(prove_connect_class_property4,, negated_conjecture)

NUMO050-1.p Connected class property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

connected(z, y) cnf(prove_connect_class_property5, , negated_conjecture)

— connected(restrict(x, y, y), domain_of(symmetrization_of(restrict(z, y,y)))) cnf(prove_connect_class_property5,, negated

NUMO51-1.p Everything is connected to the null class

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

= connected(x, null_class) enf(prove_everything_connected_to_null_class, , negated_conjecture)

NUMO52-1.p Transitive ordering property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

transitive(xr, y) cnf(prove_transitive_ordering_propertyl, , negated_conjecture)

ordered _pair(u, v) € cross_product(y, y) cnf(prove_transitive_ordering_property1l,, negated_conjecture)
ordered_pair(u,v) € xr cnf(prove_transitive_ordering_propertyl,, negated_conjecture)

ordered_pair (v, w) € cross_product(y, y) cnf(prove_transitive_ordering_propertyl,, negated_conjecture)
ordered_pair (v, w) € xr cnf(prove_transitive_ordering_propertyls, negated_conjecture)
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—ordered_pair(u,w) € xr cnf(prove_transitive_ordering_propertylg, negated_conjecture)

NUMO053-1.p Transitive ordering property 2
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

transitive(xr, y) cnf(prove_transitive_ordering_property2, , negated_conjecture)
subclass(z, y) cnf(prove_transitive_ordering_property2,, negated_conjecture)
- transitive(xr, z) enf(prove_transitive_ordering_property2;, negated_conjecture)

NUMO054-1.p Asymmetric class property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

asymmetric(xr, y) cnf(prove_asymmetric_class_propertyl, , negated_conjecture)

ordered_pair(u,v) € cross_product(y, y) cnf(prove_asymmetric_class_propertyl,, negated_conjecture)
ordered_pair(u,v) € xr cnf(prove_asymmetric_class_propertyls, negated_conjecture)

ordered_pair(v, u) € xr cnf(prove_asymmetric_class_propertyl,, negated_conjecture)

NUMO055-1.p Asymmetric class property 2
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

asymmetric(xr, y) enf(prove_asymmetric_class_property2,, negated_conjecture)
subclass(z, y) cnf(prove_asymmetric_class_property2,, negated_conjecture)
— asymmetric(xr, z) cnf(prove_asymmetric_class_property2s, negated_conjecture)

NUMO056-1.p Asymmetric class property 3

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

asymmetric(xr, y) cnf(prove_asymmetric_class_property3; , negated_conjecture)
—irreflexive(xr, y) cnf(prove_asymmetric_class_property3,, negated_conjecture)

NUMO57-1.p Segments property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

—subclass(segment(xr, y, z), y) cnf(prove_segments_property1,, negated _conjecture)

NUMO58-1.p Segments property 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- z € universal_class cnf(prove_segments_property2;, negated_conjecture)
segment (xr, y, z) # null_class cnf(prove_segments_property2,, negated_conjecture)

NUMO059-1.p Segments property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

u € segment(xr, y, z) enf(prove_segments_property3; , negated_conjecture)
—ordered_pair(u, z) € xr cnf(prove_segments_property3,, negated _conjecture)

NUMO060-1.p Segments property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

ordered_pair(u, z) € intersection(xr, cross_product(y, universal _class)) cnf(prove_segments_property4,, negated_conjecture
—u € segment(xr, y, z) cnf(prove_segments_property4,, negated_conjecture)

NUMO61-1.p Segments property 5
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)
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ordered_pair(u, z) € xr cnf(prove_segments_property5, , negated_conjecture)
uey cnf(prove_segments_propertyb,, negated_conjecture)

z € universal_class cnf(prove_segments_propertybs, negated_conjecture)

—u € segment(xr,y, z) cnf(prove_segments_property5,, negated _conjecture)

NUMO062-1.p Segments property 6

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

z € universal_class cnf(prove_segments_property6, , negated_conjecture)

segment(element_relation, y, z) # intersection(y, z) cnf(prove_segments_property6,, negated _conjecture)

NUMO063-1.p Segments property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

z € universal_class cnf(prove_segments_property7,, negated _conjecture)

— segment(element_relation, y, z) € universal_class cnf(prove_segments_property7,, negated_conjecture)

NUMO64-1.p Least(xr,u) is unique

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, ) cnf(prove_least_is_unique, , negated_conjecture)

subclass(u, y) cnf(prove_least_is_unique,, negated_conjecture)

vEU cnf(prove_least_is_uniques, negated_conjecture)

restrict(xr, u, singleton(v)) = null_class cnf(prove_least_is_unique,, negated_conjecture)
least(xr,u) # v cnf(prove_least_is_uniques, negated_conjecture)

NUMO65-1.p Well ordering property 1

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_well_ordering_propertyl,, negated_conjecture)

subclass(u, y) enf(prove_well_ordering_property1,, negated_conjecture)

vEU cnf(prove_well_ordering_property1l,, negated_conjecture)

—ordered_pair(least(xr, u),v) € xr cnf(prove_well_ordering_propertyl,, negated_conjecture)
least(xr,u) # v cnf(prove_well_ordering_property1;, negated_conjecture)

NUMO066-1.p Corollary to well ordering property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(element _relation, y) cnf(prove_corollary_to_well_ordering_propertyl,, negated_conjecture)
subclass(u, y) cnf(prove_corollary _to_well_ordering_property1,, negated_conjecture)

vEU cnf(prove_corollary _to_well_ordering_property1l,, negated_conjecture)

v € least(element _relation, u) cnf(prove_corollary_to_well_ordering_property1l,, negated_conjecture)

NUMO067-1.p Well ordering property 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

well_ordering(xr, ) cnf(prove_well_ordering_property2;, negated_conjecture)

ordered _pair(u, v) € cross_product(y, y) cnf(prove_well_ordering_property2,, negated_conjecture)
ordered_pair(u,v) € xr cnf(prove_well_ordering_property2,, negated_conjecture)

ordered_pair(v, u) € xr cnf(prove_well_ordering property2,, negated_conjecture)

NUMO068-1.p Well ordering property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_well_ordering_property3,, negated_conjecture)

u € cross_product(y, y) cnf(prove_well_ordering_property3,, negated_conjecture)
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u € Xr cnf(prove_well_ordering_property3;, negated_conjecture)
u € xr’ cnf(prove_well ordering_property3,, negated_conjecture)

NUMO069-1.p Corollary to well ordering property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(element _relation, y) cnf(prove_corollary_to_well_ordering_property3;, negated_conjecture)
ordered_pair(u, v) € cross_product(y, y) cnf(prove_corollary_to_well_ordering_property3,, negated_conjecture)
U EV cnf(prove_corollary _to_well_ordering_property3,, negated_conjecture)

vEU cnf(prove_corollary_to_well_ordering_property3,, negated_conjecture)

NUMO70-1.p A well-order is asymmetric

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

well_ordering(xr, ) cnf(prove_well_ordering_is_asymmetric, , negated_conjecture)
— asymmetric(xr, y) cnf(prove_well_ordering_is_asymmetric,, negated_conjecture)

NUMO71-1.p Well ordering is irreflexive

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, ) cnf(prove_well_ordering_is_irreflexive; , negated_conjecture)
ordered_pair(u, u) € xr cnf(prove_well_ordering_is_irreflexive,, negated_conjecture)
uEy cnf(prove_well ordering_is_irreflexives, negated_conjecture)

NUMO72-1.p Well ordering property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_well_ordering_property4,, negated_conjecture)

ordered_pair(u, v) € cross_product(y, y) cnf(prove_well_ordering_property4,, negated_conjecture)
ordered_pair(u,v) € xr cnf(prove_well_ordering_property4,, negated_conjecture)

ordered _pair(v, w) € cross_product(y, y) cnf(prove_well_ordering_property4,, negated_conjecture)
ordered_pair(v, w) € xr cnf(prove_well_ordering_property4, negated_conjecture)
—ordered_pair(u,w) € xr cnf(prove_well_ordering_property4, negated_conjecture)

NUMO73-1.p Corollary to well ordering property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(element _relation, y) cnf(prove_corollary_to_well_ordering_property4,, negated_conjecture)
ordered_pair(u, v) € cross_product(y, y) cnf(prove_corollary_to_well_ordering_property4,, negated_conjecture)
U E v cnf(prove_corollary_to_well_ordering_property4,, negated_conjecture)

ordered_pair(v, w) € cross_product(y, y) cnf(prove_corollary_to_well_ordering_property4,, negated_conjecture)
vEW cnf(prove_corollary_to_well_ordering_property4;, negated_conjecture)

“uEw cnf(prove_corollary_to_well_ordering_property4q, negated_conjecture)

NUMO74-1.p Well ordering property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, ) cnf(prove_well_ordering_property5,, negated_conjecture)
— transitive(xr, y) cnf(prove_well _ordering_propertyb,, negated_conjecture)

NUMO75-1.p Well ordering property 6

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_well_ordering_property6,, negated_conjecture)
subclass(z, y) cnf(prove_well_ordering property6,, negated_conjecture)

— well_ordering(xr, 2) cnf(prove_well_ordering_property6,, negated_conjecture)
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NUMO76-1.p Well ordering property 7
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, ) cnf(prove_well_ordering_property7,, negated_conjecture)
uUEYy cnf(prove_well _ordering_property7,, negated_conjecture)
u € segment(xr, y, u) cnf(prove_well ordering_property7;, negated_conjecture)

NUMO77-1.p Corollary 1 to well ordering property 7
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_corollary_1_to_well_ordering_property7,, negated_conjecture)
u €y cnf(prove_corollary _1_to_well ordering_property7,, negated_conjecture)
segment (xr, y,u) =y cnf(prove_corollary_1_to_well_ordering_property7,, negated_conjecture)

NUMO78-1.p Corollary 2 to well ordering property 7

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(element _relation, y) cnf(prove_corollary_2_to_well_ordering_property7,, negated_conjecture)
uEYy enf(prove_corollary_2_to_well_ordering_property7,, negated_conjecture)

u € intersection(u, y) cnf(prove_corollary_2_to_well_ordering_property7s, negated_conjecture)

NUMO079-1.p Well ordering property 8

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

intersection(y, ordinal numbers) # null_class cnf(prove_well_ordering_property8; , negated_conjecture)

— least(element_relation, intersection(y, ordinal_ numbers)) € intersection(y, ordinal_numbers) cnf(prove_well_ordering_pro

NUMO80-1.p Well ordering property 9

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

intersection(y, intersection(ordinal_numbers, least(element_relation, intersection(y, ordinal_numbers)))) # null_class cenf(pr

NUMO81-1.p Corollary to well ordering property 9

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

intersection(y, least(element_relation, intersection(y, ordinal_numbers))) # null_class enf(prove_corollary_to_well ordering_
intersection(y, ordinal numbers) # null_class cnf(prove_corollary_to_well_ordering_property9,, negated_conjecture)

NUMO82-1.p Uniqueness of the least element of a non-empty subset
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_least_is_unique_in_non_empty_set, , negated_conjecture)
subclass(u, y) cnf(prove_least_is_unique_in_non_empty_set,, negated_conjecture)

vEU cnf(prove_least_is_unique_in_non_empty_sets, negated_conjecture)

segment (xr, u,v) = null_class cnf(prove_least_is_unique_in_non_empty_set,, negated_conjecture)
least(xr, u) # v cnf(prove_least_is_unique_in_non_empty _set, negated_conjecture)

NUMO83-1.p Transitive class property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(sum _class(z), z) cnf(prove_transitive_class_propertyl, , negated_conjecture)
uET cnf(prove_transitive_class_propertyl,, negated_conjecture)

= subclass(u, ) cnf(prove_transitive_class_propertyl,, negated_conjecture)

NUMO84-1.p Alternate transitive class definition, part 1
include(’Axioms/SET004-0.ax’)
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include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

subclass(sum_class(z), w) cnf(prove_alternate_trasitive_class_defnl,, negated_conjecture)
—subclass(z, power_class(w)) cnf(prove_alternate_trasitive_class_defnl,, negated_conjecture)

NUMO85-1.p Alternate transitive class definition, part 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, power_class(w)) cnf(prove_alternate_trasitive_class_defn2, , negated_conjecture)
—subclass(sum_class(z), w) cnf(prove_alternate_trasitive_class_defn2,, negated_conjecture)

NUMO86-1.p Transitive class property 2
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax”)

f

subclass(sum _class(z), z) cnf(prove_transitive_class_property2, , negated_conjecture)
subclass(sum_class(y), y) cnf(prove_transitive_class_property2,, negated_conjecture)
= subclass(sum_class(union(z, y)), union(z, y)) cnf(prove_transitive_class_property2,, negated_conjecture)

NUMO87-1.p Transitive class property 3
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(sum_class(z), x) cnf(prove_transitive_class_property3, , negated_conjecture)
subclass(sum_class(y), y) cnf(prove_transitive_class_property3,, negated_conjecture)
—subclass(sum_class(intersection(z, v)), intersection(x, y)) cnf(prove_transitive_class_property3,, negated_conjecture)

NUMO88-1.p Transitive class property 4

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(sum_class(y), y) cnf(prove_transitive_class_property4, , negated_conjecture)

zZ €Y cnf(prove_transitive_class_property4,, negated_conjecture)

segment(element_relation, y, z) # z cnf(prove_transitive_class_property4,, negated_conjecture)

NUMO89-1.p Sections property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

section(xr, y, 2) cnf(prove_sections_propertyl,, negated_conjecture)
ordered_pair(u, v) € xr cnf(prove_sections_propertyl,, negated_conjecture)
u €z enf(prove_sections_propertyl,, negated_conjecture)

vEY cnf(prove_sections_propertyl,, negated_conjecture)

U €y cnf(prove_sections_propertyl;, negated_conjecture)

NUMO090-1.p Corollary to sections property 1

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

section(element _relation, y, 2) cnf(prove_corollary_to_sections_propertyl,, negated_conjecture)
u € intersection(v, z) cnf(prove_corollary_to_sections_property1,, negated_conjecture)

veEY cnf(prove_corollary_to_sections_propertyls, negated_conjecture)

uEy cnf(prove_corollary_to_sections_propertyl,, negated_conjecture)

NUMO091-1.p Sections property 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

transitive(xr, y) enf(prove_sections_property2,, negated_conjecture)

uEy cnf(prove_sections_property2,, negated _conjecture)

- section(xr, segment(xr, y, u), y) cnf(prove_sections_property2s, negated_conjecture)

NUMO092-1.p Corollary 1 to sections property 2
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include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_corollary_1_to_sections_property2,, negated_conjecture)

uey cnf(prove_corollary_1_to_sections_property?2,, negated _conjecture)

= section(xr, segment(xr, y, u), y) cnf(prove_corollary_1_to_sections_property2;, negated_conjecture)

NUMO093-1.p Corollary 2 to sections property 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(element _relation, y) cnf(prove_corollary_2_to_sections_property2,, negated_conjecture)

u€Ey cnf(prove_corollary _2_to_sections_property2,, negated_conjecture)

- section(element_relation, intersection(y, u), y) cnf(prove_corollary_2_to_sections_property2;, negated_conjecture)

NUMO094-1.p Sections property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_sections_property3;, negated_conjecture)

section(xr, w, y) cnf(prove_sections_property3,, negated_conjecture)

—least(xr, intersection(w’, y)) € y enf(prove_sections_property3,, negated_conjecture)
Yy Fw cnf(prove_sections_property3,, negated_conjecture)

NUMO095-1.p Sections property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

well_ordering(xr, ) cnf(prove_sections_property4,, negated_conjecture)

section(xr, w, y) cnf(prove_sections_property4,, negated_conjecture)

—least(xr, intersection(w’, y)) € w’ cnf(prove_sections_property4s, negated_conjecture)
Yy #Ew cnf(prove_sections_property4,, negated_conjecture)

NUMO096-1.p Sections property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

well_ordering(xr, y) cnf(prove_sections_property5,, negated_conjecture)

section(xr, w, y) cnf(prove_sections_propertyb,, negated_conjecture)

segment(xr, y, least(xr, intersection(w’, y))) # w enf(prove_sections_propertyb,, negated_conjecture)
Yy Fw cnf(prove_sections_propertyb ,, negated_conjecture)

NUMO097-1.p Corollary to sections property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

well_ordering(element _relation, y) cnf(prove_corollary_to_sections_property5,, negated_conjecture)
section(element_relation, w, y) cnf(prove_corollary_to_sections_propertyb,, negated_conjecture)

intersection(y, least(element_relation, intersection(w’, y))) # w cnf(prove_corollary_to_sections_property5s, negated_conjec
Yy #£w cnf(prove_corollary_to_sections_property5,, negated_conjecture)

NUMO098-1.p Ordinal property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

—null_class € ordinal numbers cnf(prove_ordinal propertyl,, negated_conjecture)

NUMO099-1.p Corollary to ordinal property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

— subclass(singleton(null_class), ordinal numbers) cnf(prove_corollary_to_ordinal _propertyl, , negated_conjecture)

NUM100-1.p Ordinal property 2



17

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

—singleton(null_class) € ordinal numbers enf(prove_ordinal _property?2,, negated_conjecture)

NUM101-1.p Ordinal property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_ordinal_property3, , negated_conjecture)
subclass(y, x) cnf(prove_ordinal_property3,, negated_conjecture)
subclass(sum_class(y), y) cnf(prove_ordinal_property3;, negated_conjecture)
—yEx cnf(prove_ordinal property3,, negated_conjecture)

y#£x cnf(prove_ordinal_property3;, negated_conjecture)

NUM102-1.p Ordinal property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(y, ordinal numbers) cnf(prove_ordinal_property4,, negated_conjecture)
subclass(sum_class(y), y) cnf(prove_ordinal_property4,, negated_conjecture)

-y € ordinal_numbers cnf(prove_ordinal_property4s, negated_conjecture)

y # ordinal_numbers cnf(prove_ordinal_property4,, negated_conjecture)

NUM103-1.p Corollary to ordinal property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

x € ordinal_numbers cnf(prove_corollary_to__ordinal _property4, , negated_conjecture)
subclass(y, x) cnf(prove_corollary_to__ordinal_property4,, negated_conjecture)
subclass(sum_class(y), y) cnf(prove_corollary_to__ordinal_property4s, negated_conjecture)
—y € successor(z) cnf(prove_corollary_to__ordinal property4,, negated_conjecture)

NUM104-1.p Ordinal property 5

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_ordinal property5, , negated_conjecture)
y € ordinal_numbers cnf(prove_ordinal _property5,, negated_conjecture)
subclass(y, x) enf(prove_ordinal_property5,, negated _conjecture)
nYyex cnf(prove_ordinal_property5,, negated_conjecture)

y#x cnf(prove_ordinal_property5;, negated _conjecture)

NUM105-1.p Ordinal property 6

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

y € ordinal numbers cnf(prove_ordinal_property6,, negated_conjecture)

= subclass(y, ordinal_numbers) cnf(prove_ordinal property6,, negated_conjecture)

NUM106-1.p Ordinal property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal numbers cnf(prove_ordinal property7,, negated_conjecture)
YyET cnf(prove_ordinal_property7,, negated_conjecture)

- subclass(y, x) cnf(prove_ordinal _property7s, negated_conjecture)

NUM107-1.p Ordinal property 8

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

y € ordinal_numbers cnf(prove_ordinal _property8; , negated_conjecture)
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intersection(ordinal_numbers, y) # y cnf(prove_ordinal property8,, negated_conjecture)

NUM108-1.p Ordinal property 9
include(’Axioms/SET004-0.ax”)
include(’Axioms/SET004-1.ax’)
include(’ Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_ordinal _property9, , negated_conjecture)
y € ordinal_numbers cnf(prove_ordinal_property9,, negated_conjecture)
intersection(z, y) # x enf(prove_ordinal_property9;, negated _conjecture)
TF#y cnf(prove_ordinal property9,, negated_conjecture)

intersection(x, y) # y cnf(prove_ordinal_property9;, negated _conjecture)

NUM109-1.p Ordinal property 10

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_ordinal _property10, , negated_conjecture)
y € ordinal_numbers cnf(prove_ordinal_property10,, negated_conjecture)
T EY cnf(prove_ordinal_property105, negated_conjecture)

TF#y cnf(prove_ordinal property10,, negated_conjecture)

yEx cnf(prove_ordinal_property105, negated _conjecture)

NUM110-1.p Corollary to ordinal property 10

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

— connected(element_relation, ordinal_numbers) cnf(prove_corollary_to_ordinal _property10, , negated_conjecture)

NUM111-1.p Ordinal property 11
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_ordinal_property11,, negated_conjecture)
YyEx cnf(prove_ordinal_property11l,, negated_conjecture)
-y € ordinal_numbers cnf(prove_ordinal_property11,, negated_conjecture)

NUM112-1.p Ordinal property 12

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

— well_ordering(element _relation, ordinal numbers) cnf(prove_ordinal _propertyl12,, negated_conjecture)

NUM113-1.p Ordinal property 13

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

ordinal_class(x) = well_ordering(element_relation, x) cnf(ordinal_classy, axiom)

ordinal_class(x) = subclass(sum_class(x), x) enf(ordinal_classy, axiom)

(well_ordering(element _relation, ) and subclass(sum_class(x),x)) = ordinal_class(z) cnf(ordinal_classg, axiom)
- ordinal_class(ordinal_numbers) cnf(prove_ordinal property13,, negated_conjecture)

NUM114-1.p Corollary to ordinal property 13

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_corollary_to_ordinal _property13,, negated_conjecture)

- subclass(z, ordinal_numbers) cnf(prove_corollary_to_ordinal _property13,, negated_conjecture)

NUM115-1.p The class of ordinals is not a set.

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

ordinal_numbers € z cnf(prove_class_of_ordinals_is_not_set,, negated_conjecture)

NUM116-1.p Corollary to the class of ordinals is not set
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include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

successor(ordinal_numbers) # ordinal numbers enf(prove_corollary_to_class_of_ordinals_is_not_set, , negated_conjecture)

NUM117-1.p Corollary to ordinal class and numbers

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

ordinal_class(x) = well_ordering(element_relation, x) enf(ordinal_class;, axiom)

ordinal_class(x) = subclass(sum_class(x), x) enf(ordinal_classy, axiom)

(well_ordering(element _relation, x) and subclass(sum_class(x),z)) = ordinal_class(x) cnf(ordinal_classg, axiom)
ordinal_class(z) cnf(prove_corollary_to_ordinal_class_and_numbers, , negated_conjecture)

= subclass(z, ordinal_numbers) cnf(prove_corollary_to_ordinal class_and_numbers,, negated_conjecture)

NUM118-1.p Ordinal property 14

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € universal_class cnf(prove_ordinal propertyl4,, negated_conjecture)
subclass(zx, ordinal_numbers) cnf(prove_ordinal_propertyl4,, negated_conjecture)
subclass(sum _class(z), z) cnf(prove_ordinal_property14,, negated_conjecture)

-2 € ordinal_numbers enf(prove_ordinal_property14,, negated_conjecture)

NUM119-1.p Corollary to transitive class property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

u € ordinal_numbers cnf(prove_corollary_to_transitive_class_property4,, negated_conjecture)

segment (element_relation, ordinal_numbers, u) # u cnf(prove_corollary_to_transitive_class_property4,, negated_conjecture)

NUM120-1.p Transfinite induction, part 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- least(element_relation, intersection(y’, ordinal_numbers)) € ordinal_numbers cnf(prove_transfinite_inductionl,, negated_
= subclass(ordinal_numbers, y) cnf(prove_transfinite_inductionl,, negated_conjecture)

NUM121-1.p Transfinite induction, part 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- subclass(least(element _relation, intersection(y’, ordinal numbers)), y) cnf(prove_transfinite_induction2, , negated_conject
- subclass(ordinal_numbers, y) cnf(prove_transfinite_induction2,, negated_conjecture)

NUM122-1.p Transfinite induction, part 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

least(element_relation, intersection(y’, ordinal_ numbers)) € y cnf(prove_transfinite_induction3; , negated_conjecture)
- subclass(ordinal_numbers, y) cnf(prove_transfinite_induction3,, negated_conjecture)

NUM123-1.p Alternate transfinite induction 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

— least(element _relation, intersection(y’, ordinal numbers)) € /' cnf(prove_alternate_transfinite_induction3, , negated_conje
- subclass(ordinal_numbers, y) cnf(prove_alternate_transfinite_induction3,, negated_conjecture)

NUM124-1.p Condensed statement of transfinite induction

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(intersection(power_class(z), ordinal_ numbers), x) cnf(prove_condensed_statement_of_transfinite_induction;, negat
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= subclass(ordinal_numbers, x) cnf(prove_condensed _statement_of_transfinite_induction,, negated_conjecture)

NUM125-1.p Complete induction upto omega

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(intersection(power_class(z), omega), x) cnf(prove_complete_induction_upto_omega, , negated_conjecture)
- subclass(omega, x) cnf(prove_complete_induction_upto_omega,, negated_conjecture)

NUM126-1.p Alternate 1 for transfinite induction, part 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- least(element_relation, intersection(z, ordinal_numbers)) € ordinal_numbers cnf(prove_alternate_1_transfinite_inductionl
intersection(z, ordinal numbers) # null_class cnf(prove_alternate_1_transfinite_inductionl,, negated_conjecture)

NUM127-1.p Alternate 1 for transfinite induction, part 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- subclass(least(element _relation, intersection(z, ordinal numbers)), z’) cnf(prove_alternate_1_transfinite_induction2,, negg
intersection(z, ordinal numbers) # null_class cnf(prove_alternate_1_transfinite_induction2,, negated_conjecture)

NUM128-1.p Alternate 1 for transfinite induction, part 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

least(element_relation, intersection(z, ordinal_numbers)) € 2’ cnf(prove_alternate_1_transfinite_induction3; , negated_conjec
intersection(z, ordinal numbers) # null_class cnf(prove_alternate_1_transfinite_induction3,, negated_conjecture)

NUM129-1.p Alternate 2 for transfinite induction, part 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(y, ordinal numbers) cnf(prove_alternate_2_transfinite_inductionl,, negated_conjecture)

— least(element_relation, y) € ordinal numbers cnf(prove_alternate_2_transfinite_inductionl,, negated_conjecture)
y # null_class cnf(prove_alternate_2_transfinite_inductionls, negated_conjecture)

NUM130-1.p Alternate 2 for transfinite induction, part 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(y, ordinal numbers) cnf(prove_alternate_2_transfinite_induction2,, negated_conjecture)

- subclass(least(element _relation, y), y') cnf(prove_alternate_2_transfinite_induction2,, negated_conjecture)
y # null_class cnf(prove_alternate_2_transfinite_induction2,, negated_conjecture)

NUM131-1.p Alternate 2 for transfinite induction, part 3
include(’Axioms/SET004-0.ax”)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(y, ordinal_ numbers) cnf(prove_alternate_2_transfinite_induction3, , negated_conjecture)
—least(element_relation, y) € y cnf(prove_alternate_2_transfinite_induction3,, negated_conjecture)
y # null_class enf(prove_alternate_2_transfinite_induction3,, negated_conjecture)

NUM132-1.p Union of successor relation ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal numbers cnf(prove_union_of_successor_ordinal;, negated_conjecture)
sum_class(successor(z)) # cnf(prove_union_of_successor_ordinal,, negated_conjecture)

NUM133-1.p Corollary to union of successor ordinal
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)
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x € ordinal numbers cnf(prove_corollary_to_union_of_successor_ordinal;, negated_conjecture)

y € ordinal_numbers cnf(prove_corollary_to_union_of_successor_ordinal,, negated_conjecture)
successor(z) = successor(y) cnf(prove_corollary _to_union_of_successor_ordinals, negated_conjecture)
TF#y cnf(prove_corollary_to_union_of_successor_ordinal,, negated_conjecture)

NUM134-1.p Successor relation of an ordinal is an ordinal
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal numbers cnf(prove_successor_of_ordinal;, negated_conjecture)

= successor(z) € ordinal numbers cnf(prove_successor_of_ordinal,, negated_conjecture)

NUM135-1.p The null class is the smallest ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

least(element_relation, ordinal numbers) # null_class cnf(prove_null_class_is_least_ordinal, , negated_conjecture)

NUM136-1.p Transitivity of ordinals
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_transitivity_of_ordinals,, negated _conjecture)
yeET cnf(prove_transitivity of_ordinals,, negated _conjecture)

Z€yY cnf(prove_transitivity_of_ordinalss, negated_conjecture)

—zEx cnf(prove_transitivity_of_ordinals,, negated_conjecture)

NUM137-1.p Condition 1 for complete induction

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

subclass(intersection(power_class(z), z), x) cnf(prove_complete_inductionl, , negated_conjecture)
subclass(y, x) enf(prove_complete_inductionl,, negated _conjecture)

Yy ez enf(prove_complete_inductionl, negated_conjecture)

—yEx cnf(prove_complete_inductionl,, negated_conjecture)

NUM138-1.p Condition 2 for complete induction

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- subclass(not_subclass_element(intersection(power_class(x), z), x), x) cnf(prove_complete_induction2, , negated_conjectur:
- subclass(intersection(power_class(z), z), ) cnf(prove_complete_induction2,, negated_conjecture)

NUM139-1.p Condition 3 for complete induction

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

—not_subclass_element(intersection(power_class(z), z), x) € z cnf(prove_complete_induction3; , negated _conjecture)
—subclass(intersection(power_class(z), z), x) cnf(prove_complete_induction3,, negated_conjecture)

NUM140-1.p The successor of a set is a set, part 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

2 € universal_class cnf(prove_successor_of_set_is_set1,, negated_conjecture)
—successor(z) € universal_class cnf(prove_successor_of_set_is_set1,, negated_conjecture)

NUM141-1.p The successor of a set is a set, part 2
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

2 € universal_class cnf(prove_successor_of_set_is_set2; , negated_conjecture)
- & € successor(x) enf(prove_successor_of_set_is_set2,, negated_conjecture)

NUM142-1.p The successor of a set is a set, part 3



22

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

—subclass(z, successor(z)) cnf(prove_successor_of_set_is_set3; , negated_conjecture)

NUM143-1.p Corollary to the successor of a set being a set

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

intersection(successor(z), ) # x cnf(prove_corollary _to_successor_of_set_is_set; , negated_conjecture)

NUM144-1.p The successor of a proper class is a class

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- € universal_class cnf(prove_successor_of_proper_class_is_class;, negated_conjecture)
successor(z) # cnf(prove_successor_of_proper_class_is_class,, negated_conjecture)

NUM145-1.p Corollary to the successor of a proper class being a class
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

successor(z) € universal_class cnf(prove_corollary , negated_conjecture)
- € successor(x) cnf(prove_corollary,, negated_conjecture)

NUM146-1.p The successor of a transitive set is transitive

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(sum_class(z), x) cnf(prove_successor_or_transitive_set_is_set;, negated_conjecture)

— subclass(sum_class(successor(z)), successor(z)) cnf(prove_successor_or_transitive_set_is_set,, negated_conjecture)

NUM147-1.p The successor of an ordinal is an ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal numbers cnf(prove_successor_of_ordinal_is_ordinal,, negated_conjecture)

= successor(z) € ordinal numbers cnf(prove_successor_of_ordinal is_ordinal,, negated_conjecture)

NUM148-1.p The predecessor of an ordinal is an ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

successor(z) € ordinal_numbers cnf(prove_predcessor_of_ordinal_is_ordinal, , negated_conjecture)
- € ordinal_numbers cnf(prove_predcessor_of_ordinal_is_ordinal,, negated_conjecture)

NUM149-1.p Successor property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

—subclass(image(successor_relation, ordinal_numbers), ordinal_numbers) enf(prove_successor_property1,, negated_conjectt

NUM150-1.p Corollary 1 to successor property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

- subclass(omega, ordinal_numbers) cnf(prove_corollary _1_to_successor_propertyl;, negated_conjecture)

NUM151-1.p Corollary 2 to successor property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € image(successor_relation, ordinal_numbers) cnf(prove_corollary_2_to_successor_propertyl, , negated_conjecture)
successor(dom (successor_relation)) # x cnf(prove_corollary _2_to_successor_propertyl,, negated_conjecture)
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NUM152-1.p Corollary 3 to successor property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € image(successor_relation, ordinal_numbers) enf(prove_corollary_3_to_successor_propertyl,, negated _conjecture)
- € ordinal_numbers cnf(prove_corollary_3_to_successor_propertyl,, negated_conjecture)

NUM153-1.p Corollary 4 to successor property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € image(successor_relation, ordinal_numbers) cnf(prove_corollary_4_to_successor_propertyl,, negated_conjecture)
x = null_class cnf(prove_corollary _4_to_successor_propertyl,, negated_conjecture)

NUM154-1.p Corollary 5 to successor property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

successor(z) = null_class enf(prove_corollary_5_to_successor_propertyl,, negated_conjecture)

NUM155-1.p There is no ordinal between x and x + 1
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal numbers cnf(prove_no_ordinal_between, , negated_conjecture)
y € ordinal_numbers cnf(prove_no_ordinal_between,, negated_conjecture)
TEY cnf(prove_no_ordinal_betweeng, negated_conjecture)

y € successor(z) cnf(prove_no_ordinal_between,, negated_conjecture)

NUM156-1.p Membership condition 1 for kind 1 ordinals
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

—null_class € kind_1_ordinals enf(prove_null_class_is_kind_1, negated_conjecture)

NUM157-1.p Membership condition 2 for kind 1 ordinals
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_successor_is_kind_1,, negated_conjecture)
—successor(z) € kind_1_ordinals cnf(prove_successor_is_kind_1,, negated_conjecture)

NUM158-1.p Membership condition 3 for kind 1 ordinals
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

2 € kind_1_ordinals cnf(prove_kind_1_ordinal, , negated_conjecture)

z # null_class enf(prove_kind_1_ordinal,, negated_conjecture)
successor(dom(successor_relation)) # x cnf(prove_kind_1_ordinals, negated_conjecture)

NUM159-1.p Membership condition 4 for kind 1 ordinals

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- subclass(image(successor_relation, ordinal numbers), kind_1_ordinals) cuf(prove_corollary_to_kind_1_ordinal , negated _cc

NUM160-1.p Kind 1 ordinals is a class of ordinals

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- subclass(kind_1_ordinals, ordinal_ numbers) cnf(prove_kind_1_ordinals_are_ordinals; , negated_conjecture)

NUM161-1.p Corollary to kind 1 ordinals being a class of ordinals

include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
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include(’ Axioms/NUMO004-0.ax’)
intersection(ordinal numbers, kind_1_ordinals) # kind_1_ordinals cnf(prove_corollary_to_kind_1_ordinals_are_ordinals; , neg

NUM162-1.p Successor property 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

—null_class € intersection(power_class(kind_1_ordinals), kind_1_ordinals) cnf(prove_successor_property2, , negated_conjectt

NUM163-1.p Inductive is closed under union
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax”)

subclass(union(singleton(null_class), image(successor_relation, z)), x) cnf(prove_inductive_closed -under_union, , negated_co
subclass(union(singleton(null_class), image(successor_relation, x)), y) cnf(prove_inductive_closed _under_union,, negated _co
—subclass(union(singleton(null_class), image(successor_relation, union(z, y))), union(z, y)) cnf(prove_inductive_closed _und

NUM164-1.p Inductive is closed under intersection
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(union(singleton(null_class), image(successor_relation, z)), x) cnf(prove_inductive_closed _under_intersection; , nega
subclass(union(singleton(null_class), image(successor_relation, x)), y) cnf(prove_inductive_closed _under_intersection,, nega
— subclass(union(singleton(null_class), image(successor_relation, intersection(z, y))), intersection(z, y)) cnf(prove_inductive

NUM165-1.p Corollary to omega definition, part 1
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

T € omega cnf(prove_corollary_to_omega_defnl,, negated_conjecture)
—successor(z) € omega cnf(prove_corollary_to_omega_defnl,, negated_conjecture)

NUM166-1.p Corollary to omega definition, part 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

= successor(null_class) € omega cnf(prove_corollary_to_omega_defn2, , negated_conjecture)

NUM167-1.p Successor property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

—subclass(image(successor_relation, intersection(power_class(kind-1_ordinals), kind _1_ordinals)), intersection (power_class(kinc

NUM168-1.p Corollary to successor property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- subclass(omega, intersection(power_class(kind_1_ordinals), kind_1_ordinals)) cnf(prove_corollary_to_successor_property3,

NUM169-1.p Successor property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

successor(z) € intersection(power_class(kind_1_ordinals), kind_1_ordinals) cnf(prove_successor_property4, , negated_conjec
-z € intersection(power_class(kind_1_ordinals), kind 1_ordinals) cnf(prove_successor_property4,, negated_conjecture)

NUM170-1.p Successor property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

successor(z) =y cnf(prove_successor_property5, , negated_conjecture)

y € intersection(power_class(kind_1_ordinals), kind_1_ordinals) cnf(prove_successor_propertyb,, negated_conjecture)
-z € intersection(power_class(kind_1_ordinals), kind_-1_ordinals) cnf(prove_successor_propertyb,, negated_conjecture)
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NUM171-1.p Successor property 6

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

= subclass(image(successor_relation’, intersection(power_class(kind_1_ordinals), kind_1_ordinals)), intersection(power_class(kin

NUM172-1.p The successor relation of a set is different from the set
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € universal_class cnf(prove_successor_is_different, , negated_conjecture)
successor(z) = x cnf(prove_successor_is_different,, negated_conjecture)

NUM173-1.p Successor property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

TEY cnf(prove_successor_property7,, negated_conjecture)

—successor (z) € image(successor_relation, y) enf(prove_successor_property7,, negated_conjecture)

NUM174-1.p Successor property 8

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- function(successor_relation) cnf(prove_successor_property8; , negated_conjecture)

NUM175-1.p Successor property 9

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

domain _of(successor_relation) # universal_class cnf(prove_successor_property9, , negated_conjecture)

NUM176-1.p Successor property 10

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

x € universal_class cnf(prove_successor_property10;, negated_conjecture)

apply (successor_relation, 2:) # successor(z) enf(prove_successor_property10,, negated_conjecture)

NUM177-1.p Condition 1 for a class to be inductive

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(image(successor_relation, x), ) cnf(prove_inductive_class_conditionl,, negated_conjecture)
ueT cnf(prove_inductive_class_conditionl,, negated_conjecture)

—successor(u) € cnf(prove_inductive_class_conditionls, negated _conjecture)

NUM178-1.p Condition 2 for a class to be inductive

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

—dom(successor_relation) € x cnf(prove_inductive_class_condition22, , negated_conjecture)
—subclass(image(successor_relation, x), x) enf(prove_inductive_class_condition22,, negated _conjecture)

NUM179-1.p Condition 3 for a class to be inductive

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

successor(dom(successor_relation)) € x cnf(prove_inductive_class_condition3,, negated_conjecture)

- subclass(image(successor_relation, x), x) cnf(prove_inductive_class_condition3,, negated _conjecture)

NUM180-1.p Limit ordinals are ordinals
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)
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= subclass(limit_ordinals, ordinal numbers) cnf(prove_limit_ordinals_are_ordinals; , negated_conjecture)

NUM181-1.p The null class is not a limit ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

null_class € limit_ordinals cnf(prove_null_class_is_not_a_limit_ordinal, , negated_conjecture)

NUM182-1.p Only limit ordinals equal their successors
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € limit_ordinals cnf(prove_only limit_ordinals_equal_successor, , negated_conjecture)
successor(y) = x cnf(prove_only_limit_ordinals_equal_successor,, negated_conjecture)

NUM183-1.p Ordinals are either kind 1 or limit
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax”)

z € ordinal_numbers cnf(prove_ordinals_are_kind_1_or_limit, , negated_conjecture)
-z € kind_1_ordinals enf(prove_ordinals_are_kind_1_or_limit,, negated _conjecture)
-z € limit_ordinals cnf(prove_ordinals_are kind_1_or_limits, negated_conjecture)

NUM184-1.p Corollary to ordinals are either kind 1 or limit

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

union(singleton(null_class), union(image(successor _relation, ordinal numbers), limit_ordinals)) # ordinal numbers

NUM185-1.p Limit ordinals are not members

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

limit_ordinals € x cnf(prove_limit_ordinals_are_not_members; , negated_conjecture)

NUM186-1.p Omega property 1
include(’Axioms/SET004-0.ax”)
include(’Axioms/SET004-1.ax’)
include(’ Axioms/NUMO004-0.ax’)

cnf(pro

intersection(power_class(kind_1_ordinals), kind1_ordinals) # omega cnf(prove_omega_propertyl, , negated_conjecture)

NUM187-1.p Lemma for successor property 8
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

TEY cnf(prove_lemma_for_successor_property8; , negated_conjecture)

y € intersection(power_class(kind_1_ordinals), kind_1_ordinals) cnf(prove_lemma_for_successor_property8,, negated_conject
-z € intersection(power_class(kind_1_ordinals), kind 1_ordinals) cnf(prove_lemma_for_successor_property8;, negated _conje

NUM188-1.p Omega is transitive

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- subclass(sum_class(omega), omega) cnf(prove_transitivity_of_omega, , negated_conjecture)

NUM189-1.p Omega is an ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

—omega € ordinal_numbers cnf(prove_omega_is_an_ordinal , negated_conjecture)

NUM190-1.p Omega is not the null class
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)



27

omega = null_class cnf(prove_omega_is_not_null;, negated_conjecture)

NUM191-1.p Omega is a limit ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

—omega € limit_ordinals cnf(prove_omega_is_a_limit_ordinal; , negated_conjecture)

NUM192-1.p Omega is the smallest limit ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € limit_ordinals cnf(prove_omega_is_the_smallest_limit_ordinal, , negated_conjecture)
—omega € successor(z) cnf(prove_omega_is_the_smallest_limit_ordinal,, negated_conjecture)

NUM193-1.p The sum of ordinals is an ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

sum_class(ordinal numbers) # ordinal numbers cnf(prove_sum_of_ordinals_is_ordinal, , negated_conjecture)

NUM194-1.p The union of a class of ordinals is a class of ordinals

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, ordinal_numbers) cnf(prove_union_of_ordinal_class_is_ordinal_class; , negated_conjecture)

- subclass(sum_class(z), ordinal_ numbers) cnf(prove_union_of_ordinal_class_is_ordinal_class,, negated_conjecture)

NUM195-1.p The union of a class of ordinals is transitive

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, ordinal_numbers) cnf(prove_transitivity of_union_of_ordinal_class;, negated_conjecture)

= subclass(sum_class(sum_class(z)), sum_class(x)) cnf(prove_transitivity_of_union_of_ordinal class,, negated_conjecture)

NUM196-1.p The union of a set of ordinals is an ordinal

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, ordinal numbers) cnf(prove_union_of_ordinal_set_is_ordinal, , negated_conjecture)

x € universal_class cnf(prove_union_of_ordinal_set_is_ordinal,, negated_conjecture)

—sum_class(z) € ordinal numbers cnf(prove_union_of_ordinal_set_is_ordinal, negated_conjecture)

NUM197-1.p The union of a proper class of ordinals is the class of ordinals
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, ordinal_numbers) cnf(prove_union_of_proper_ordinal_class_is_ordinal, , negated_conjecture)
sum_class(x) # ordinal_numbers cnf(prove_union_of_proper_ordinal_class_is_ordinal,, negated_conjecture)
— & € universal_class cnf(prove_union_of_proper_ordinal_class_is_ordinals, negated_conjecture)

NUM198-1.p The union of a set of ordinals is >= each ordinal in the set
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, ordinal_numbers) cnf(prove_union_of_ordinal_set_exceeds_members;, negated_conjecture)
2 € universal_class cnf(prove_union_of_ordinal_set_exceeds_members,, negated_conjecture)

yew cnf(prove_union_of_ordinal_set_exceeds_members,, negated_conjecture)

-y € sum_class(z) cnf(prove_union_of_ordinal set_exceeds_members,, negated_conjecture)

sum _class(z) # y cnf(prove_union_of_ordinal set_exceeds_memberss, negated_conjecture)

NUM199-1.p Least upper bound property 1
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)
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subclass(x, ordinal_numbers) cnf(prove_least_upper_bound_property1,, negated_conjecture)
x € universal_class cnf(prove_least_upper_bound_propertyl,, negated_conjecture)
— subclass(z, successor(sum_class(x))) cnf(prove_least_upper_bound_propertyls, negated_conjecture)

NUMZ200-1.p If every element of x is < y, then sum class(x) <y
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, successor(y)) cnf(prove_least_upper_bound_property?2,, negated_conjecture)

y € ordinal_numbers cnf(prove_least_upper_bound_property2,, negated_conjecture)
—sum_class(z) € successor(y) enf(prove_least_upper_bound_property2;, negated_conjecture)

NUM201-1.p Least upper bound property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

subclass(z, ordinal_numbers) cnf(prove_least_upper_bound_property3,, negated_conjecture)
r € universal_class cnf(prove_least_upper_bound_property3,, negated_conjecture)
—sum_class(z) € x cnf(prove_least_upper_bound_property3,, negated_conjecture)

= subclass(z, sum_class(z)) cnf(prove_least_upper_bound_property3,, negated_conjecture)

NUM202-1.p If the lub of a set of ordinals is a successor, it’s in the set
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(x, ordinal numbers) cnf(prove_least_upper_bound_property4,, negated_conjecture)
x € universal_class cnf(prove_least_upper_bound_property4,, negated_conjecture)
sum_class(z) = successor(y) cnf(prove_least_upper_bound_property4s, negated_conjecture)
—sum_class(z) € enf(prove_least_upper_bound_property4,, negated_conjecture)

NUM203-1.p Corollary to least upper bound being a successor relation

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

subclass(z, ordinal_numbers) cnf(prove_corollary_to_least_upper_bound_property4,, negated_conjecture)

x € universal_class cnf(prove_corollary_to_least_upper_bound_property4,, negated_conjecture)
—sum_class(z) € x cnf(prove_corollary_to_least_upper_bound_property4,, negated_conjecture)
—sum_class(z) € limit_ordinals cuf(prove_corollary_to_least_upper_bound_property4,, negated_conjecture)
x # null_class cnf(prove_corollary_to_least_upper_bound_property4;, negated_conjecture)

NUMZ204-1.p Least upper bound property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € image(successor_relation, ordinal_numbers) cnf(prove_least_upper_bound_property5, , negated_conjecture)
successor(sum_class(z)) # cnf(prove_least_upper_bound_property5,, negated_conjecture)

NUM205-1.p Corollary 1 to least upper bound property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

x € image(successor_relation, ordinal_numbers) cnf(prove_corollary_1_to_least_upper_bound_property5, , negated_conjectur
dom (successor_relation) # sum_class(z) enf(prove_corollary_1_to_least_upper_bound_property5,, negated _conjecture)

NUM206-1.p Corollary 2 to least upper bound property 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal_numbers cnf(prove_corollary_2_to_least_upper_bound_propertyl,, negated_conjecture)

dom (successor_relation) # x enf(prove_corollary_2_to_least_upper_bound_property1,, negated_conjecture)

NUM207-1.p Least upper bound property 6
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
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include(’ Axioms/NUMO004-0.ax’)

x € ordinal numbers cnf(prove_least_upper_bound_property6, , negated_conjecture)
sum_class(z) € x cnf(prove_least_upper_bound_property6,, negated_conjecture)
successor(sum_class(z)) # x enf(prove_least_upper_bound_property6;, negated_conjecture)

NUM208-1.p Least upper bound property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € limit_ordinals cnf(prove_least_upper_bound_property7,, negated_conjecture)
sum_class(z) # x enf(prove_least_upper_bound_property7,, negated_conjecture)

NUM209-1.p Corollary to least upper bound property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

x € ordinal_numbers cnf(prove_corollary_to_least_upper_bound_property7;, negated_conjecture)

— 2 € image(successor_relation, ordinal numbers) enf(prove_corollary_to_least_upper_bound_property7,, negated_conjectur
sum_class(z) # cnf(prove_corollary_to_least_upper_bound_property7,, negated_conjecture)

NUM210-1.p Lemma 1 for least upper bound property 8
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

null_class € x cnf(prove_lemma_1_for_least_upper_bound _property8,, negated_conjecture)
least(element_relation, intersection(intersection(power_class(x), z)’, ordinal_ numbers)) = null_class cnf(prove_lemma_1_for
- subclass(ordinal_numbers, intersection(power_class(z), x)) cnf(prove_lemma_1_for_least_upper_bound_property8;, negate

NUM211-1.p Lemma 2 for least upper bound property 8
include(’Axioms/SET004-0.ax”)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(image(successor_relation, x), ) cnf(prove_lemma_2_for_least_upper_bound_property8; , negated_conjecture)
least (element_relation, intersection (intersection(power_class(z), z)’, ordinal numbers)) € image(successor_relation, ordinal _nur
—subclass(ordinal_numbers, intersection(power_class(x), x)) enf(prove_lemma_2_for_least_upper_bound_property8s, negate

NUM212-1.p Lemma 3 for least upper bound property 8

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(intersection(power_class(z), limit_ordinals), z) cnf(prove_lemma_3_for_least_upper_bound_property8; , negated_co
least (element_relation, intersection (intersection(power_class(x), #)’, ordinal numbers)) € limit_ordinals enf(prove_lemma._3
= subclass(ordinal_numbers, intersection(power_class(z), x)) cnf(prove_lemma_3_for_least_upper_bound_property8s, negate

NUM213-1.p Alternate 3 for transfinite induction

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

null_class € x cnf(prove_alternate_3_transfinite_induction, , negated _conjecture)

subclass(image(successor_relation, ), x) cnf(prove_alternate_3_transfinite_induction,, negated_conjecture)
subclass(intersection(power_class(z), limit_ordinals), x) cnf(prove_alternate_3_transfinite_inductiong, negated_conjecture)
—subclass(ordinal_numbers, ) cnf(prove_alternate_3_transfinite_induction,, negated_conjecture)

NUMZ214-1.p Induction up to y

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

y € ordinal_numbers cnf(prove_induction_upto_y; , negated_conjecture)

null_class € x cnf(prove_induction_upto_y,, negated_conjecture)

subclass(image(successor_relation, intersection(z, y)), x) enf(prove_induction_upto_y5, negated _conjecture)
subclass(intersection(power_class(z), intersection(limit_ordinals, y)), x) cnf(prove_induction_upto_y,, negated_conjecture)
- subclass(y, x) cnf(prove_induction_upto_ys5, negated _conjecture)

NUM215-1.p Corollary to induction upto y
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include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

null_class € x cnf(prove_corollary_to_induction_upto_y, , negated_conjecture)

subclass(image(successor_relation, intersection(z, omega)), z) cnf(prove_corollary_to_induction_upto_y,, negated _conjectur
- subclass(omega, x) enf(prove_corollary_to_induction_upto_y, negated _conjecture)

NUM216-1.p Corollary 1 to rest definition

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

u € domain_of(z) cnf(prove_corollary_1_to_rest_defn,, negated_conjecture)

apply(rest_of(x), u) # restrict(x, u, universal class) cnf(prove_corollary_1_to_rest_defn,, negated_conjecture)

NUM217-1.p Corollary 2 to rest definition

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

rest_of(null_class) # null_class cnf(prove_corollary 2_to_rest_defn, , negated_conjecture)

NUM218-1.p Rest of is a function

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

= function(rest_of(u)) cnf(prove_rest_of_is_a_function; , negated_conjecture)

NUM219-1.p The domain of rest_of(X) is the domain of X
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

domain_of(rest_of(u)) # domain_of(u) cnf(prove_domain_of_rest_of;, negated_conjecture)

NUM220-1.p Corollary to the domain of rest_of(X) being the domain of X

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

domain_of(rest_of(union(u, singleton(ordered _pair(x, y))))) # union(domain_of(u), singleton(z)) cnf(prove_corollary_to_do

NUM221-1.p Rest_of property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

domain_of(z) € ordinal numbers cnf(prove_rest_of_propertyl,, negated_conjecture)

rest_of(union(z, singleton(ordered_pair(domain_of(x), y)))) # union(rest_of(x), singleton(ordered_pair(domain_of(x), x))) (

NUM222-1.p Rest_of is monotonic.

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

subclass(z, y) cnf(prove_monotonicity of_rest_of; , negated_conjecture)
—subclass(rest_of(x), rest_of(y)) enf(prove_monotonicity of_rest_of,, negated_conjecture)

NUM223-1.p Rest relation is a function

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

— function(rest_relation) cnf(prove_rest_relation_is_a_function, , negated _conjecture)

NUM224-1.p Rest relation property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- function(compose_class(x) o rest_relation) cnf(prove_rest_relation_propertyl,, negated_conjecture)

NUM225-1.p Rest relation property 2
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include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

domain_of(rest_relation) # universal_class enf(prove_rest_relation_property2;, negated_conjecture)

NUMZ226-1.p Rest relation property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € universal_class enf(prove_rest_relation_property3;, negated_conjecture)
apply(rest_relation, ) # rest_of(z) enf(prove_rest_relation_property3,, negated_conjecture)

NUM227-1.p Rest relation property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

sum_class(image(rest_relation, x)) # rest_of(sum_class(z)) enf(prove_rest_relation_property4,, negated_conjecture)

NUM228-1.p Corollary to recursion equation functions definition
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- function(z) enf(prove_corollary,, negated_conjecture)
recursion_equation_functions(z) # null_class cnf(prove_corollary,, negated_conjecture)

NUM229-1.p Transfinite recursion lemma 0
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax”)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemma0, , negated_conjecture)
y € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemma0,, negated_conjecture)
- subclass(domain_of(intersection(y’, x)), ordinal numbers) cnf(prove_transfinite_recursion_lemma0;, negated_conjecture)

NUMZ230-1.p Transfinite recursion lemma 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

2 € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmal, , negated_conjecture)

y € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmal,, negated_conjecture)

ordered_pair(u,v) € cnf(prove_transfinite_recursion_lemmal 5, negated_conjecture)

u € least(element_relation, domain_of(intersection(y’, x))) cnf(prove_transfinite_recursion_lemmal ,, negated_conjecture)
—ordered_pair(u,v) € y cnf(prove_transfinite_recursion_lemmal 5, negated_conjecture)

NUMZ231-1.p Transfinite recursion lemma 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemma2; , negated_conjecture)

y € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemma2,, negated_conjecture)

ordered_pair(u,v) € y cnf(prove_transfinite_recursion_lemma2,, negated_conjecture)

u € least(element_relation, domain_of(intersection(y’, z))) cnf(prove_transfinite_recursion_lemma2,, negated_conjecture)
- subclass(z, y) cnf(prove_transfinite_recursion_lemma2;, negated_conjecture)

—ordered_pair(u,v) € x cnf(prove_transfinite_recursion_lemma2;, negated_conjecture)

NUM232-1.p Transfinite recursion lemma 3
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemma3; , negated_conjecture)
y € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemma3,, negated_conjecture)
= subclass(z, y) cnf(prove_transfinite_recursion_lemma3,, negated_conjecture)

restrict(z, least(element_relation, domain_of(intersection(y’, ))), universal class) # restrict(y, least(element_relation, domain c

NUM233-1.p Transfinite recursion lemma 4
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include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmad, , negated_conjecture)

y € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmad,, negated_conjecture)

domain_of(z) € domain_of(y) cnf(prove_transfinite_recursion_lemmads, negated_conjecture)

- subclass(z, y) cnf(prove_transfinite_recursion_lemmad,, negated_conjecture)

apply(y, least(element_relation, domain_of(intersection(y’, x)))) # apply(z, least(element _relation, domain_of(intersection(y’, z

NUM234-1.p Transfinite recursion lemma 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmab, , negated_conjecture)

y € recursion_equation_functions(z) enf(prove_transfinite_recursion_lemmab,, negated_conjecture)

domain_of(z) € domain_of(y) cnf(prove_transfinite_recursion_lemma5, negated_conjecture)

= subclass(z, y) cnf(prove_transfinite_recursion_lemmab,,, negated_conjecture)

- ordered _pair (least(element_relation, domain_of(intersection(y’, ))), apply(y, least(element _relation, domain_of(intersection(
Y cnf(prove_transfinite_recursion_lemma5;, negated_conjecture)

NUM235-1.p Transfinite recursion lemma 6

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmag, , negated_conjecture)
y € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmag,, negated_conjecture)
domain_of(z) € domain_of(y) cnf(prove_transfinite_recursion_lemma6, negated_conjecture)
—subclass(z, y) cnf(prove_transfinite_recursion_lemma6,, negated_conjecture)

NUM236-1.p Corollary 1 to transfinite recursion lemma 6
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_corollary_1_to_transfinite_recursion_lemma6, , negated_conjecture)
y € recursion_equation_functions(z) enf(prove_corollary_1_to_transfinite_recursion_lemma6,, negated_conjecture)
—union(z, y) € recursion_equation_functions(z) cnf(prove_corollary_1_to_transfinite_recursion_lemma6,, negated _conjectus

NUM237-1.p Corollary 2 to transfinite recursion lemma 6
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_corollary_2_to_transfinite_recursion_lemma6, , negated_conjecture)
y € recursion_equation_functions(z) cnf(prove_corollary_2_to_transfinite_recursion_lemma6,, negated_conjecture)
- function(union(z, y)) cnf(prove_corollary_2_to_transfinite_recursion_lemma6,, negated_conjecture)

NUM238-1.p Transfinite recursion lemma 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) enf(prove_transfinite_recursion_lemma7; , negated_conjecture)

y € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmar,, negated_conjecture)

domain_of(z) € domain_of(y) cnf(prove_transfinite_recursion_lemma7s, negated_conjecture)

u € domain_of(z) cnf(prove_transfinite_recursion_lemma?,, negated_conjecture)

restrict(x, u, universal_class) # restrict(y, u, universal_class) cnf(prove_transfinite_recursion_lemma7;, negated_conjecture)

NUM239-1.p Transfinite recursion lemma 8
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmag; , negated_conjecture)
y € recursion_equation_functions(z) cnf(prove_transfinite_recursion_lemmag,, negated_conjecture)
domain_of(z) € domain_of(y) cnf(prove_transfinite_recursion_lemmag,, negated_conjecture)

— subclass(rest_of(z), rest_of(y)) cnf(prove_transfinite_recursion_lemmag,, negated_conjecture)
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NUM240-1.p Transfinite recursion lemma 9.1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

z € universal_class cnf(prove_transfinite_recursion_lemma9_1,, negated _conjecture)

image(image(composition_function, singleton(z)), image(rest, recursion_equation_functions(z))) # recursion_equation_function

NUM241-1.p Transfinite recursion lemma 9.2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

image(comp(z), image(rest, recursion_equation_functions(z))) # recursion_equation_functions(z) cnf(prove_transfinite_rect

NUM242-1.p Transfinite recursion lemma 9.3
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

function(z) cnf(prove_transfinite_recursion_lemma9_3,, negated_conjecture)

function(y) cnf(prove_transfinite_recursion_lemma9_3,, negated _conjecture)

domain_of(z) = ordinal_numbers cnf(prove_transfinite_recursion_lemma9_3;, negated_conjecture)
domain_of(y) = ordinal numbers cnf(prove_transfinite_recursion_lemma9_3,, negated_conjecture)
T Fy cnf(prove_transfinite_recursion_lemma9_3;, negated_conjecture)

restrict(x, least(element_relation, domain_of(intersection(z’, y))), universal_class) # restrict(y, least(element_relation, domain

NUM243-1.p Transfinite recursion lemma 10
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)

function(z) enf(prove_transfinite_recursion_lemmal0, , negated_conjecture)

zorest(z) =x enf(prove_transfinite_recursion_lemmal0,, negated_conjecture)

domain_of(z) = ordinal_numbers cnf(prove_transfinite_recursion_lemmal0,, negated_conjecture)

- subclass(sum_class(recursion_equation_functions(z)), x) cnf(prove_transfinite_recursion_lemmal0,, negated_conjecture)
apply(sum_class(recursion_equation_functions(z)), least(element _relation, domain_of(intersection(z’, sum_class(recursion_equa
apply(z, least (element_relation, domain_of(intersection(2’, sum_class(recursion_equation_functions(z)))))) enf(prove_transt

NUM244-1.p Transfinite recursion lemma 11

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

function(z) cnf(prove_transfinite_recursion_lemmall,, negated_conjecture)

zorest(x) =x cnf(prove_transfinite_recursion_lemmall,, negated_conjecture)

domain_of(z) = ordinal numbers cnf(prove_transfinite_recursion_lemmall,, negated_conjecture)
ordered_pair(least(element_relation, domain_of(intersection(z’, sum_class(recursion_equation_functions(z))))), apply(sum_class
intersection(a’, sum_class(recursion_equation_functions(z))) cnf(prove_transfinite_recursion_lemmall,, negated _conjecture
- subclass(sum_class(recursion_equation_functions(z)), x) cnf(prove_transfinite_recursion_lemmall;, negated_conjecture)

NUMZ245-1.p Transfinite recursion property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_propertyl, , negated_conjecture)

u € domain_of(z) cnf(prove_transfinite_recursion_property1,, negated_conjecture)

apply(z, restrict(z, u, universal_class)) # apply(x, u) cnf(prove_transfinite_recursion_property1s, negated_conjecture)

NUM246-1.p Transfinite recursion property 2
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

function(z) cnf(prove_transfinite_recursion_property2, , negated_conjecture)

function(z) cnf(prove_transfinite_recursion_property2,, negated_conjecture)

domain_of(z) = ordinal_ numbers cnf(prove_transfinite_recursion_property2,, negated_conjecture)
zorest_of(z) =« cnf(prove_transfinite_recursion_property2,, negated_conjecture)

u € ordinal_ numbers cnf(prove_transfinite_recursion_property2;, negated_conjecture)
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apply(z, restrict(z, u, universal _class)) # apply(x, u) cnf(prove_transfinite_recursion_property2q, negated _conjecture)

NUM247-1.p Transfinite recursion property 3
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- subclass(sum_class(recursion_equation_functions(z)), cross_product(universal_class, universal_class)) cnf(prove_transfinit

NUM248-1.p Transfinite recursion property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

— function(sum-class(recursion_equation_functions(z))) cnf(prove_transfinite_recursion_property4, , negated_conjecture)

NUM249-1.p Transfinite recursion property 5

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

zorest_of(sum_class(recursion_equation_functions(z))) # sum_class(recursion_equation_functions(z)) cnf(prove_transfinite.

NUM250-1.p Transfinite recursion property 6

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

—subclass(image(domain_relation, recursion_equation_functions(z)), ordinal_numbers) cnf(prove_transfinite_recursion_proj

NUM251-1.p Transfinite recursion property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

= subclass(domain_of(sum_class(recursion_equation_functions(z))), ordinal_numbers) cnf(prove_transfinite_recursion_prope

NUM252-1.p Transfinite recursion property 8

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

— domain_of(sum _class(recursion_equation_functions(z))) € ordinal numbers cnf(prove_transfinite_recursion_property8;,n
domain_of(sum_class(recursion_equation_functions(z))) # ordinal numbers cnf(prove_transfinite_recursion_property8,, neg

NUM253-1.p Transfinite recursion property 9

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_property9, , negated_conjecture)

— function(union(singleton(ordered_pair(domain_of(z), apply(z, x))), z)) cnf(prove_transfinite_recursion_property9,, negat

NUM254-1.p Transfinite recursion property 10

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) enf(prove_transfinite_recursion_property10, , negated _conjecture)

— domain_of(union(singleton(ordered_pair(domain_of(z), apply(z, x))), z)) € ordinal_numbers cnf(prove_transfinite_recurs

NUMZ255-1.p Transfinite recursion property 11

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_propertyl1,, negated_conjecture)
domain_of(union(singleton(ordered_pair(domain_of(x), apply(z, z))), z)) # successor(domain_of(x)) cnf(prove_transfinite_

NUM256-1.p Transfinite recursion property 12

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_property12,, negated_conjecture)
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x € domain_of(2) cnf(prove_transfinite_recursion_property12,, negated_conjecture)
zorest_of(union(singleton(ordered pair(domain_of(x), apply(z, z))), z)) # union(singleton(ordered_pair(domain_of(x), apply(z

NUM257-1.p Transfinite recursion property 13

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € recursion_equation_functions(z) cnf(prove_transfinite_recursion_property13; , negated_conjecture)

- union(singleton(ordered_pair(domain_of(z), apply(z, z))), z) € recursion_equation_functions(z) cnf(prove_transfinite_rec

NUM258-1.p Transfinite recursion property 14

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

function(z) cnf(prove_transfinite_recursion_property14,, negated_conjecture)
domain_of(sum_class(recursion_equation_functions(z))) # ordinal_numbers cnf(prove_transfinite_recursion_property14,, ne

NUM259-1.p The uniqueness of the function defined by transfinite recursion
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

function(z) cnf(prove_transfinite_recursion_function_unique, , negated_conjecture)

domain _of(z) = ordinal numbers cnf(prove_transfinite_recursion_function_unique,, negated_conjecture)

zorestof(z) =z cnf(prove_transfinite_recursion_function_uniques, negated_conjecture)
sum_class(recursion_equation_functions(z)) # x cnf(prove_transfinite_recursion_function_unique,, negated_conjecture)

NUM260-1.p Alternate 4 for transfinite induction, part 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

- function(recursion(z, y, z)) enf(prove_alternate_4_transfinite_inductionl, , negated_conjecture)

NUM261-1.p Alternate 4 for transfinite induction, part 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

domain _of(recursion(z, y, z)) # ordinal_ numbers cnf(prove_alternate_4_transfinite_induction2,, negated_conjecture)

NUM262-1.p Alternate 4 for transfinite induction, part 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

apply(recursion(z, y, z), null_class) # x cnf(prove_alternate_4_transfinite_induction3, , negated_conjecture)

NUM263-1.p Alternate 4 for transfinite induction, part 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

u € ordinal numbers cnf(prove_alternate_4_transfinite_induction4, , negated_conjecture)

apply (recursion(z, y, z), successor(u)) # apply(y, apply(recursion(z, y, z), u)) cnf(prove_alternate_4_transfinite_induction4.

NUMZ264-1.p Alternate 4 for transfinite induction, part 5

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

u € limit_ordinals cnf(prove_alternate_4_transfinite_induction5,, negated_conjecture)

apply(z, restrict(recursion(z, y, ), u, universal_class)) # apply(recursion(z, y, ), u) cnf(prove_alternate_4_transfinite_indu

NUM265-1.p Ordinal addition property 1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

ordinal_add(x, null_class) # x cnf(prove_ordinal _addition_property1,, negated_conjecture)

NUM266-1.p Ordinal addition property 2
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include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

y € ordinal_numbers cnf(prove_ordinal_addition_property2,, negated_conjecture)

ordinal_add(z, successor(y)) # successor(ordinal_add(z,y)) cnf(prove_ordinal_addition_property2,, negated_conjecture)

NUM267-1.p Ordinal addition property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

y € limit_ordinals cnf(prove_ordinal_addition_property3, , negated_conjecture)

sum_class(image(recursion(z, successor_relation, union_of_range map), y)) # ordinal_add(x, y) cnf(prove_ordinal _addition_

NUM268-1.p Ordinal addition property 4

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

y € limit_ordinals cnf(prove_ordinal_addition_property4, , negated_conjecture)

sum_class(image(image(add_relation, singleton(x)), y)) # ordinal_add(zx, y) cnf(prove_ordinal _addition_property4,, negatec

NUM269-1.p Ordinal addition property 5
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal numbers cnf(prove_ordinal _addition_property5,, negated_conjecture)
y € ordinal_numbers cnf(prove_ordinal_addition_property5,, negated_conjecture)
—ordinal_add(z,y) € ordinal numbers cnf(prove_ordinal_addition_property5,, negated_conjecture)

NUM270-1.p Ordinal addition property 6

include(’Axioms/SET004-0.ax”)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

ordinal_add(x, successor(null_class)) # successor(z) cnf(prove_ordinal_addition_property6, , negated_conjecture)

NUM271-1.p Lemma 1 for ordinal addition property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(ordinals_with_null_class_as_identity, ordinal numbers) cnf(ordinals_with_null class_as_identity_def;, axiom)

x € ordinals_with_null_class_as_identity = ordinal_add(null_class,z) = = cnf(ordinals_with null_class_as_identity_def,, axi
(x € ordinal numbers and ordinal_add(null_class, z) = ) = =z € ordinals_with_null_class_as_identity cnf(ordinals_with_m
—null_class € ordinals_with_null_class_as_identity enf(prove_lemma_1_for_ordinal _addition_property7;, negated_conjecture)

NUM272-1.p Lemma 2 for ordinal addition property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

subclass(ordinals_with_null_class_as_identity, ordinal_numbers) cnf(ordinals_with_null_class_as_identity_def; , axiom)

x € ordinals_with_null_class_as_identity = ordinal_add(null_class, z) = = cnf(ordinals_with_null_class_as_identity_def,, axi
(z € ordinal numbers and ordinal_add(null_class, ) = ) = z € ordinals_with_null_class_as_identity cnf(ordinals_with_m
- subclass(image(successor_relation, ordinals_with null_class_as_identity), image(successor_relation, ordinal numbers)) cnf

NUM273-1.p Lemma 3 for ordinal addition property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(ordinals_with_null_class_as_identity, ordinal numbers) cnf(ordinals_with_null class_as_identity_def;, axiom)

x € ordinals_with_null_class_as_identity = ordinal_add(null_class,z) = = cnf(ordinals_with null_class_as_identity_def,, axi
(x € ordinal numbers and ordinal_add(null_class, z) = ) = =z € ordinals_with_null_class_as_identity cnf(ordinals_with_m
- subclass(image(successor_relation, ordinals_with null_class_as_identity), ordinals_with_null_class_as_identity) cnf(prove_le

NUM274-1.p Lemma 4 for ordinal addition property 7
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)
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include(’ Axioms/NUMO004-0.ax’)

subclass(ordinals_with_null_class_as_identity, ordinal numbers) cnf(ordinals_with_null class_as_identity_def;, axiom)

x € ordinals_with_null_class_as_identity = ordinal_add(null_class,z) = z cnf(ordinals_with_null_class_as_identity_def,, axi
(x € ordinal numbers and ordinal_add(null_class, z) = ) = =z € ordinals_with_null_class_as_identity cnf(ordinals_with_nt
—subclass(ordinals_with_null_class_as_identity, domain_of(recursion(null_class, successor relation, union_of_range_map))) c

NUM275-1.p Lemma 5 for ordinal addition property 7

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

subclass(ordinals_with_null_class_as_identity, ordinal numbers) cnf(ordinals_with_null_class_as_identity_def; , axiom)

x € ordinals_with_null_class_as_identity = ordinal_add(null_class,z) = z cnf(ordinals_with_null_class_as_identity_def,, axi
(z € ordinal_numbers and ordinal_add(null_class, x) = ) = =z € ordinals_with_null_class_as_identity cnf(ordinals_with_m
- subclass(ordinals_with_null_class_as_identity, domain_of(intersection(recursion(null_class, successor_relation, union-of_range_

NUM276-1.p Lemma 6 for ordinal addition property 7
include(’Axioms/SET004-0.ax’)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(ordinals_with_null_class_as_identity, ordinal numbers) cnf(ordinals_with_null class_as_identity_def;, axiom)
x € ordinals_with_null_class_as_identity = ordinal_add(null_class,z) = = cnf(ordinals_with_null_class_as_identity_def,, axi
(x € ordinal numbers and ordinal_add(null_class, z) = ) = =z € ordinals_with_null_class_as_identity cnf(ordinals_with_nt

- subclass(intersection(power_class(ordinals_with_null_class_as_identity), limit_ordinals), ordinals_with_null_class_as_identity)

NUM277-1.p Ordinal addition property 7_1

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax”)

subclass(ordinals_with_null_class_as_identity, ordinal numbers) enf(ordinals_with_null_class_as_identity, , axiom)

x € ordinals_with_null_class_as_identity = ordinal_add(null_class,z) = = cnf(ordinals_with_null_class_as_identity,, axiom)
(z € ordinal_numbers and ordinal_add(null_class, ) = ) = =z € ordinals_with_null_class_as_identity cnf(ordinals_with_m
ordinals_with_null_class_as_identity # ordinal_numbers cnf(prove_ordinal _addition_property7_1,, negated_conjecture)

NUM277-2.p Ordinal addition property 7.1
include(’Axioms/SET004-0.ax”)
include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

subclass(ordinals_with_null_class_as_identity, ordinal numbers) cnf(ordinals_with_null class_as_identity,, axiom)

x € ordinals_with_null_class_as_identity = ordinal_add(null_class,z) = = cnf(ordinals_with_null_class_as_identity,, axiom)
(x € ordinal numbers and ordinal_add(null_class, z) = ) = =z € ordinals_with_null_class_as_identity cnf(ordinals_with_m
null_class € ordinals_with_null_class_as_identity cnf(lemma_1_for_ordinal_addition_property,, axiom)
subclass(image(successor_relation, ordinals_with_null_class_as_identity), image(successor_relation, ordinal_numbers)) cnf(le
subclass(image(successor_relation, ordinals_with_null_class_as_identity), ordinals_with_null_class_as_identity) cnf(lemma_3_
subclass(ordinals_with_null_class_as_identity, domain_of(recursion(null_class, successor_relation, union_of_range_map))) cnf

subclass(ordinals_with_null_class_as_identity, domain_of(intersection (recursion(null_class, successor_relation, union_of_range_m
subclass(intersection(power_class(ordinals_with_null_class_as_identity), limit_ordinals), ordinals_with_null_class_as_identity)
ordinals_with_null_class_as_identity # ordinal_numbers cnf(prove_ordinal_addition_property7_1,, negated_conjecture)

NUM278-1.p Ordinal addition property 7_2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

x € ordinal numbers cnf(prove_ordinal_addition_property7_2;, negated_conjecture)
ordinal_add(null_class, z) # x cnf(prove_ordinal _addition_property7_2,, negated_conjecture)

NUM279-1.p Ordinal addition property 8

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

ordinal_add(z, successor(null_class)) # successor(z) cnf(prove_ordinal adition_property8;, negated_conjecture)

NUM280-1.p Ordinal multiplication property 1
include(’Axioms/SET004-0.ax’)
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include(’Axioms/SET004-1.ax’)
include(’Axioms/NUMO004-0.ax’)
ordinal_multiply(z, null_class) # null_class cnf(prove_ordinal_multiplication_propertyl,, negated_conjecture)

NUM281-1.p Ordinal multiplication property 2

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’Axioms/NUMO004-0.ax’)

y € ordinal_numbers cnf(prove_ordinal_multiplication_property2,, negated_conjecture)

ordinal_multiply (z, successor(y)) # ordinal_add(ordinal_multiply(z, y), y) enf(prove_ordinal_multiplication_property2,, ne;

NUM282-1.p Ordinal multiplication property 3

include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

y € limit_ordinals cnf(prove_ordinal_multiplication_property3, , negated_conjecture)

sum_class(image(recursion(null_class, apply(add_relation, x), union_of range_map), y)) # ordinal multiply(z, y) cnf(prove_

NUM283-1.005.p Calculation of factorial
Compute 5 factorial.

T+ no=x cnf(addg, axiom)

r+y=z = x4+ s(y)=s(z) cnf(add, axiom)

s(no) - z=x cnf(times; , axiom)

(r+y=zand z-y=r) = s(x)- y=z cnf(times, axiom)

factorial(ng, s(ng)) enf(factorialg, axiom)

(factorial(z, z) and s(x) - z=y) = factorial(s(x),y) cnf(factorial, axiom)
— factorial(s(s(s(s(s(ng))))), result) cnf(prove_factorial, negated_conjecture)

NUM284-1.014.p Calculation of fibonacci numbers

Compute the 14th Fibonacci number.

fibonacci(ng, s(no)) enf(fibonacciy, axiom)

fibonacci(s(ng), s(ng)) enf(fibonacciy , axiom)

(n1+s(no)=n and na+s(s(ng))=n and fibonacci(ni, f1) and fibonacci(nsg, f2) and f1+fo=fN) = fibonacci(n, fN) cnf(fib
x4+ no=x cnf(addg, axiom)

r+y=z = x4+ s(y)=s(z) cnf(add, axiom)

= fibonacci(s(s(s(s(s(s(s(s(s(s(s(s(s(s(n0)))))))))))))), result) enf(prove_fibonacci, negated_conjecture)

NUM286-1.p Number theory axioms
include(’ Axioms/NUMO001-0.ax’)

NUM286-2.p Number theory (equality) axioms
include(’ Axioms/NUMO002-0.ax’)

NUM286-3.p Number theory axioms, based on Godel set theory
include(’Axioms/SET003-0.ax’)

include(’Axioms/ALG001-0.ax’)

include(’ Axioms/NUMO003-0.ax’)

NUM287-1.p Number theory less axioms
include(’Axioms/NUMO001-0.ax’)
include(’Axioms/NUMO001-1.ax”)

NUM288-1.p Number theory div axioms
include(’Axioms/NUMO001-0.ax’)
include(’Axioms/NUMO001-1.ax’)
include(’Axioms/NUMO001-2.ax’)

(

NUMZ289-1.p Number theory (ordinals) axioms, based on NBG set theory
include(’Axioms/SET004-0.ax’)

include(’Axioms/SET004-1.ax’)

include(’ Axioms/NUMO004-0.ax’)

NUM290+1.p2 < 3

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)



less(na, n3) fof(n2_less_ns, conjecture)

NUM291+1.p 3 < 2

include(’ Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

—less(ng, ng) fof(n3_not_less_ny, conjecture)

NUM292+1.p 2 < 13
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

less(na, n13) fof(n2_less_nj3, conjecture)

NUM293+1.p 7 < 13
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

z: less(z, n13) fof(something less_n, 5, conjecture)

NUM294+1.p 12 < ?
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Jz: less(nye, ) fof(n12_less_something, conjecture)

NUM2954+1.p ? < ?

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Jz, y: less(x, y) fof(something_less_something, conjecture)

NUM296+1.p -2 < 2
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)
less(nna, m2) fof(nn2_less_nsy, conjecture)

NUM297+1.p -4 < -2
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

less(nng, nny) fof(nn4_less_nny, conjecture)

NUM298+1.p 2 1< -2
include(’Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

—less(ng, nng) fof(n2_not_less_nny, conjecture)

NUM299+1.p -2 I< -4
include(’Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

—less(nngy, nny) fof(nn2_not_less nny, conjecture)

NUMS300+1.p ? < 0
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Fz: less(x, no) fof(something_less_n, conjecture)

NUM301+1.p ? < -2

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
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Jz: less(z, nny) fof(something_less_nn,, conjecture)

NUMS302+1.p -2 < ?

include(’ Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

Jz: less(nng, x) fof(nn2_less_something, conjecture)

NUM303+1.p 31 =21
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

ns1 # N2y fof(n31 not_n;», conjecture)

NUMS304+1.p ? != 12
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Jz: & # nio fof(something_not_n,,, conjecture)

NUM3054+1.p2+3=5
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

ng + n3=ns fof(sum_n2_n3_ns, conjecture)

NUMS306+1.p 23 + 34 = 57
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

N23 + N34=ns7 fof(sum_n23_n34_ns7, conjecture)

NUMS307+1.p 23 + 34 = 7
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Jx: nog + ngu=x fof(summ _n23_n34_something, conjecture)

NUM308+1.p 7 + 23 = 34
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Jz: & 4 nog=nay fof(sum_something n23 ns,, conjecture)

NUMS309+1.p 23 + ? = 34
include(’Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

dz: nag + x=n34 fof(sum_n23_something ns,, conjecture)

NUMS310+1.p 2 + 3 =6
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

—ng + n3=ng fof(sum_n2 n3_not_ng, conjecture)

NUM3114+1.p2+ 3 =only 5

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Vz: (ng + ng=x = = =mns) fof(sum_n2_n3_only_n;, conjecture)

NUM312+1.ponly2 +3 =5

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)



Vo: (x +n3=ns = = =ng) fof(sum_only n2_n3_n;, conjecture)

NUM313+1.p2 4+ only3 =5
include(’ Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
Va: (ng +2=ns = = =ng3) fo

NUM314+1.p Show upper boundary
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Jx: n1ge + ni=x fof(show_upper_boundary, conjecture)

NUMS315+1.p -2 + -5 = -7
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

nns + nns=nnsy fof(sum_nn2_nn5_nnz, conjecture)

NUM316+1.p 2 + -5 = -3
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

N9 + Nns=nns fof(sum_n2_nn5_nnj, conjecture)

NUMS3174+1.p 5 + -2 = 3
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

N5 + NNo=n3 fof(sum_n5_nn2_ns, conjecture)

NUMS318+1.p 5 + -5 = 0
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

ns + nns=ng fof(sum_n5_nnb_ng, conjecture)

NUMS319+1.p -2 4 -5 = ?
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Jz: nny + nns=x fof(sum_nn2_nn5_what, conjecture)

NUMS320+1.p 2 + -5 = ?
include(’Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Jy: ny + nns=y fof(sum_n2_nn5_what, conjecture)

NUMS321+1.p 5 + -2 = ?
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

dz: ns + nno=x fof(sum_n5_nn2_what, conjecture)

NUMS32241.p 5 + -5 = ?
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

dz: ns + nns=x fof(sum_n5_nn5_what, conjecture)

NUMS3234+1.p ? + -5 = -7

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

f(sumn2_only_n3_ng, conjecture)
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dz: x + nns=nny fof(sum_what_nn5_nny, conjecture)

NUMS324+1.p ? + -5 = -3

include(’ Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

dx: x + nns=nns fof(sum_what_nn5_nns, conjecture)

NUMS3254+1.p ? + -2 = 3
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Jz: & 4+ nng=ng fof(sum_what_nn2_ns, conjecture)

NUMS326+1.p ? + -5 =0
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Jz: x + nns=ng fof(sum_what_nn5_ng, conjecture)

NUM3274+1.p? + 0 =7
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Jz: x + no=x fof(sum_zero_identity, conjecture)

NUMS328+1.p 71 + 7 = 71

include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

dx,y: x + y==x fof(sum_something_anotherthing firstthing, conjecture)

NUMS329+1.p? + 7 = ?
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)
Jz: x + =2 fof(idempotent_element, conjecture)

NUMS330+1.p XY (X+Y =8) & X =4 & Y = 4
include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax”)

dz,y: (x + y=ng and x = ng and y = ny) fof(sum_n4_n4 ng, conjecture)

NUMS33141.p6 +7=7+6

include(’Axioms/NUMO005+0.ax”)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax”)

Vz1, 220 ((ne + nr=z1 and ny + neg=z2) = 21 = 22) fof(communative_sum n6_ny, conjecture)

NUM3324+1.p(2+3)+6=2+ (3+6)

include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

V21, 29, 23, 24 ((ne+n3=z1 and z14+ng=z22 and ng+ng=z3 and not+z3=24) = 29 = 24) fof(associative_sum, conjecture)

NUM333+1.p ! XYZ, (X+Y)+2) = (X+(Y+7Z))

include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

Vax,y, z, 21, 22, 23, 24 ((x+y=21 and z1+2=29 and y+z=z3 and x+23=24) = 22 = 24) fof(associative, conjecture)

NUM334+1.p7-5 =2

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)



ny \ ns=ng fof(diff n7_n5_ny, conjecture)

NUM335+1.p 5-3 = only 2

include(’ Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Vo: (ns \ n3=x = x =ng) fof(diff n5_n3_only_n,, conjecture)

NUM336+1.ponly 5-2 =3

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Vo: (x \ ng=ng = x =mns) fof(diff_only_n5_n2_n,, conjecture)

NUM337+1.p 5-only 3 =2

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

Va: (ns \ z=ny = z =ng3) fof(diff n5_only_n3_n,, conjecture)

NUM338+1.p5-3 =only 2

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

V: (ns \ ns=r = x =ng) fof(diff n5_n3_only_n,, conjecture)

NUM339+1.p Show lower boundary
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Jz: nnjo7 \ ni=x fof(show_lower_boundary, conjecture)

NUMS340+1.p ? - 0 = ?
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Jz: z \ no=x fof(diff_zero_identity, conjecture)

NUM341l+1lpx+y=z<>z-y=x&z-x=y

include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax”)

Jz,y,z: (x+y=2z < (z\y=z and z \ x=y)) fof(add_same_as_subtract, conjecture)

NUM342+1.p XY (X + Y =8) =>X-Y =0
include(’Axioms/NUMO005+0.ax”)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax”)

dz,y: (x + y=ng and x \ y=ng) fof(sum_and_difference, conjecture)

NUMS343+1.p-1<?7 &7 <1=>21+4+7=21

include(’ Axioms/NUMO005+0.ax”)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

Jz: ((less(nny, ) and less(z,n1)) = na1 + x=n21) fof(sum_something n0_samething, conjecture)

NUM3444+1.px+l =z=>z > X

include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

Jz,y: (z + n1=y and less(z,y)) fof(exist_bigger_plus_one, conjecture)

NUMS3454+1.p 2 + 3 < 6

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
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Va: (ng + ng=x = less(z,ng)) fof(sum_n2 n3_less_ng, conjecture)

NUMS346+1.p 2 + 3 > 4

include(’ Axioms/NUMO005+0.ax”)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

Va: (ng + ng=x = less(nq,z)) fof(sum_n2_n3_greater_n,, conjecture)

NUMS3474+1.p2+2=5
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

N9 + No=ns fof(anti_sum_n2_n2 ns, conjecture)

NUM348+1.p X (127 + 1 = X)
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
Jx: nyo7 + ni=x fof(anti_upper_boundary, conjecture)

NUMS349+1.p X (-128 - 1 = X)
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
Jz: nnjaeg \ n1=x fof(anti_lower_boundary, conjecture)

NUMS3504+1.p IXY, (X + X) = Y
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Vr,y: x + x=y fof(anti_sum_x_x_y, conjecture)

NUMS351+1.p XY (X + Y) = X
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Vz,y: x + y=x fof(anti_sum_x_y _x, conjecture)

NUMS352+1.p 7XY (X+Y) I= (X+Y)

include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax”)

include(’ Axioms/NUMO005+2.ax”)

dz,y, 21, 22: (x + y=21 and © + y=29 and 21 # 23) fof(anti_unique, conjecture)

NUMS353+4+1.p XYZ ((X+Y)+2) = (Z+X)+Y)

include(’Axioms/NUMO005+0.ax”)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

Ix,y, 2, 21, 22, 23, 24: (x+y=21 and z1+2=29 and z+x=23 and z3+y=z4 and 2o # 24)

NUM354+1.p ? !'=0such that 7 + 7 =0

include(’ Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

Jz: (x # ng and x 4+ z=nyg) fof(what_what_ng, conjecture)

NUM355+1.p XY (X+Y =8) => X =4,Y =4
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)

fof(anti_associativity, conjecture)

Va,y: (x+y=ng = (x =n4 and y =ny)) fof(anti_sum_only_n4_only_n4_ng, conjecture)

NUMS356+1.p? +0!="7

include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
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NUMS357+1.p ?X (X + 0 = X)
include(’ Axioms/NUMO005+0.ax”)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)
Jz,y: (x + no=y and y # x) fof(anti_sum_identity, conjecture)

NUM358+1.p IX (X + X = X)
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
Vo: x + x=x fof(anti_sum_idempotence, conjecture)

NUM359+1.p IX (X + X = X)
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
Vo: -~z + o=z fof(anti_not_sum_idempotence, conjecture)

NUM360+1.p 7XY X+ Y =8)=>X-Y =1
include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

Jz,y: (x + y=ng and z \ y=n1) fof(exists_sum_consecutive_ng, conjecture)

NUMS361+1.p IXY (X+Y =8) => X - Y = 1,
include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax”)

Ve,y: (x+y=ng = x\y=n1) fof(all_sum_consecutive_ng, conjecture)

NUMS362+1.p IXY (X+Y = 8) => X-Y =0
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Ve,y: (x +y=nsg = x\y=ng) fof(all_sum_same_ng, conjecture)

NUMS363+1.p if (X+Y) =ZthenZ > X & Z > Y
include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax”)

Va,y,z: (x +y=2 = (less(z, 2) and less(y, z))) fof(sum_larger, conjecture)

NUMS364+1.p XY (X + Y > X-Y)

include(’Axioms/NUMO005+0.ax”)

include(’Axioms/NUMO005+1.ax”)

include(’Axioms/NUMO005+2.ax”)

Vo, y, 21, 22: (x + y=2 and x \ y=z2 and less(z1, 22)) fof(anti_sum_diff less;, conjecture)

NUMS365+1.p XY (X-Y >X+Y)

include(’Axioms/NUMO005+0.ax”)

include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

Va,y, 21, 22: (x + y=21 and x \ y=22 and less(zz, 21)) fof(anti_sum_diff_lessq, conjecture)

NUMS3664+1.p 2 + 3 > 7

include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

Va: (ng + ng=x = less(nr,z)) fof(anti_sum_n2_n3_greater_n-, conjecture)

NUM367+1.p 7XY (X + Y I= Y + X)
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax’)
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Va,y, 21, 22: ((x +y=21 and x \ y=22) = less(za,21)) fof(x_plus_y_greater_x_minus_y, conjecture)

NUM368+1.p!-! =0
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax”)

Va: x \ x=ng fof(x_minus_x_equals;, conjecture)

NUM369+1.p! + 0 =!
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax’)

Va: x + no=x fof(n0_identity, conjecture)

NUM370+1.p0 + ! =!
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Va: ng + z=x fof(n0_identy rev, conjecture)

NUM3714+1.pif (X-Y)=Zand Z > 0, then X > Y
include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’ Axioms/NUMO005+2.ax”)

Va,y,z: ((x \ y=z and less(ng, z)) = less(y,x)) fof(difference_greater, conjecture)

NUMS372+1.p if (X - Y) = 0, then X = Y
include(’Axioms/NUMO005+0.ax’)
include(’Axioms/NUMO005+1.ax’)
include(’Axioms/NUMO005+2.ax”)

Ve,y: (x\y=no = z=y) fof(identity, conjecture)

NUMS73+1.p 7XYZ, (X+Y) = (Y+X)

include(’Axioms/NUMO005+0.ax’)

include(’Axioms/NUMO005+1.ax’)

include(’Axioms/NUMO005+2.ax’)

Vo, y,z1,22: (. +y=2 and y + x=20) = 21 = 23) fof(communative, conjecture)

NUM374+1.p Disprove Wilkie identity from Tarski’s identities

Ve,y:x+y=y+x fof(sum_symmetry, axiom)

Vae,y,zzx+(y+2)=(x+y)+2 fof(sum_associativity, axiom)

Veix-ny =z« fof(product_identity, axiom)

Ve,y:x-y=y-x fof(product_symmetry, axiom)

Ve,y,zzx-(y-z)=(z-y) 2 fof(product_associativity, axiom)

Ve,y,z2x-(y+z2)=z-y+z-2 fof(sum_product_distribution, axiom)

Va: exponent(ny, z) = ny fof(exponent_n;, axiom)

Va: exponent(z,ny) = x fof(exponent_identity, axiom)

Va,y, z: exponent(z,y + z) = exponent(z, y) - exponent(z, z) fof(exponent_sum_product, axiom)

Vx,y, z: exponent(z - y, z) = exponent(z, z) - exponent(y, z) fof(exponent_product_distribution, axiom)

Vx,y, z: exponent(exponent(x, y), z) = exponent(z,y - z) fof(exponent_exponent, axiom)

Ye,p,q,7,8,a,b: (¢ = a-aandp = ny +aandg = p+candr = ny +a-cands = (ny +¢)+c-¢) =
exponent(exponent(p, a)+exponent(q, a), b)-exponent(exponent(r, b)+exponent(s, b), a) = exponent(exponent(p, b)+

exponent(q, b), a) - exponent(exponent(r, a) + exponent(s, a), b)) fof(wilkie, conjecture)
NUM374+2.p Disprove Wilkie identity from Tarski’s identities

Ve,y:x4+y=y+x fof(sum_symmetry, axiom)

Ve,y,z2x+ (y+2)=(x+y)+2 fof(sum_associativity, axiom)

Ve:x-ny =x fof(product_identity, axiom)

Ve,y:z-y=vy-x fof(product_symmetry, axiom)

Ve,y,zza-(y-2)=(x-y) 2 fof(product_associativity, axiom)
Ve,y,zzx-(y+z)=z-y+x-2 fof(sum_product_distribution, axiom)

Va: exponent(ny, ) = ny fof(exponent_n,, axiom)

Va: exponent(z,ny) = x fof(exponent_identity, axiom)

Va,y, z: exponent(z,y + z) = exponent(z,y) - exponent(z, z) fof(exponent_sum_product, axiom)
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Va,y, z: exponent(z - y, z) = exponent(z, z) - exponent(y, z) fof(exponent_product_distribution, axiom)

Va,y, z: exponent(exponent(z,y), z) = exponent(x,y - 2) fof(exponent_exponent, axiom)

Ye,p,q,7, 8,0 (lemmas(c, p,q,r,$,0) <= (n2 = n1 +n;andb # ngand b # ny and b # ny and Va: b # ng -
zandVx: p # q-zandVr: ¢ # p-rxandVa: r # s-rzandVa: s # r-zandn; +ng # ny and ny + ng #
n1 and ng+ng # nq and ¢ # ny and ny + ¢ # ny and ¢-ng # ny and ny +ng # ng and ng + ng # ng and ng +ng #F
ng and ¢ # ng and ny + ¢ # ng and ng +ng #£ ny +ng and ¢ # ny +ng and ¢-ng # Ny +ng and ¢ # ns +ng and ¢ #

ng + ng and ny + ¢ # ¢)) fof(lemmas, axiom)
ng # ny fof(n0_n;, axiom)
ng # no fof(n0_ng, axiom)
ny 7 ng fof(nl_ng, axiom)

Ve, p,q,r, 8,a,b: ((¢ = a-a and p = ny+a and ¢ = p+c and r = n1+a-c and s = (n1+c¢)+c-c and lemmas(c, p,q,r, s,b)) =
exponent(exponent(p, a)+exponent(q, a), b)-exponent(exponent(r, b)+exponent(s, b), a) = exponent(exponent(p, b)+
exponent(q, b), a) - exponent(exponent(r, a) + exponent(s, a), b)) fof(wilkie, conjecture)

NUM374+3.p Disprove Wilkie identity from Tarski’s identities

Ve,y:x+y=y+zx fof(sum_symmetry, axiom)

Vae,y,z2x+(y+2)=(x+y)+2 fof(sum_associativity, axiom)

Veix-ng =z fof(product_identity, axiom)

Ve,y:x-y=y-x fof(product_symmetry, axiom)

Vae,y,z2x-(y-2)=(x-y)- 2 fof(product_associativity, axiom)
Ve,y,z2x-(y+z2)=z-y+z-z fof(sum_product_distribution, axiom)

Va: exponent(ny, z) = ny fof(exponent_n,, axiom)

Va: exponent(z,nq) =z fof(exponent_identity, axiom)

Va,y, z: exponent(z,y + z) = exponent(x, y) - exponent(z, z) fof(exponent_sum_product, axiom)
Va,y, z: exponent(z - y, z) = exponent(z, z) - exponent(y, z) fof(exponent_product_distribution, axiom)
Va,y, z: exponent(exponent(z,y), z) = exponent(x,y - 2) fof(exponent_exponent, axiom)

ng # n1 fof(n0_n;, axiom)

Ye,p,q,7y8,0: ((c = ng-mpandp = ny +npandg = p+candr =ny +np-cands = (n; +¢)+c-¢) =
exponent(exponent(p, ng)+exponent(q, ng), b)-exponent(exponent(r, b)+exponent(s, b),ng) = exponent(exponent(p, b)+
exponent(q, b), ng) - exponent(exponent(r, ng) + exponent(s, ng), b)) fof(wilkie, conjecture)

NUM374+4.p Disprove Wilkie identity from Tarski’s identities

Ve,y:x4+y=y+=x fof(sum_symmetry, axiom)

Ve,y,zzx+ (y+2)=(x+y)+2 fof(sum_associativity, axiom)

Ve:x-ny =z fof(product_identity, axiom)

Ve,y:z-y=y-x fof(product_symmetry, axiom)

Ve,y,zza-(y-2)=(z-y) 2 fof(product_associativity, axiom)
Ve,y,zzx-(y+z)=z-y+x-2 fof(sum_product_distribution, axiom)

Va: exponent(ny, x) = ng fof(exponent_n,, axiom)

Va: exponent(z,ny) = x fof(exponent_identity, axiom)

Va,y, z: exponent(z,y + z) = exponent(z,y) - exponent(z, z) fof(exponent_sum_product, axiom)
Va,y, z: exponent(z - y, z) = exponent(z, z) - exponent(y, z) fof(exponent_product_distribution, axiom)
Vx,y, z: exponent(exponent(x, y), z) = exponent(z,y - z) fof(exponent_exponent, axiom)

Ve, p,q,7,8,b: (lemmas(c, p,q,7,8,0) < (n2 = ny +nyandb # ngand b # ny and b # ny and Va: b # ng -
zandVz: p # g-xzandVa: ¢ # p-rzandVe: r # s-zandVa: s # r-xand ny + ng # ny and ng + ng #
n1 and ng + ng # ny and ¢ # ny and ny + ¢ # ny and ¢-ng # ny and ny +ng # ng and ng +ng # ng and ng + ng #
ng and ¢ # ng and ny + ¢ # ng and ng +ng # Ny +ng and ¢ # ny +ng and ¢-ng # n1 +ng and ¢ # ng +ng and ¢ #

ng + no and ny + ¢ # ¢)) fof(lemmas, axiom)
ng # nq fof(n0_ny, axiom)
ng # N2 fof(n0_no, axiom)
ny # ng fof(nl ny, axiom)

Ye,p,q,1,8,b: ((¢ = ng-ng and p = n1+ng and ¢ = p+c and r = ny+ng-c and s = (n1+c)+c-c and lemmas(c, p,q,r, s,b)) =
exponent(exponent(p, ng)+exponent(q, ng), b)-exponent(exponent(r, b)+exponent(s, b), ng) = exponent(exponent(p, b)+
exponent(q, b), ng) - exponent(exponent(r, ng) + exponent(s, ng), b)) fof(wilkie, conjecture)

NUM380+1.p Ordinal numbers, theorem 4

Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)

Va: (empty(a) = function(a)) fof(ccl_functy, axiom)

Va: (empty(a) = relation(a)) fof(ccl_relaty, axiom)

Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio

 (
 (
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Ya,b,c,d,e: (e = unordered_quadruple(a,b,c,d) <= Vf: (in(f,e) < —f #aand f Zband f # cand [ #
d)) fof(d2_enumset , axiom)

Va: 3b: element(b, a) fof(existence_m1_subsety, axiom)

empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12_relaty, axiom)
empty(empty_set) fof(fc1_xbooleg, axiom)

empty(empty_set) and relation(empty _set) fof(fc4 relaty, axiom)

Ja: (relation(a) and function(a)) fof(rcl_functy, axiom)

Ja: (empty(a) and relation(a)) fof(rcl_relaty, axiom)

Ja: empty(a) fof(rel_xbooley, axiom)

Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy, axiom)

Ja: (- empty(a) and relation(a)) fof(rc2_relaty, axiom)

Ja: —empty(a) fof(rc2_xbooleg, axiom)

Ja: (relation(a) and function(a) and one_to_one(a)) fof(rc3_funct, , axiom)

Ja: (relation(a) and relation_empty_yielding(a)) fof(rc3_relaty, axiom)

Ja: (relation(a) and relation_empty_yielding(a) and function(a)) fof(rc4 _functy , axiom)
Ja: (relation(a) and relation_non_empty(a) and function(a)) fof(reh_functy , axiom)

Va,b: (in(a,b) = element(a,b)) fof(t1_subset, axiom)

Va,b: (element(a,b) = (empty(b) or in(a,b))) fof(t2_subset, axiom)

Va,b,c,d: ~in(a,b) and in(b, ¢) and in(c, d) and in(d, a) fof(t4_ordinaly , conjecture)
Va: (empty(a) = a = empty_set) fof(t6-boole, axiom)

Va,b: —in(a,b) and empty(b) fof(t7_boole, axiom)

Va,b: —in(a, b) and Ve: —in(c, b) and Vd: —in(d, b) and in(d, c) fof(t7_tarski, axiom)
Va,b: mempty(a) and a # b and empty(b) fof(t8_boole, axiom)

NUM381+1.p Ordinal numbers, theorem 5

Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)

Va: (empty(a) = function(a)) fof(ccl_functy, axiom)

Va: (empty(a) = relation(a)) fof(ccl_relaty, axiom)

Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio
Ya,b,c,d,e, f: (f = unordered_quintuple(a,b,c,d,e) < Vg: (in(g, f) <= —-g#aand g #band g # cand g #
d and g # e)) fof(d3_enumset;, axiom)

Va: 3b: element (b, a) fof(existence_m1_subsety, axiom)

empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12_relaty, axiom)
empty(empty_set) fof(fcl_xbooleg, axiom)

empty(empty_set) and relation(empty_set) fof(fc4 relaty, axiom)

Ja: (relation(a) and function(a)) fof(rcl_functy, axiom)

Ja: (empty(a) and relation(a)) fof(rcl_relaty, axiom)

Ja: empty(a) fof(rel_xbooley, axiom)

Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy, axiom)

Ja: (- empty(a) and relation(a)) fof(rc2_relaty, axiom)

Ja: —empty(a) fof(rc2 xbooley, axiom)

Ja: (relation(a) and function(a) and one_to_one(a)) fof(rc3_functy , axiom)

Ja: (relation(a) and relation_empty_yielding(a)) fof(rc3_relaty, axiom)

Ja: (relation(a) and relation_empty_yielding(a) and function(a)) fof(rc4_functy, axiom)
Ja: (relation(a) and relation_non_empty(a) and function(a)) fof(rch_functy, axiom)

Va,b: (in(a,b) = element(a,b)) fof(t1_subset, axiom)

Va,b: (element(a,b) = (empty(b) or in(a,b))) fof(t2_subset, axiom)

Ya,b,c,d,e: ~in(a,b) and in(b, ¢) and in(c, d) and in(d, e) and in(e, a) fof(t5-ordinal; , conjecture)
Va: (empty(a) = a = empty_set) fof(t6_-boole, axiom)

Va,b: —in(a, b) and empty(b) fof(t7_boole, axiom)

Va,b: —in(a, b) and Ve: —in(c, b) and Vd: —in(d, b) and in(d, c) fof(t7_tarski, axiom)

Va,b: mempty(a) and a # b and empty(b) fof(t8_boole, axiom)

NUM382+1.p Ordinal numbers, theorem 6
Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)

Va: (empty(a) = function(a)) fof(ccl_functy, axiom)
Va: (empty(a) = relation(a)) fof(ccl_relaty, axiom)
Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio

Ya,b,c,d e, f,g: (9 = unordered_sextuple(a,b,c,d,e, f) <= Vh: (in(h,g) <= —-h # aandh # band h #
cand h # d and h # e and h # f)) fof(d4_-enumset, , axiom)
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Va: 3b: element (b, a) fof(existence_m1_subset; , axiom)

empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12 relaty, axiom)
empty (empty_set) fof(fcl xbooley, axiom)

empty(empty_set) and relation(empty_set) fof(fcd_relat;, axiom)

Ja: (relation(a) and function(a)) fof(rcl_functy, axiom)

Ja: (empty(a) and relation(a)) fof(rcl_relaty, axiom)

Ja: empty(a) fof(rcl xbooleg, axiom)

Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy, axiom)

Ja: (—empty(a) and relation(a)) fof(rc2_relaty, axiom)

Ja: —empty(a) fof(rc2_xbooley, axiom)

Ja: (relation(a) and function(a) and one_to_one(a)) fof(re3_functy, axiom)

Ja: (relation(a) and relation_empty_yielding(a)) fof(rc3_relaty, axiom)

Ja: (relation(a) and relation_empty_yielding(a) and function(a)) fof(rcd_functy, axiom)
Ja: (relation(a) and relation non_empty(a) and function(a)) fof(rc5_functy, axiom)

Va,b: (in(a,b) = element(a,b)) fof(t1_subset, axiom)

Va,b: (element(a,b) = (empty(b) or in(a,b))) fof(t2_subset, axiom)

Va: (empty(a) = a = empty_set) fof(t6_boole, axiom)

Ya,b,c,d, e, f: ~in(a,b) and in(b, ¢) and in(c, d) and in(d, e) and in(e, f) and in(f, a) fof(t6_ordinal; , conjecture)
Va,b: —in(a, b) and empty(b) fof(t7_boole, axiom)

Va,b: =in(a, b) and Ve: —in(c, b) and Vd: —in(d, b) and in(d, c) fof(t7_tarski, axiom)

Va,b: mempty(a) and a # b and empty(b) fof(t8_boole, axiom)

NUM383+1.p Ordinal numbers, theorem 7

Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)

Va: (empty(a) = function(a)) fof(ccl_functy, axiom)

Va: (empty(a) = relation(a)) fof(ccl relaty, axiom)

Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio
Va: 3b: element (b, a) fof(existence_m1_subset;, axiom)

empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12_relaty, axiom)

empty (empty_set) fof(fcl xbooley, axiom)

empty (empty_set) and relation(empty_set) fof(fcd relaty, axiom)

Ja: (relation(a) and function(a)) fof(rcl_functy, axiom)

Ja: (empty(a) and relation(a)) fof(rcl_relat;, axiom)

Ja: empty(a) fof(rcl_xbooley, axiom)

Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy, axiom)

Ja: (—empty(a) and relation(a)) fof(rc2_relaty, axiom)

Ja: ~empty(a) fof(rc2_xbooley, axiom)

Ja: (relation(a) and function(a) and one_to_one(a)) fof(re3_functy, axiom)

Ja: (relation(a) and relation_empty_yielding(a)) fof(rc3_relaty, axiom)

Ja: (relation(a) and relation_empty_yielding(a) and function(a)) fof(rc4_funct, , axiom)
Ja: (relation(a) and relation non_empty(a) and function(a)) fof(rc5_funct, , axiom)
Ya,b:a Ca fof(reflexivity rl_tarski, axiom)

Va,b: (in(a,b) = element(a,b)) fof(t1_subset, axiom)

Va,b: (element(a,b) = (empty(b) or in(a,b))) fof(t2_subset, axiom)

Va,b: (element(a, powerset(b)) <= a C b) fof(t3_subset, axiom)

Va, b, c: ((in(a,b) and element (b, powerset(c))) = element(a,c)) fof(t4_subset, axiom)

Va,b,c: =in(a,b) and element (b, powerset(c)) and empty(c) fof(t5_subset, axiom)
Va: (empty(a) = a = empty_set) fof(t6-boole, axiom)

Va,b: —in(a,b) and empty(b) fof(t7_boole, axiom)

Va,b: —in(a,b) and b C a fof(t7_ordinaly, conjecture)

Va, b: —empty(a) and a # b and empty(b) fof(t8_boole, axiom)

NUMS385+1.p Ordinal numbers, theorem 12

Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)
Va: (empty(a) = function(a)) fof(ccl_functy, axiom)

Va: (empty(a) = relation(a)) fof(ccl_relaty, axiom)

Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio
Va, b: set_unions (a, b) = set_uniony (b, a) fof(commutativity k2 _xboole,, axiom)
Va: succ(a) = set_unions(a, singleton(a)) fof(d1_ordinal;, axiom)

Va,b: (b = singleton(a) <= Ve: (in(c,b) <= c=a)) fof(d1_tarski, axiom)



50

Ya, b, c: (¢ = set_unionz(a,b) <= Vd: (in(d,c¢) < (in(d,a) or in(d,b)))) fof(d2_xbooleg, axiom)
Va: 3b: element (b, a) fof(existence_m1_subset;, axiom)

empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12 relaty, axiom)
Va: — empty(suce(a)) fof(fc1l_ordinal; , axiom)

empty(empty_set) fof(fc1_xbooleg, axiom)

Va,b: ((relation(a) and relation(b)) = relation(set_uniona(a,b))) fof(fc2_relaty, axiom)
Va,b: (mempty(a) = —empty(set_unions(a,b))) fof(fc2_xbooleg, axiom)

Va,b: (mempty(a) = —empty(set_unions(b,a))) fof(fc3_xbooleg, axiom)
empty(empty_set) and relation(empty_set) fof(fcd relat, axiom)

Va, b: set_unions(a,a) = a fof(idempotence_k2_xboole, axiom)

Ja: (relation(a) and function(a)) fof(rcl_functy, axiom)

Ja: (empty(a) and relation(a)) fof(rcl_relaty, axiom)

Ja: empty(a) fof(rcl xbooleg, axiom)

Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy, axiom)

Ja: (—empty(a) and relation(a)) fof(rc2_relaty, axiom)

Ja: —empty(a) fof(rc2_xbooley, axiom)

Ja: (relation(a) and function(a) and one_to_one(a)) fof(rc3_functy , axiom)

Ja: (relation(a) and relation_empty_yielding(a)) fof(rc3_relaty, axiom)

Ja: (relation(a) and relation_empty_yielding(a) and function(a)) fof(rc4_functy, axiom)
Ja: (relation(a) and relation_non_empty(a) and function(a)) fof(re5_functy , axiom)

Va: in(a, succ(a)) fof(t10_ordinal; , axiom)

Va, b: (succ(a) = succ(b) = a =0b) fof(t12_ordinaly, conjecture)

Va: set_unions (a, empty_set) = a fof(t1_boole, axiom)

Va,b: (in(a,b) = element(a,bd)) fof(t1_subset, axiom)

Va,b: (element(a,b) = (empty(b) or in(a,b))) fof(t2_subset, axiom)

Va: (empty(a) = a = empty_set) fof(t6_boole, axiom)

Va,b: —in(a, b) and empty(b) fof(t7_boole, axiom)

Va,b: mempty(a) and a # b and empty(b) fof(t8_boole, axiom)

NUM386+1.p Ordinal numbers, theorem 13

Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)
Va: (empty(a) = function(a)) fof(ccl_functy, axiom)

Va: (empty(a) = relation(a)) fof(ccl relaty, axiom)

Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio
Va, b: set_unions(a, b) = set_uniony (b, a) fof(commutativity_k2_xboole,, axiom)
Va: succ(a) = set_unions(a, singleton(a)) fof(d1_ordinal;, axiom)

Va,b: (b = singleton(a) <= Vc: (in(c,b) <= ¢ =a)) fof(d1_tarski, axiom)
Ya, b, c: (¢ = set_unionz(a,b) <= Vd: (in(d,c¢) < (in(d,a) or in(d,b)))) fof(d2_xbooleg, axiom)

Va: 3b: element(b, a) fof(existence_m1_subsety, axiom)

empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12_relaty, axiom)
Va: - empty(succ(a)) fof(fcl_ordinal; , axiom)

empty(empty_set) fof(fc1 xbooleg, axiom)

Va,b: ((relation(a) and relation(b)) = relation(set_uniong(a,b))) fof(fc2_relat, axiom)

Va,b: (mempty(a) = —empty(set_unions(a,b))) fof(fc2_xbooley, axiom)
Va,b: (mempty(a) = —empty(set_unions(b,a))) fof(fc3_xbooley, axiom)
empty(empty_set) and relation(empty_set) fof(fcd_relat;, axiom)

\_/\_/

Va, b: set_uniona(a,a) = a fof(idempotence_k2_xboole, axiom)

Ja: (relation(a) and function(a)) fof(rcl_functy, axiom)

Ja: (empty(a) and relation(a)) fof(rcl relat, axiom)

Ja: empty(a) fof(rcl xbooleg, axiom)

Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy , axiom)

Ja: (- empty(a) and relation(a)) fof(rc2_relaty, axiom)

Ja: —empty(a) fof(rc2_xbooley, axiom)

Ja: (relation(a) and function(a) and one_to_one(a)) fof(rc3_funct, , axiom)

Ja: (relation(a) and relation_empty_yielding(a)) fof(rc3_relaty, axiom)

Ja: (relation(a) and relation_empty_yielding(a) and function(a)) fof(rc4_functy, axiom)
Ja: (relation(a) and relation_non_empty(a) and function(a)) fof(rc5_functy , axiom)
Va,b: (in(a,succ(b)) < (in(a,db) or a = b)) fof(t13_ordinaly, conjecture)

Va: set_unionz (a, empty_set) = a fof(t1_boole, axiom)

Va,b: (in(a,b) = element(a,bd)) fof(t1_subset, axiom)
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Va, b: (element(a,b) = (empty(d) or in(a,b))) fof(t2_subset, axiom)
Va: (empty(a) = a = empty_set) fof(t6_boole, axiom)

Va,b: —in(a, b) and empty(b) fof(t7_boole, axiom)

Va,b: mempty(a) and a # b and empty(b) fof(t8_boole, axiom)

NUM387+1.p Ordinal numbers, theorem 14

Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)

Va: (empty(a) = function(a)) fof(ccl_functy, axiom)

Va: (empty(a) = relation(a)) fof(ccl_relaty, axiom)

Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio
Va, b: set_unions (a, b) = set_uniony (b, a) fof(commutativity_k2 _xboole, axiom)

Va: succ(a) = set_unions(a, singleton(a)) fof(d1_ordinal;, axiom)

Va: 3b: element (b, a) fof(existence_m1_subset;, axiom)

empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12_relaty, axiom)

Va: = empty(succ(a)) fof(fcl-ordinal;, axiom)
)

empty (empty_set) fof(fcl xbooley, axiom)
Va,b: ((relation(a) and relation(b)) = relation(set_unions(a,b))) fof(fc2_relat;, axiom)
Va,b: (mempty(a) = —empty(set_unions(a,bd))) fof(fc2_xbooleg, axiom)
Va,b: (—mempty(a) = —empty(set_uniony(b,a))) fof(fc3 xbooleg, axiom)
empty(empty_set) and relation(empty _set) fof(fcd relaty, axiom)
Va, b: set_uniong(a,a) = a fof(idempotence_k2_xboole,, axiom)
Ja: (relation(a) and function(a)) fof(rcl_functy, axiom)
Ja: (empty(a) and relation(a)) fof(rcl_relat;, axiom)
Ja: empty(a) fof(rcl_xbooley, axiom)
Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy, axiom)
Ja: (—empty(a) and relation(a)) fof(rc2_relaty, axiom)
Ja: ~empty(a) fof(rc2_xbooley, axiom)
Ja: (relation(a) and function(a) and one_to_one(a)) fof(re3_functy, axiom)
Ja: (relation(a) and relation_empty_yielding(a)) fof(re3_relaty, axiom)
Ja: (relation(a) and relation_empty_yielding(a) and function(a)) fof(rc4_funct, , axiom)
Ja: (relation(a) and relation non_empty(a) and function(a)) fof(rc5_functy , axiom)
Va: in(a, succ(a)) fof(t10_ordinal; , axiom)
a

Va: a # succ(a) fof(t14_ordinal;, conjecture)

Va: set_unions(a, empty_set) = a fof(t1_boole, axiom)

Va,b: (in(a,b) = element(a,b)) fof(t1_subset, axiom)

Va,b: (element(a,b) = (empty(b) or in(a,b))) fof(t2_subset, axiom)
Va: (empty(a) = a = empty_set) fof(t6-boole, axiom)

Va,b: =in(a,b) and empty(b) fof(t7_boole, axiom)

Va,b: mempty(a) and a # b and empty(b) fof(t8_boole, axiom)

NUM388+1.p Ordinal numbers, theorem 19
Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)
Va: (empty(a) = function(a)) fof(ccl_functy, axiom)

Va: (ordinal(a) = (epsilon_transitive(a) and epsilon_connected(a))) fof(ccl-ordinaly, axiom)

Va: (empty(a) = relation(a)) fof(ccl_relaty, axiom)

Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio
Va: ((epsilon_transitive(a) and epsilon_connected(a)) = ordinal(a)) fof(cc2_ordinal;, axiom)

Va: (epsilon_transitive(a) <= Vb: (in(b,a) = b C a)) fof(d2_ordinal;, axiom)

Va: 3b: element (b, a) fof(existence_m1_subset;, axiom)

empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12_ relaty, axiom)
empty(empty_set) fof(fc1_xbooley, axiom)

empty(empty_set) and relation(empty_set) fof(fcd_relat;, axiom)

Ja: (relation(a) and function(a)) fof(rcl_funct,, axiom)

Ja: (epsilon_transitive(a) and epsilon_connected(a) and ordinal(a)) fof(rcl_ordinaly, axiom)
Ja: (empty(a) and relation(a)) fof(rcl_relaty, axiom)

Ja: empty(a) fof(rel_xbooley, axiom)

Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy, axiom)

Ja: (- empty(a) and relation(a)) fof(rc2_relaty, axiom)

Ja: ~empty(a) fof(rc2 xbooley, axiom)

Ja: (relation(a) and function(a) and one_to_one(a)) fof(rc3_funct, , axiom)
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Ja: (relation(a) and relation_empty _yielding(a)) fof(rc3_relaty, axiom)

Ja: (relation(a) and relation_empty _yielding(a) and function(a)) fof(rcd functy, axiom)
Ja: (relation(a) and relation non_empty(a) and function(a)) fof(rc5_functy, axiom)
Va,b:a Ca fof(reflexivity r1_tarski, axiom)

Va: (ordinal(a) = Vb: (ordinal(b) = Ve: (epsilon_transitive(c) = ((in(c,a) and in(a,d)) = in(c,d))))) fof(t19_ordinal;,
Va,b: (in(a,b) = element(a,b)) fof(t1_subset, axiom)

Va,b: (element(a,b) = (empty(b) or in(a,b))) fof(t2_subset, axiom)

Va, b: (element(a, powerset(b)) <= a C b) fof(t3_subset, axiom)

Va,b,c: ((in(a,b) and element (b, powerset(c))) = element(a,c)) fof(t4_subset, axiom)
Va,b,c: —in(a,b) and element (b, powerset(c)) and empty(c) fof(t5_subset, axiom)

Va: (empty(a) = a = empty_set) fof(t6_boole, axiom)

Va,b: —in(a, b) and empty(d) fof(t7_boole, axiom)

Va,b: mempty(a) and a # b and empty(b) fof(t8-boole, axiom)

NUM395+1.p Ordinal numbers, theorem 27

Va: 3b: element (b, a) fof(existence_m1_subset; , axiom)

Va,b: (element(a,b) = (empty(b) or in(a,b))) fof(t2_subset, axiom)

Va,b: (in(a,b) = —in(b,a)) fof(antisymmetry_r2_hidden, axiom)

Va,b: (in(a,b) = element(a,b)) fof(t1_subset, axiom)

Va: (empty(a) = function(a)) fof(ccl_functy, axiom)

Va: ((relation(a) and empty(a) and function(a)) = (relation(a) and function(a) and one_to_one(a))) fof(cc2_functy, axio
Va: (empty(a) = relation(a)) fof(ccl_relaty, axiom)

Va,b: —in(a, b) and empty(d) fof(t7_boole, axiom)

Va,b: mempty(a) and a # b and empty(b) fof(t8-boole, axiom)

Va: (ordinal(a) = (epsilon_transitive(a) and epsilon_connected(a))) fof(ccl-ordinaly, axiom)
Va: ((epsilon_transitive(a) and epsilon_connected(a)) = ordinal(a)) fof(cc2_ordinaly, axiom)
Ja: (epsilon_transitive(a) and epsilon_connected(a) and ordinal(a)) fof(rcl_ordinaly , axiom)
Ja: (relation(a) and function(a)) fof(rcl_functy, axiom)

Ja: (relation(a) and empty(a) and function(a)) fof(rc2_functy, axiom)

Ja: (relation(a) and function(a) and one_to_one(a)) fof(rc3_functy, axiom)

Ja: (relation(a) and relation_empty_yielding(a) and function(a)) fof(rc4 _functy , axiom)

Ja: (relation(a) and relation_non_empty(a) and function(a)) fof(rch_functy, axiom)
empty(empty_set) and relation(empty _set) fof(fc4 relaty, axiom)
empty(empty_set) and relation(empty_set) and relation_empty_yielding(empty_set) fof(fc12 relaty, axiom)

Ja: (empty(a) and relation(a)) fof(rcl_relaty, axiom)

Ja: (—empty(a) and relation(a)) fof(rc2_relaty, axiom)

Ja: (relation(a) and relation_empty_yielding(a)) fof(rc3_relaty, axiom)
empty (empty_set) fof(fcl xbooley, axiom)

Ja: empty(a) fof(rcl xbooleg, axiom)

Ja: ~empty(a) fof(rc2_xbooley, axiom)

Va: (empty(a) = a = empty_set) fof(t6_boole, axiom)

ordinal(empty_set) fof(t27_ordinaly , conjecture)

Va: (ordinal(a) <= (epsilon_transitive(a) and epsilon_connected(a))) fof(d4_ordinal; , axiom)
epsilon_transitive(empty_set) and epsilon_connected(empty _set) fof(118_ordinaly , axiom)

NUMA415A1.p 2 * (3 + 7) = (2% 5) * (1 + 1)
include(’ Axioms/NUMO006"0.ax’)
(-@two@(+@Qthree@seven)) = (-Q(-QtwoQfive)Q(+@1Q1)) thf(thm, conjecture)

NUMA416A1.p 10 * (10 * 10) = (10 + 10) * (5 * 10)
include(’Axioms/NUMO006"0.ax’)
(-@Qten@(-Qten@ten)) = (-@Q(4+Qten@ten)@(-Qfive@ten)) thf(thm, conjecture)

NUMA417A1.p (10 * 10) * (10 * 10) = ((10 * 10) * 10) * 10
include(’ Axioms/NUMO006"0.ax’)
(-Q(-Qten@ten)Q(-Qten@Qten)) = (-Q(-Q(-Qten@ten)Qten)@Qten) thf(thm, conjecture)

NUM418A1.p Find N such that N + 3 =3
include(’Axioms/NUMO006"0.ax’)
In: ($1 — 8$i) — $i — $i: (+@nQthree) = three thf(thm, conjecture)

NUMA419A1.p Find N such that N + 3 =4
include(’Axioms/NUMO006"0.ax’)
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In: ($i — $i) — $i — $i: (+@n@Qthree) = four thf(thm, conjecture)

NUM421+1.p Fuerstenberg’s infinitude of primes 01, 00 expansion

Vwg: (alntegery(wo) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwp: (alntegery(wo) = alnteger,(smndto(wp))) fof(mIntNeg, axiom)

Ywg, wy: ((alntegery(wo) and alntegery(wy)) = alnteger,(sdtpldt,(wg, w1))) fof(mIntPlus, axiom)

YVwo, ws: ((alntegery(wo) and alntegery(wy)) = alntegery(sdtasdto(wo, w1))) fof(mIntMult, axiom)

Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we)) = sdtpldt,(wo, sdtpldty(wy, we)) = sdtpldty(sdtpldt, (w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtpldty(wg, w1) = sdtpldty (w1, wo)) fof(mAddComm, axiom)

Ywg: (alntegery(wo) = (sdtpldty(wo, szoo) = wo and we = sdtpldt,(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndtg(wp)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywg, w1, wa: ((alntegery(wp) and alntegery(wy) and alntegery(ws)) = sdtasdto(wo, sdtasdty(wy, ws)) = sdtasdto(sdtasdto(w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtasdto(wo,wr) = sdtasdto(ws, wp)) fof(mMulComm, axiom)
) =
(

=

YVwg: (alntegery(wo) = (sdtasdto(wo,sz10) = wo and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)

Ywo, wy, ws: ((alntegery(wo) and alntegery(wy) and alntegery(wz)) = (sdtasdto(wo, sdtpldty(wy, wz)) = sdtpldt,(sdtasdto(
sdtpldt (sdtasdto(wo, we), sdtasdty (wy, w2)))) fof(mDistrib, axiom)

alnteger, (xa) fof(m_419, hypothesis)

sdtasdto(xa, szgg) = szgo and szgg = sdtasdto(szgg, xa) fof(m__, conjecture)

NUM422+1.p Fuerstenberg’s infinitude of primes 02, 00 expansion

YVwg: (alntegery(wo) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwp: (alntegery(wy) = alnteger,(smndto(wp))) fof(mIntNeg, axiom)

Ywg, wy: ((alntegery(wo) and alntegery(wy)) = alnteger,(sdtpldt,(wg, w1))) fof(mIntPlus, axiom)

YVwg, ws: ((alntegery(wo) and alntegery(wy)) = alntegery(sdtasdto(wo, w1))) fof(mIntMult, axiom)

Ywo, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(we)) = sdtpldt,(wo, sdtpldty(wy, we)) = sdtpldty(sdtpldt, (w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtpldty(wg, w1) = sdtpldty(wy, wo)) fof(mAddComm, axiom)

Ywg: (alntegery(wo) = (sdtpldty(wo, szo0) = wo and wy = sdtpldt,(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndtg(wp)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywo, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(ws)) = sdtasdto(wo, sdtasdty(wy, ws)) = sdtasdto(sdtasdto(w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtasdto(wog,wr) = sdtasdto(ws, wp)) fof(mMulComm, axiom)
)=
(

o~ —

YVwg: (alntegery(wo) = (sdtasdto(wo,sz10) = wo and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)
Ywo, wy, ws: ((alntegery(wo) and alntegery(wy) and alntegery(wz)) = (sdtasdto(wo, sdtpldty(wi, ws)) = sdtpldt,(sdtasdto(
sdtpldt, (sdtasdto (wo, we), sdtasdtg (wy, w2)))) fof(mDistrib, axiom)

YVwg: (alntegery(wo) = (sdtasdto(wo,szo0) = szgo and szgg = sdtasdto(szgo, wo))) fof(mMulZero, axiom)
alntegery(xa) fof(m_g46, hypothesis)
sdtasdto(smndto(sz10),xa) = smndtg(xa) fof(m__, conjecture)

NUM423+1.p Fuerstenberg’s infinitude of primes 03, 00 expansion

Vwp: (alntegery(wg) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwg: (alntegery(wo) = alnteger,(smndtg(wp))) fof(mIntNeg, axiom)
Ywg, wy: ((alntegery(wo) and alntegery(w; alnteger, (sdtpldt,(wg, w1))) fof(mIntPlus, axiom)
Ywo, wy: ((alntegery(wo) and alntegery(w; alnteger (sdtasdto(wo, w1))) fof(mIntMult, axiom)

) =

) =

Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(ws)) = sdtpldt,(wo, sdtpldty(wy, we)) = sdtpldty(sdtpldt, (w
)
)=

o~ —

Ywo, wy: ((alntegery(wo) and alntegery(wy)) = sdtpldty(wg, w1) = sdtpldty (w1, wo)) fof(mAddComm, axiom)

Vwp: (alntegery(wo) = (sdtpldty(wo,sze0) = wo and we = sdtpldt(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndtg(wp)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywo, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(we)) = sdtasdto(wo, sdtasdto(wy, ws)) = sdtasdto(sdtasdto(w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtasdto(wo,wr) = sdtasdto(ws, wp)) fof(mMulComm, axiom)

YVwg: (alntegery(wo) = (sdtasdto(wo,sz10) = wo and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)

Ywo, w1, wa: ((alntegery(wo) and alnteger,(w;) and alntegery(ws)) = (sdtasdto(wo, sdtpldt,(wi, ws)) = sdtpldt,(sdtasdte(
sdtpldt (sdtasdto(wo, we), sdtasdtg (wy, w2)))) fof(mDistrib, axiom)

YVwg: (alntegery(wo) = (sdtasdto(wo,szo0) = szgo and szgg = sdtasdto(szgo, wo))) fof(mMulZero, axiom)

YVwg: (alntegery(wo) = (sdtasdto(smndtg(sz10), wo) = smndto(wp) and smndtg(wy) = sdtasdto(wg, smndtg(sz1p)))) fof(n
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = (sdtasdto(wo,w1) = sz00 = (wo = szgp Or W1 = 8zgp))) fof(mZeroDiv, a:
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YVwg: (alntegery(wo) = Vw;: (aDivisorOfy(wy, wy) <= (alntegery(wq) and w; # szg0 and Jwq: (alntegery(ws) and sdtasdt,
wp)))) fof(mDivisor, definition)

Ywo, wy, ws: ((alntegery(wo) and alntegery(wy) and alntegery(ws) and we # szg0) = (sdteqdtlpzmzozddtrp,(wg, wy, ws) <
aDivisorOfy (ws, sdtpldty (wo, smndtg(wy))))) fof(mEquMod, definition)

alnteger,(xa) and alnteger,(xq) and xq # szgg fof(m_g71, hypothesis)

sdteqdtlpzmzozddtrp,(xa, xa, xq) fof(m__, conjecture)

NUM423+3.p Fuerstenberg’s infinitude of primes 03, 02 expansion

YVwg: (alntegery(wg) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwg: (alntegery(wo) = alnteger,(smndtg(wg))) fof(mIntNeg, axiom)
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = alntegery(sdtpldt,(wo, w1))) fof(mIntPlus, axiom)

Ywo, ws: ((alntegery(wo) and alntegery(wy)) = alntegery(sdtasdto(wo, w1))) fof(mIntMult, axiom)

Ywg, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(ws)) = sdtpldt,(wp, sdtpldty(wy, ws)) = sdtpldty (sdtpldt, (w
Ywo, ws: ((alntegery(wp) and alntegery(wy)) = sdtpldty(wg, w1) = sdtpldty(wy, wo)) fof(mAddComm, axiom)

YVwg: (alntegery(wo) = (sdtpldty(wo, szo0) = wo and wo = sdtpldt,(szeo, wo))) fof(mAddZero, axiom)

YVwg: (alntegery(wo) = (sdtpldty(wo, smndto(wp)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywo, wy, ws: ((alntegery(wo) and alntegery(wy) and alntegery(ws)) = sdtasdt(wo, sdtasdto(wy, wse)) = sdtasdte(sdtasdto(uw
YVwo, w1: ((alntegery(wo) and alntegery(wr)) = sdtasdto(wg, w1) = sdtasdto(wr, wo)) fof(mMulComm, axiom)

YVwg: (alntegery(wo) = (sdtasdto(wo,sz10) = we and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)

Ywg, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(ws)) = (sdtasdto(wo, sdtpldt,(wy, ws)) = sdtpldt,(sdtasdto(
sdtpldt (sdtasdto(wo, we), sdtasdte (wy, w2)))) fof(mDistrib, axiom)

Ywg: (alntegery(wo) = (sdtasdto(wo,sz00) = szoo and szgg = sdtasdto(szgo, wo))) fof(mMulZero, axiom)
YVwg: (alntegery(wg) = (sdtasdto(smndtg(sz10), wo) = smndtg(wp) and smndty(we) = sdtasdto(wg, smndtg(sz1p)))) fof(n
Ywo, ws: ((alntegery(wp) and alntegery(wy)) = (sdtasdto(wo,w1) = sz00 = (wo = szgp Or w1 = SZgp))) fof(mZeroDiv, a:

Vwg: (alntegery(wo) = Vw;: (aDivisorOfy(wy, wy) <= (alntegery(wq) and w; # szg0 and Jwq: (alntegery(ws) and sdtasdt,
wp)))) fof(mDivisor, definition)

Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we) and we # szg0) = (sdteqdtlpzmzozddtrp,(wg, wy, wa) <
aDivisorOfy (wg, sdtpldty (wo, smndto(wi))))) fof(mEquMod, definition)

alnteger,(xa) and alnteger,(xq) and xq # szgg fof(m_g71, hypothesis)

Jwy: (alntegery(wp) and sdtasdto(xq, wy) = sdtpldty(xa, smndtg(xa))) or aDivisorOfy(xq, sdtpldty(xa, smndtg(xa))) or sdteq

NUM424+1.p Fuerstenberg’s infinitude of primes 04, 00 expansion

Ywp: (alntegery(wg) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwg: (alntegery(wo) = alnteger,(smndtg(wg))) fof(mIntNeg, axiom)

Ywo, ws: ((alntegery(wo) and alnteger,(wy)) alnteger, (sdtpldt, (wo, w1))) fof(mIntPlus, axiom)

Ywo, ws: ((alntegery(wo) and alntegery(wq)) alnteger (sdtasdto(wo, w1))) fof(mIntMult, axiom)

Ywg, w1, wa: ((alntegery(wo) and alnteger,(w;) and alntegery(wsz)) = sdtpldty(wo, sdtpldty (w1, we)) = sdtpldt, (sdtpldty (w
Ywo, wy: ((alntegery(wp) and alntegery(wy)) = sdtpldty(wg, wq) = sdtpldty(wy, wo)) fof(mAddComm, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wo, szoo) = wo and wo = sdtpldt,(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndto(wp)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(ws)) = sdtasdt(wo, sdtasdto(wy, wse)) = sdtasdte(sdtasdto(w
Ywo, ws: ((alntegery(wo) and alntegery(wi)) = sdtasdto(wo,wr) = sdtasdto(wy, wo)) fof(mMulComm, axiom)
)=
(

=
=

o —

YVwg: (alntegery(wo) = (sdtasdto(wo,sz10) = we and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)
Ywg, wy, wa: ((alntegery(wop) and alntegery(wy) and alntegery(we)) = (sdtasdto(wo, sdtpldty(wy, we)) = sdtpldt,(sdtasdto(
sdtpldt (sdtasdto(wo, we), sdtasdtg (wy, w2)))) fof(mDistrib, axiom)

Ywg: (alntegery(wo) = (sdtasdto(wo,sz00) = szgp and szgg = sdtasdto(szgo, wo))) fof(mMulZero, axiom)
Ywo: (alntegery(wo) = (sdtasdto(smndto(sz10), wo) = smndto(wp) and smndty(wy) = sdtasdto(we, smndto(sz1p)))) fof(n
Ywg, w1: ((alntegery(wo) and alntegery(wi)) = (sdtasdto(wo, w1) = sz00 = (wo = szgo Or W1 = SZgo))) fof(mZeroDiv, a:

Vwg: (alntegery(wo) = Vw;: (aDivisorOfy(wy, wy) <= (alntegery(wq) and w; # szg0 and Jwq: (alnteger,(ws) and sdtasdt,
wp)))) fof(mDivisor, definition)

Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we) and we # szg0) = (sdteqdtlpzmzozddtrp,(wog, wy, wa) <
aDivisorOfy (wg, sdtpldty (wo, smndto(wy))))) fof(mEquMod, definition)

Vwg, w1: ((alntegery(wo) and alntegery(wi) and wy # szgg) = sdteqdtlpzmzozddtrp, (wo, wo, w1)) fof(mEquModRef, axi
alnteger,(xa) and alnteger,(xb) and alnteger,(xq) and xq # sz fof(m_7o4, hypothesis)
sdteqdtlpzmzozddtrp,(xa,xb,xq) = sdteqdtlpzmzozddtrp,(xb, xa, xq) fof(m__, conjecture)

NUM425+1.p Fuerstenberg’s infinitude of primes 04_01, 00 expansion
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YVwg: (alntegery(wg) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwp: (alntegery(wo) = alnteger,(smndto(wp))) fof(mIntNeg, axiom)

Ywg, wy: ((alntegery(wo) and alntegery(wy)) = alnteger,(sdtpldty(wg, w1))) fof(mIntPlus, axiom)

YVwg, ws: ((alntegery(wo) and alntegery(wy)) = alntegery(sdtasdto(wo, w1))) fof(mIntMult, axiom)

Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we)) = sdtpldt,(wo, sdtpldty(wy, we)) = sdtpldty(sdtpldt, (w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtpldty(wg, w1) = sdtpldty (w1, wo)) fof(mAddComm, axiom)

Vwp: (alntegery(wo) = (sdtpldty(wo, sze0) = wo and we = sdtpldty(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndtg(wy)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywg, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(ws)) = sdtasdto(wo, sdtasdto(wy, ws)) = sdtasdtg(sdtasdto(w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtasdto(wo,wr) = sdtasdto(ws, wp)) fof(mMulComm, axiom)
)=
(

o~ —

YVwg: (alntegery(wo) = (sdtasdto(wo,sz10) = wo and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)
Ywo, wy, ws: ((alntegery(wo) and alntegery(w;) and alntegery(wz)) = (sdtasdto(wo, sdtpldt,(wy, ws)) = sdtpldt,(sdtasdto(
sdtpldt (sdtasdto(wo, we), sdtasdtg (wy, w2)))) fof(mDistrib, axiom)

Vwg: (alntegery(wo) = (sdtasdto(wo,szo0) = szgo and szgg = sdtasdto(szgo, wo))) fof(mMulZero, axiom)
Vwg: (alntegery(wo) = (sdtasdto(smndtg(sz10), wo) = smndtg(wp) and smndtg(wy) = sdtasdto(wg, smndtg(sz1p)))) fof(n
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = (sdtasdto(wo,w1) = 8200 = (wo = szgp Or w1 = 8Zgp))) fof(mZeroDiv, a:

YVwg: (alntegery(wo) = Vw;: (aDivisorOfy(wy, wy) <= (alntegery(wq) and w; # sz0 and Jwsq: (alntegery(ws) and sdtasdt,
wp)))) fof(mDivisor, definition)

Ywg, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(we) and we # sz90) = (sdteqdtlpzmzozddtrp,(wp, wy, wa) <
aDivisorOfy (ws, sdtpldty (wo, smndto(wy))))) fof(mEquMod, definition)

Ywo, ws: ((alntegery(wo) and alntegery(wy) and wy # szg0) = sdteqdtlpzmzozddtrp,(wo, wo, w1)) fof(mEquModRef, axi
alntegery(xa) and alnteger,(xb) and alnteger,(xq) and xq # sz fof(m_7p4, hypothesis)

sdteqdtlpzmzozddtrp,(xa, xb, xq) fof(m_724, hypothesis)

Jwy: (alnteger,(wp) and sdtasdto(xq, wo) = sdtpldty(xa, smndtg(xb))) fof(m__, conjecture)

NUM425+3.p Fuerstenberg’s infinitude of primes 04_01, 02 expansion

YVwg: (alntegery(wo) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Ywo: (alntegery(wo) = alnteger,(smndtg(wo))) fof(mIntNeg, axiom)

Ywg, wy: ((alntegery(wo) and alntegery(wy)) = alnteger,(sdtpldt,(wg, w1))) fof(mIntPlus, axiom)

Vwg, ws: ((alntegery(wo) and alntegery(wy)) = alntegery(sdtasdto(wo, w1))) fof(mIntMult, axiom)

Vwo, w1, we: ((alntegery(wo) and alntegery(w;) and alntegery(wz)) = sdtpldty(wo, sdtpldty(wi, w2)) = sdtpldty(sdtpldtg (w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtpldty(wg, w) = sdtpldty(wy, wo)) fof(mAddComm, axiom)

Ywg: (alntegery(wo) = (sdtpldty(wo, szoo) = wo and wo = sdtpldt,(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndtg(wy)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywg, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(ws)) = sdtasdto(wo, sdtasdty(wy, ws)) = sdtasdto(sdtasdto(w
Ywg, wy: ((alntegery(wo) and alntegery(wy)) = sdtasdto(wo,wr) = sdtasdto(wy, wp)) fof(mMulComm, axiom)

YVwg: (alntegery(wo) = (sdtasdto(wo,sz19) = wo and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)

Ywo, wy, ws: ((alntegery(wo) and alntegery(wy) and alntegery(wz)) = (sdtasdto(wo, sdtpldt,(wy, ws)) = sdtpldt,(sdtasdto(
sdtpldt, (sdtasdto(wg, ws), sdtasdt(wy, w2)))) fof(mDistrib, axiom)

YVwg: (alntegery(wo) = (sdtasdto(wo,szo0) = szgo and szgg = sdtasdto(szgg, wo))) fof(mMulZero, axiom)
Vwg: (alntegery(wo) = (sdtasdto(smndto(sz10), wo) = smndtg(wp) and smndtg(we) = sdtasdto(wg, smndtg(sz1p)))) fof(n
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = (sdtasdto(wo,w1) = 8200 = (wo = szgp Or w1 = Szgp))) fof(mZeroDiv, a:

YVwg: (alntegery(wo) = Vw;: (aDivisorOfy(wy, wy) <= (alntegery(wy) and w; # sz00 and Jwq: (alntegery(ws) and sdtasdt,
wp)))) fof(mDivisor, definition)

Ywo, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(we) and ws # szg0) = (sdteqdtlpzmzozddirp,(wp, wy, wa) <
aDivisorOfy (ws, sdtpldty (wo, smndto(wi))))) fof(mEquMod, definition)

Ywg, ws: ((alntegery(wo) and alntegery(wy) and wy # szg0) = sdteqdtlpzmzozddtrp,(wo, wo, w1)) fof(mEquModRef, axi
alntegery(xa) and alnteger,(xb) and alnteger,(xq) and xq # sz fof(m_74, hypothesis)

Jwy: (alntegery(wp) and sdtasdto(xq, wo) = sdtpldty(xa, smndt(xb))) and aDivisorOfy(xq, sdtpldt,(xa, smndtg(xb))) and sd
Jwy: (alnteger,(wp) and sdtasdto(xq, wo) = sdtpldty(xa, smndtg(xb))) fof(m__, conjecture)

NUM426+1.p Fuerstenberg’s infinitude of primes 04_02, 00 expansion

Ywg: (alntegery(wo) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwg: (alntegery(wo) = alnteger,(smndtg(wo))) fof(mIntNeg, axiom)



56

and alnteger,(wy)) alnteger, (sdtpldt,(wo, w1))) fof(mIntPlus, axiom)

Ywo, ws: ((alntegery(wo) and alnteger,(wy)) alnteger (sdtasdto(wo, w1))) fof(mIntMult, axiom)

Ywo, wy, ws: ((alntegery(wo) and alntegery(wy) and alntegery(wz)) = sdtpldt,(wo, sdtpldty(wy, we)) = sdtpldty (sdtpldt, (w
YVwg, w1: ((alntegery(wo) and alntegery(wr)) = sdtpldty(wo, wr) = sdtpldty(wi, wo)) fof(mAddComm, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wo, szog) = we and wy = sdtpldt,(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndtg(wp)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(ws)) = sdtasdto(wo, sdtasdto(wy, ws)) = sdtasdte(sdtasdto(w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtasdto(wo,wr) = sdtasdto(ws, wp)) fof(mMulComm, axiom)
)=
(

Ywo, wy: ((alntegery(wo =
=

o~ —

Vwp: (alntegery(wo) = (sdtasdto(wo,sz10) = wo and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)
Ywg, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(ws)) = (sdtasdto(wo, sdtpldty(wy, ws)) = sdtpldt,(sdtasdto(
sdtpldt (sdtasdto(wo, we), sdtasdty (wy, w2)))) fof(mDistrib, axiom)

YVwg: (alntegery(wo) = (sdtasdto(wo,szo0) = szgp and szgg = sdtasdto(szgo, wo))) fof(mMulZero, axiom)
Ywg: (alntegery(wo) = (sdtasdto(smndto(sz10), wo) = smndto(wp) and smndty(wy) = sdtasdto(wg, smndty(sz1p)))) fof(n
Ywp, wr: ((alnteger,(wo) and alntegery(wq)) = (sdtasdty(wg,w1) = szgp = (wo = Sz Or w1 = sZgp))) fof(mZeroDiv, a:

Vwg: (alntegery(wo) = Vaw;: (aDivisorOfy(wy, wy) <= (alntegery(wq) and w; # sz90 and Jwq: (alntegery(ws) and sdtasdt,
wp)))) fof(mDivisor, definition)

Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we) and we # szg0) = (sdteqdtlpzmzozddtrp,(wp, wy, wa) <
aDivisorOfy (ws, sdtpldty (wo, smndto(wy))))) fof(mEquMod, definition)

Ywo, wy: ((alntegery(wo) and alntegery(wy) and wy # szg0) = sdteqdtlpzmzozddtrp,(wo, wo, w1)) fof(mEquModRef, axi
alnteger,(xa) and alnteger,(xb) and alnteger,(xq) and xq # sz fof(m_7o4, hypothesis)

sdteqdtlpzmzozddtrp,(xa, xb, xq) fof(m_724, hypothesis)

alnteger,(xn) and sdtasdto(xq,xn) = sdtpldt,(xa, smndtg(xb)) fof(m_z47, hypothesis)

sdtasdto(xq, smndtg(xn)) = sdtpldty(xb, smndte(xa)) fof(m__, conjecture)

NUM427+1.p Fuerstenberg’s infinitude of primes 04_03, 00 expansion

Ywg: (alntegery(wo) = $true) fof(mIntegers, axiom)
alnteger, (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwg: (alntegery(wo) = alnteger,(smndtg(wg))) fof(mIntNeg, axiom)

Ywg, ws: ((alntegery(wo) and alnteger,(wq)) alnteger, (sdtpldt,(wo, w1))) fof(mIntPlus, axiom)

Ywo, ws: ((alntegery(wo) and alnteger,(wy)) alnteger (sdtasdto(wo, w1))) fof(mIntMult, axiom)

Ywo, wy, ws: ((alntegery(wo) and alntegery(wy) and alntegery(wz)) = sdtpldt,(wo, sdtpldty(wi, we)) = sdtpldty(sdtpldt, (w
Ywo, wy: ((alntegery(wp) and alntegery(wy)) = sdtpldty(wg, wq) = sdtpldty(wy, wo)) fof(mAddComm, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wo, szoo) = wo and wy = sdtpldt,(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndtg(wp)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we)) = sdtasdto(wo, sdtasdto(wy, wse)) = sdtasdte(sdtasdto(w
Ywo, ws: ((alntegery(wo) and alntegery(wi)) = sdtasdto(wo,wr) = sdtasdto(ws, wp)) fof(mMulComm, axiom)
)=
(

=
=

Vwp: (alntegery(wo) = (sdtasdto(wo,sz10) = wo and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)
Ywg, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(ws)) = (sdtasdto(wo, sdtpldty(wy, we)) = sdtpldt,(sdtasdto(
sdtpldt (sdtasdto(wo, we), sdtasdty (wy, w2)))) fof(mDistrib, axiom)

YVwg: (alntegery(wo) = (sdtasdto(wo,sz00) = szgp and szgg = sdtasdto(szgo, wo))) fof(mMulZero, axiom)
YVwg: (alntegery(wo) = (sdtasdto(smndto(sz10), wo) = smndto(wp) and smndty(wy) = sdtasdto(wg, smndty(sz1p)))) fof(n
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = (sdtasdto(wo,w1) = sz00 = (wo = szgp Or W1 = Szgp))) fof(mZeroDiv, a:

YVwg: (alntegery(wo) = Vw;: (aDivisorOfy(wy, wy) <= (alntegery(wq) and w; # sz0 and Jwq: (alntegery(ws) and sdtasdt,
wp)))) fof(mDivisor, definition)

Ywo, w1, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we) and we # sz90) = (sdteqdtlpzmzozddtrp,(wp, wy, wa) <
aDivisorOfy (ws, sdtpldty (wo, smndto(wy))))) fof(mEquMod, definition)

Ywo, ws: ((alntegery(wo) and alntegery(wy) and wy # szg0) = sdteqdtlpzmzozddtrp,(wo, wo, w1)) fof(mEquModRef, axi
alnteger,(xa) and alnteger,(xb) and alnteger,(xq) and xq # sz fof(m_zo4, hypothesis)

sdteqdtlpzmzozddtrp,(xa, xb, xq) fof(m_724, hypothesis)

alnteger,(xn) and sdtasdto(xq,xn) = sdtpldt,(xa, smndtg(xb)) fof(m_z47, hypothesis)

sdtasdto(xq, smndtg(xn)) = sdtpldty(xb, smndtg(xa)) fof(m _7¢7, hypothesis)

sdteqdtlpzmzozddtrp, (xb, xa, xq) fof(m-_, conjecture)

NUM428+1.p Fuerstenberg’s infinitude of primes 05, 00 expansion

YVwp: (alntegery(wg) = $true) fof(mIntegers, axiom)
alnteger (szoo) fof(mIntZero, axiom)
alnteger(sz10) fof(mIntOne, axiom)

Vwg: (alntegery(wo) = alnteger,(smndtg(wg))) fof(mIntNeg, axiom)
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = alnteger,(sdtpldty(wo, w1))) fof(mIntPlus, axiom)
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YVwo, ws: ((alntegery(wo) and alntegery(wy)) = alntegery(sdtasdto(wo, w1))) fof(mIntMult, axiom)

Ywo, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we)) = sdtpldt,(wo, sdtpldty(wy, we)) = sdtpldty(sdtpldt, (w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtpldty(we, wr) = sdtpldty (w1, wo)) fof(mAddComm, axiom)

Vwp: (alntegery(wo) = (sdtpldty(wo,sze0) = wo and we = sdtpldt(szeo, wo))) fof(mAddZero, axiom)

Vwg: (alntegery(wo) = (sdtpldty(wg, smndtg(wp)) = sz and szgp = sdtpldty(smndto(wp), wo))) fof(mAddNeg, axiom)
Ywg, wy, wa: ((alntegery(woy) and alntegery(wy) and alntegery(we)) = sdtasdto(wo, sdtasdto(wy, ws)) = sdtasdto(sdtasdto(w
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = sdtasdto(wo,wr) = sdtasdto(ws, wp)) fof(mMulComm, axiom)

Ywg: (alntegery(wo) = (sdtasdto(wo,sz10) = wo and wy = sdtasdto(sz10, wo))) fof(mMulOne, axiom)

Ywg, wy, wa: ((alntegery(wo) and alntegery(wy) and alntegery(ws)) = (sdtasdto(wo, sdtpldty(wy, ws)) = sdtpldt,(sdtasdto(
sdtpldt (sdtasdto (wo, we), sdtasdtg (wy, w2)))) fof(mDistrib, axiom)

YVwo: (alntegery(wo) = (sdtasdto(wo,szo0) = szgo and szgg = sdtasdto(szgo, wo))) fof(mMulZero, axiom)
Ywg: (alntegery(wo) = (sdtasdto(smndtg(sz10), wo) = smndty(wp) and smndtg(wy) = sdtasdto(wg, smndtg(sz1p)))) fof(n
Ywo, ws: ((alntegery(wo) and alntegery(wy)) = (sdtasdto(wo,w1) = 8200 = (wo = szgp Or W1 = 8Zgp))) fof(mZeroDiv, a:

Ywg: (alntegery(wo) = Vw;: (aDivisorOfy(wy, wy) <= (alntegery(wi) and w; # sz00 and Jws: (alntegery(ws) and sdtasdt,
wo)))) fof(mDivisor, definition)

Ywg, wy, wa: ((alntegery(wp) and alntegery(wy) and alntegery(we) and we # sz90) = (sdteqdtlpzmzozddtrp,(wp, wy, we) <
aDivisorOfy (ws, sdtpldty (wo, smndtg(wy))))) fof(mEquMod, definition)

Ywo, ws: ((alntegery(wo) and alntegery(wy) and wy # szg0) = sdteqdtlpzmzozddtrp,(wo, wo, w1)) fof(mEquModRef, axi
Ywo, wy, wa: ((alntegery(wo) and alntegery(wy) and alntegery(ws) and we # szg0) = (sdteqdtlpzmzozddtrp,(wg, wy, wa) =
sdteqdtlpzmzozddtrp, (w1, wo, w))) fof(mEquModSym, axiom)

alnteger,(xa) and alnteger,(xb) and alnteger,(xq) and xq # szpo and alnteger,(xc) fof(m_g15, hypothesis)
(sdteqdtlpzmzozddtrp,(xa, xb, xq) and sdteqdtlpzmzozddtrp,(xb, xc,xq)) = sdteqdtlpzmzozddtrp,(xa, xc, xq) fof(m__,

NUMA457+1.p Square root of a prime is irrational 01, 00 expansion
Vwg: (aNaturalNumberg(wg) = $true) fof(mNatSort, axiom)

aNaturalNumberq(szgo) fof(mSortsC, axiom)

aNaturalNumberg(sz19) and sz1g # $zoo fof(mSortsCpy , axiom)

Ywg, ws: ((aNaturalNumberg(wg) and aNaturalNumberg(w;)) = aNaturalNumberg(sdtpldty(wo, w1))) fof(mSortsB, axi
Ywp, wq: ((aNaturalNumberg(wp) and aNaturalNumberg(w)) = aNaturalNumberg(sdtasdto(wo,w1))) fof(mSortsBys, a

) )
Ywo, wy: ((aNaturalNumberg(wp) and aNaturalNumberg(w;)) = sdtpldty(wo, wi) = sdtpldty(wy, wo)) fof(mAddComm,
Ywg, wy, wa: ((aNaturalNumberg(wg) and aNaturalNumberg(w; ) and aNaturalNumberg(ws)) = sdtpldt, (sdtpldt,(wo, w1 ),
sdtpldty (wo, sdtpldt, (wy, w2))) fof(mAddAsso, axiom)
YVwg: (aNaturalNumberg(wg) = (sdtpldty(wo,szep) = wo and we = sdtpldt (8200, wo))) fof(m_AddZero, axiom)
Ywo, ws: ((aNaturalNumberg(wg) and aNaturalNumberg(w;)) = sdtasdto(wg,w1) = sdtasdto(ws, wp)) fof(mMulComm,
Ywo, wy, wa: ((aNaturalNumberg(wg) and aNaturalNumberg(w;) and aNaturalNumberg(ws)) = sdtasdto(sdtasdto(wo, w1),
sdtasdt(wo, sdtasdtg(wy, ws))) fof(mMulAsso, axiom)
Vwg: (aNaturalNumberg(wg) = (sdtasdto(wo, sz10) = wy and wy = sdtasdto(sz10, wo))) fof(m_MulUnit, axiom)
Vwp: (aNaturalNumberg(wg) = (sdtasdto(wo, sz00) = szoo and szgg = sdtasdto(szeg, wo))) fof(m_MulZero, axiom)
Ywo, wy, wa: ((aNaturalNumberg(wg) and aNaturalNumberg(w; ) and aNaturalNumberg(ws)) = (sdtasdto(wo, sdtpldty(wy,:
sdtpldt, (sdtasdto(wo, w1 ), sdtasdto(wo, we)) and sdtasdto(sdtpldt,(wy, ws), we) = sdtpldt,(sdtasdto(ws, wo), sdtasdto(ws, wo
Ywg, w1, ws: ((aNaturalNumberg(wp) and aNaturalNumberg(w;) and aNaturalNumberg(wz)) = ((sdtpldty(wo, w1) =
sdtpldty (wo, we) or sdtpldt(wy,wy) = sdtpldty(wa, wp)) = wi = wa)) fof(mAddCanc, axiom)
Vwg: (aNaturalNumberg(wg) = (wo # szgp = Vwi,ws: ((aNaturalNumberg(w;) and aNaturalNumberg(wsz)) =
((sdtasdto(wg, w1) = sdtasdto(wo, wz) or sdtasdto(ws, wp) = sdtasdto(we, wp)) = w1 = ws)))) fof(mMulCanc, axiom)
Ywg, ws: ((aNaturalNumberg(wg) and aNaturalNumberg(w;)) = (sdtpldty(wo, w1) = szg0 = (wo = szgg and wy =
$700))) fof(mZeroAdd, axiom)
aNaturalNumberg(xm) and aNaturalNumberq(xn) fof(m_ga4, hypothesis)
sdtasdto(xm,xn) = szgp = (xm = szgg Or Xn = szq) fof(m__, conjecture)

NUMS531+1.p Ramsey’s Infinite Theorem 01, 00 expansion

Ywg: (aSeto(wg) = S$true) fof(mSetSort, axiom)

Vwp: (aElemento(wg) = $true) fof(mElmSort, axiom)

YVwo: (aSeto(wg) = Vwi: (aElementOfy(wy,wy) = aElementq(wy))) fof(mEOfElem, axiom)
Ywp: (aSeto(wg) = (isFiniteg(wg) = $true)) fof(mFinRel, axiom)

YVwo: (wo = slereg <= (aSeto(wp) and = Jwy: aElementOfy (w1, wy))) fof(mDefEmp, definition)
isFiniteg (slerey) fof(mEmpFin, axiom)

Vwo: (aSeto(wg) = (isCountableg(wg) = $true)) fof(mCntRel, axiom)

Vwo: ((aSeto(wp) and isCountableg(wg)) = —isFiniteg(wg)) fof(mCountNFin, axiom)

Vwo: ((aSeto(wp) and isCountableg(wg)) = wq # slereg) fof(m__, conjecture)

NUMS531+2.p Ramsey’s Infinite Theorem 01, 01 expansion
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Ywp: (aSeto(wg) = $true) fof(mSetSort, axiom)

Ywp: (aElementg(wg) = $true) fof(mElmSort, axiom)

Ywo: (aSeto(wg) = Vwi: (aElementOfy(wy,wp) = aElementg(wy))) fof(mEOfElem, axiom)

Ywo: (aSeto(wg) = (isFiniteg(wg) = $true)) fof(mFinRel, axiom)

YVwo: (wo = slereg <= (aSeto(wp) and = Jwy: aElementOfy (w1, wp))) fof(mDefEmp, definition)
isFiniteg(slereg) fof(mEmpFin, axiom)

YVwo: (aSeto(wg) = (isCountableg(wg) = $true)) fof(mCntRel, axiom)

Ywo: ((aSeto(wp) and isCountableg(wp)) = —isFiniteg(wy)) fof(mCountNFin, axiom)

YVwo: ((aSeto(wp) and isCountableg(wp)) = — —Jw;: aElementOfy (w1, wp) and wy = slerey) fof(m-_, conjecture)

NUMS532+1.p Ramsey’s Infinite Theorem 02, 00 expansion

Ywo: (aSeto(wg) = $true) fof(mSetSort, axiom)

YVwp: (aElementg(wg) = $true) fof(mElmSort, axiom)

YVwo: (aSeto(wg) = Vwi: (aElementOfy(wy,wy) = aElementq(w;))) fof(mEOfElem, axiom)

Ywp: (aSeto(wg) = (isFiniteg(wg) = $true)) fof(mFinRel, axiom)

YVwo: (wo = slereg <= (aSeto(wp) and = Jwy: aElementOfy (w1, wy))) fof(mDefEmp, definition)

isFiniteg (slercy) fof(mEmpFin, axiom)

Ywo: (aSeto(wg) = (isCountableg(wy) = $true)) fof(mCntRel, axiom)

Vwo: ((aSeto(wp) and isCountableg(wg)) = —isFiniteg(wy)) fof(mCountNFin, axiom)

YVwo: ((aSeto(wp) and isCountableg(wg)) = wq # slereg) fof(mCountNFing, axiom)

Ywp: (aSeto(wg) = Vwi: (aSubsetOfy(wy,wy) <= (aSeto(w;) and Vws: (aElementOfy(ws, w1) = aElementOfy(ws, wo))))
Ywo: ((aSeto(wp) and isFiniteg(wg)) = Vwi: (aSubsetOfy(wy, wy) = isFiniteg(wy))) fof(mSubF Set, axiom)
aSeto(xA) fof(m_467, hypothesis)

aSubsetOfy(xA, xA) fof(m__, conjecture)

NUMS533+1.p Ramsey’s Infinite Theorem 03, 00 expansion

Ywg: (aSeto(wy) = S$true) fof(mSetSort, axiom)

Vwp: (aElemento(wg) = $true) fof(mElmSort, axiom)

YVwo: (aSeto(wg) = Vwi: (aElementOfy(wy,wp) = aElementq(wy))) fof(mEOfElem, axiom)
Ywo: (aSeto(wg) = (isFiniteg(wg) = $true)) fof(mFinRel, axiom)

Ywo: (wo = slereg <= (aSeto(wp) and = Jwy: aElementOfy (w1, wy))) fof(mDefEmp, definition)
isFiniteg(slerey) fof(mEmpFin, axiom)

Vwo: (aSeto(wg) = (isCountableg(wg) = $true)) fof(mCntRel, axiom)

Vwo: ((aSeto(wp) and isCountableg(wg)) = —isFiniteg(wy)) fof(mCountNFin, axiom)

Ywo: ((aSeto(wp) and isCountableg(wg)) = wq # slereg) fof(mCountNFing; , axiom)

Ywg: (aSeto(wg) = Yws: (aSubsetOfy(wy,wy) <= (aSeto(w;) and Yws: (aElementOfy(we, w1) = aElementOfy(ws, wp))))
Ywo: ((aSeto(wp) and isFiniteg(wg)) = Vwi: (aSubsetOfy(wy, wy) = isFiniteg(wy))) fof(mSubF Set, axiom)

Ywg: (aSeto(wg) = aSubsetOfy(wo, wo)) fof(mSubRefl, axiom)

Ywg, wy: ((aSeto(wp) and aSetg(wy)) = ((aSubsetOfy(wp, w1) and aSubsetOfy (w1, wg)) = wo = wy)) fof(mSubASymm
aSeto(xA) and aSeto(xB) and aSeto(xC) fof(m_522, hypothesis)

(aSubsetOfy(xA, xB) and aSubsetOfy(xB,xC)) = aSubsetOfy(xA, xC) fof(m__, conjecture)

NUMS533+2.p Ramsey’s Infinite Theorem 03, 01 expansion

YVwg: (aSeto(wg) = S$true) fof(mSetSort, axiom)

Ywp: (aElementg(wg) = $true) fof(mElmSort, axiom)

Ywo: (aSeto(wg) = Vwi: (aElementOfy(wy,wp) = aElementg(w;))) fof(mEOfElem, axiom)

Ywo: (aSeto(wg) = (isFiniteg(wo) = $true)) fof(mFinRel, axiom)

Vwp: (wo = slercy <= (aSeto(wo) and — Jws: aElementOfy (w1, wo))) fof(mDefEmp, definition)

isFiniteg(slereg) fof(mEmpFin, axiom)

Ywp: (aSeto(wg) = (isCountableg(wy) = $true)) fof(mCntRel, axiom)

Ywo: ((aSeto(wp) and isCountableg(wp)) = —isFiniteg(wy)) fof(mCountNFin, axiom)

Ywo: ((aSeto(wp) and isCountableg(wg)) = wq # slereg) fof(mCountNFing , axiom)

YVwo: (aSeto(wg) = Vws: (aSubsetOfp(w1, wy) <= (aSeto(wy) and Vws: (aElementOfy(we, w1) = aElementOfy(wa, wp))))
YVwo: ((aSeto(wp) and isFiniteg(wg)) = Vwi: (aSubsetOfy(wy,wy) = isFiniteg(wy))) fof(mSubFSet, axiom)

Ywp: (aSeto(wg) = aSubsetOfy(wo,wp)) fof(mSubRefl, axiom)

Ywo, wy: ((aSeto(wp) and aSetg(wy)) = ((aSubsetOfy(wg, w1) and aSubsetOfy (w1, wy)) = wo = wy)) fof(mSubASymm
aSeto(xA) and aSeto(xB) and aSeto(xC) fof(m_s22, hypothesis)

(Vwo: (aElementOfy(wg, xA) = aElementOfy(wg,xB)) and aSubsetOfy(xA, xB) and Vwy: (aElementOfy(wo, xB) =
aElementOfj(wg, xC)) and aSubsetOfy(xB, xC)) = (Vwp: (aElementOfy(wp,xA) = aElementOfy(wg, xC)) or aSubsetOfy(x

NUMS534+1.p Ramsey’s Infinite Theorem 04, 00 expansion
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Ywp: (aSeto(wg) = $true) fof(mSetSort, axiom)

Ywp: (aElementg(wg) = $true) fof(mElmSort, axiom)

Ywo: (aSeto(wg) = Vwi: (aElementOfy(wy,wp) = aElementg(w))) fof(mEOfElem, axiom)

Ywo: (aSeto(wg) = (isFiniteg(wg) = $true)) fof(mFinRel, axiom)

YVwo: (wo = slereg <= (aSeto(wp) and = Jwy: aElementOfy (w1, wp))) fof(mDefEmp, definition)

isFiniteg(slereg) fof(mEmpFin, axiom)

YVwo: (aSeto(wg) = (isCountableg(wg) = $true)) fof(mCntRel, axiom)

Ywo: ((aSeto(wp) and isCountableg(wp)) = —isFiniteg(wy)) fof(mCountNFin, axiom)

Vwo: ((aSeto(wp) and isCountableg(wg)) = wp # slerey) fof(mCountNFing , axiom)

Ywg: (aSeto(wg) = Vws: (aSubsetOfy(wy,wy) <= (aSeto(w;) and Yws: (aElementOfy(we, w1) = aElementOfy(ws, wy))))
YVwo: ((aSeto(wp) and isFiniteg(wp)) = Vwi: (aSubsetOfy(wy,wy) = isFiniteg(wy))) fof(mSubFSet, axiom)

Ywg: (aSeto(wg) = aSubsetOfy(wo, wo)) fof(mSubRefl, axiom)

Ywo, wy: ((aSeto(wp) and aSeto(w1)) = ((aSubsetOfy(wg, w1) and aSubsetOfy (w1, wp)) = wo = wy)) fof(mSubASymm
Ywo, w, wa: ((aSeto(wp) and aSeto(wi) and aSeto(ws)) = ((aSubsetOfy(wg, wr) and aSubsetOfy (w1, w2)) = aSubsetOfy(u
YVwg, wy: ((aSeto(wp) and aElementg(wy)) = Vws: (wy = sdtpldty(wg, w1) <= (aSetg(ws) and Vws: (aElementOfy (w3, ws)
(aElementg(ws) and (aElementOfy (w3, wo) or ws = wy)))))) fof(mDefCons, definition)

Ywp, wr: ((aSeto(wp) and aElementg(w;)) = Vws: (wy = sdtmndty(wg, w1) <= (aSeto(ws) and Vws: (aElementOfy (w3, we
(aElemento(ws) and aElementOfy(ws, wo) and ws # wy))))) fof(mDefDiff, definition)

aSet(xS) fof(m_g17, hypothesis)

aElementOfj (xx, xS) fof(m__617¢2, hypothesis)

sdtpldt, (sdtmndto (xS, xx), xx) = xS fof(m__, conjecture)

NUMS534+2.p Ramsey’s Infinite Theorem 04, 01 expansion

Ywp: (aSeto(wg) = $true) fof(mSetSort, axiom)

Ywp: (aElementg(wg) = $true) fof(mElmSort, axiom)

Ywo: (aSeto(wg) = Vwi: (aElementOfy(wy,wp) = aElementq(wy))) fof(mEOfElem, axiom)
Ywo: (aSeto(wg) = (isFiniteg(wg) = $true)) fof(mFinRel, axiom)

YVwo: (wg = slereg <= (aSeto(wp) and —Jwy: aElementOfy (w1, wp))) fof(mDefEmp, definition)

isFiniteg(slereg) fof(mEmpFin, axiom)
Ywp: (aSeto(wg) = (isCountableg(wy) = $true)) fof(mCntRel, axiom)
YVwo: ((aSeto(wp) and isCountableg(wp)) = —isFiniteg(wyp)) fof(mCountNFin, axiom)

(
Ywo: ((aSeto(wp) and isCountableg(wg)) = wq # slereg) fof(mCountNFing;, axiom)

YVwp: (aSeto(wg) = Vws: (aSubsetOfp(w1, wy) <= (aSeto(wi) and Vws: (aElementOfy(we, w1) = aElementOfy(wa, wp))))
YVwo: ((aSeto(wp) and isFiniteg(wg)) = Vwi: (aSubsetOfy(wy,wy) = isFiniteg(wy))) fof(mSubFSet, axiom)

Ywp: (aSeto(wg) = aSubsetOfy(wo,wp)) fof(mSubRefl, axiom)

Ywo, wy: ((aSeto(wp) and aSeto(wy)) = ((aSubsetOfy(wg,w1) and aSubsetOfy (w1, wy)) = wo = wy)) fof(mSubASymm
Ywo, wy, wa: ((aSeto(wp) and aSeto(wy) and aSetg(wz2)) = ((aSubsetOfy(wo, w1) and aSubsetOfy(wy,w2)) = aSubsetOfy(u
Vwg, w1: ((aSeto(wo) and aElemento(wi)) = Vws: (we = sdtpldty(we, w1) <= (aSeto(ws) and Vws: (aElementOfy(ws, we)
(aElementg(ws) and (aElementOfy(ws, wo) or ws = wy)))))) fof(mDefCons, definition)

Ywp, wr: ((aSeto(wo) and aElementg(w;)) = Vws: (wy = sdtmndty(wg, w1) <= (aSeto(ws) and Vws: (aElementOfy (w3, we
(aElemento(ws) and aElementOfy(ws, wo) and ws # wy))))) fof(mDefDiff, definition)

aSeto(xS) fof(m_g17, hypothesis)

aElementOfj (xx, xS) fof(m__617¢2, hypothesis)

(aSeto(sdtmndtg (xS, xx)) and Vwg: (aElementOfy(wp, sdtmndty (xS, xx)) <= (aElementq(wg) and aElementOfy(wp,xS) anc
xx))) = ((aSeto(sdtpldty(sdtmndtg (xS, xx), xx)) and Ywg: (aElementOfy(wp, sdtpldty (sdtmndto (xS, xx), xx)) <=
(aElemento(wg) and (aElementOfy(wo, sdtmndto (xS, xx)) or wy = xx)))) =  sdtpldty(sdtmndto (xS, xx),xx) =

xS) fof(m__, conjecture)

NUMS535+1.p Ramsey’s Infinite Theorem 04_01, 00 expansion

Ywg: (aSeto(wg) = S$true) fof(mSetSort, axiom)

YVwp: (aElemento(wg) = $true) fof(mElmSort, axiom)

YVwg: (aSeto(wg) = Vwi: (aElementOfy(wy,wy) = aElementq(wy))) fof(mEOfElem, axiom)

Ywp: (aSeto(wg) = (isFiniteg(wg) = $true)) fof(mFinRel, axiom)

YVwo: (wo = slereg <= (aSeto(wp) and = Jwy: aElementOfy (w1, wy))) fof(mDefEmp, definition)

isFiniteg (slerey) fof(mEmpFin, axiom)

Vwo: (aSeto(wg) = (isCountableg(wg) = $true)) fof(mCntRel, axiom)

Vwo: ((aSeto(wp) and isCountableg(wg)) = —isFiniteg(wy)) fof(mCountNFin, axiom)

Ywo: ((aSeto(wp) and isCountableg(wg)) = wq # slereg) fof(mCountNFing; , axiom)

Ywo: (aSeto(wp) = Vws: (aSubsetOfy(wy,wy) <= (aSeto(w;) and Yws: (aElementOfy(we, w1) = aElementOfy(ws, wp))))
Ywo: ((aSeto(wp) and isFiniteg(wg)) = Vwi: (aSubsetOfy(w, wp) = isFiniteg(wy))) fof(mSubF Set, axiom)
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Ywp: (aSeto(wg) = aSubsetOfy(wo,wp)) fof(mSubRefl, axiom)

Ywo, wy: ((aSeto(wp) and aSeto(w1)) = ((aSubsetOfy(wg, w1) and aSubsetOfy (w1, wy)) = wo = wy)) fof(mSubASymm
Ywo, wy, wa: ((aSeto(wp) and aSeto(wy) and aSetg(wz2)) = ((aSubsetOfy(wo, w1) and aSubsetOfy(wy,w2)) = aSubsetOfy(u
Ywg, w1: ((aSeto(wo) and aElemento(wi)) = Vws: (we = sdtpldty(we, w1) <= (aSeto(ws) and Vws: (aElementOfy(ws, we)
(aElementg(ws) and (aElementOfy (w3, wo) or ws = wy)))))) fof(mDefCons, definition)

Ywp, wr: ((aSeto(wo) and aElementg(w;)) = Vws: (wy = sdtmndtg(wg, w1) <= (aSeto(ws) and Vws: (aElementOfy (w3, we
(aElemento(ws) and aElementOfy(ws, wo) and ws # wy))))) fof(mDefDiff, definition)

aSeto(xS) fof(m_g17, hypothesis)

aElementOfj (xx, xS) fof(m__617¢2, hypothesis)

aSubsetOfy (xS, sdtpldty (sdtmndtg (xS, xx), xx)) and aSubsetOfy (sdtpldty (sdtmndty (xS, xx), xx), xS) fof(m__, conjecture)

NUMS536+1.p Ramsey’s Infinite Theorem 05, 00 expansion

Ywg: (aSeto(wg) = S$true) fof(mSetSort, axiom)

Ywp: (aElemento(wy) = $true) fof(mElmSort, axiom)

Ywo: (aSeto(wg) = Vwi: (aElementOfy(wy,wp) = aElementg(wy))) fof(mEOfElem, axiom)
Ywo: (aSeto(wg) = (isFiniteg(wo) = $true)) fof(mFinRel, axiom)

YVwo: (wg = slereg <= (aSeto(wp) and — Jwy: aElementOfy (w1, wp))) fof(mDefEmp, definition)

isFiniteg (slereg) fof(mEmpFin, axiom)
Ywp: (aSeto(wg) = (isCountableg(wy) = $true)) fof(mCntRel, axiom)
YVwo: ((aSeto(wp) and isCountableg(wg)) = —isFiniteg(wp)) fof(mCountNFin, axiom)

¥
Ywo: ((aSeto(wp) and isCountableg(wg)) = wq # slereg) fof(mCountNFing, , axiom)

Vwo: (aSeto(wg) = Vws: (aSubsetOfp(w1, wy) <= (aSeto(wi) and Vws: (aElementOfy(we, w1) = aElementOfy(wa, wp))))
Vwo: ((aSeto(wp) and isFiniteg(wg)) = Vwi: (aSubsetOfy(wy,wy) = isFiniteg(wy))) fof(mSubFSet, axiom)

Ywp: (aSeto(wg) = aSubsetOfy(wo,wp)) fof(mSubRefl, axiom)

Ywo, wy: ((aSeto(wp) and aSetg(wy)) = ((aSubsetOfy(wg, w1) and aSubsetOfy (w1, wy)) = wo = wy)) fof(mSubASymm
Ywo, wy, wa: ((aSeto(wp) and aSeto(wy) and aSetg(wz2)) = ((aSubsetOfy(wo, w1) and aSubsetOfy(wy,w2)) = aSubsetOfy(u
Ywo, wy: ((aSeto(wp) and aElemento(wy)) = Vws: (wy = sdtpldty(wo, w1) <= (aSeto(wsz) and Vws: (aElementOfy (w3, ws)
(aElementg(ws) and (aElementOfy (w3, wo) or ws = wq)))))) fof(mDefCons, definition)

Ywg, wy: ((aSeto(wp) and aElementg(wy)) = Vws: (wy = sdtmndto(wg, w1) <= (aSeto(wz) and Yws: (aElementOfy(ws, we
(aElemento(ws) and aElementOfy(ws, wo) and ws # wq))))) fof(mDefDiff, definition)

Ywg: (aSeto(wg) = Vws: (aElementOfy(wy, wg) = sdtpldty(sdtmndty(wo, wy), w1) = wy)) fof(mConsDiff, axiom)
aElementg(xx) and aSeto(xS) fof(m_g7g, hypothesis)

- aElementOfy (xx, xS) fof(m-_679¢2, hypothesis)

sdtmndtg (sdtpldty (xS, xx), xx) = xS fof(m__, conjecture)

NUMS536+2.p Ramsey’s Infinite Theorem 05, 01 expansion

Ywp: (aSeto(wg) = $true) fof(mSetSort, axiom)

Ywp: (aElementg(wg) = $true) fof(mElmSort, axiom)

Ywo: (aSeto(wg) = Vwi: (aElementOfy(wy,wp) = aElementg(wy))) fof(mEOfElem, axiom)

Ywo: (aSeto(wg) = (isFiniteg(wo) = $true)) fof(mFinRel, axiom)

YVwo: (wg = slereg <= (aSeto(wp) and — 3wy : aElementOfy (w1, wp))) fof(mDefEmp, definition)

isFiniteg(slereg) fof(mEmpFin, axiom)

YVwg: (aSeto(wg) = (isCountableg(wg) = $true)) fof(mCntRel, axiom)

YVwo: ((aSeto(wp) and isCountableg(wp)) = —isFiniteg(wy)) fof(mCountNFin, axiom)

Ywo: ((aSeto(wp) and isCountableg(wg)) = wg # slereg) fof(mCountNFing; , axiom)

Ywo: (aSeto(wg) = Vws: (aSubsetOfy(wy,wy) <= (aSeto(w;) and Yws: (aElementOfy(we, w1) = aElementOfy(ws, wy))))
YVwo: ((aSeto(wp) and isFiniteg(wp)) = Vwi: (aSubsetOfy(wy,wy) = isFiniteg(wy))) fof(mSubFSet, axiom)

Ywp: (aSeto(wg) = aSubsetOfy(wo,wp)) fof(mSubRefl, axiom)

Ywo, wy: ((aSeto(wp) and aSeto(wy)) = ((aSubsetOfy(wg,w1) and aSubsetOfy (w1, w)) = wo = wy)) fof(mSubASymm
Ywo, wy, wa: ((aSeto(wp) and aSeto(wy) and aSetg(wz2)) = ((aSubsetOfy(wo, w1) and aSubsetOfy(wy,w2)) = aSubsetOfy(u
Ywg, wy: ((aSeto(wp) and aElementg(wy)) = Vws: (wy = sdtpldty(wg, w1) <= (aSetg(ws) and Vws: (aElementOfy (w3, ws)
(aElementg(ws) and (aElementOfy (w3, wo) or ws = wq)))))) fof(mDefCons, definition)

Ywp, wr: ((aSeto(wo) and aElementg(w;)) = Vws: (wy = sdtmndt(wg, w1) <= (aSeto(ws) and Vws: (aElementOfy (w3, we
(aElemento(ws) and aElementOfy(ws, wo) and ws # wq))))) fof(mDefDiff, definition)

Ywo: (aSeto(wp) = Vws: (aElementOfy(wy, wg) = sdtpldty (sdtmndto(wo, wy), w1) = wy)) fof(mConsDiff, axiom)
aElementg(xx) and aSetq(xS) fof(m_grg, hypothesis)

- aElementOfy (xx, xS) fof(m__679¢2, hypothesis)

(aSet(sdtpldty (xS, xx)) and Ywy: (aElementOfy(wy, sdtpldty (xS, xx)) <= (aElementq(wp) and (aElementOfy(wo, xS) or w
xx)))) = ((aSeto(sdtmndto(sdtpldty (xS, xx), xx)) and Ywg: (aElementOfy(wp, sdtmndtg (sdtpldt, (xS, xx), xx)) <~
(aElemento(wo) and aElementOfy(wo, sdtpldt, (xS, xx)) and wg # xx))) = sdtmndto(sdtpldty (xS, xx), xx) = xS) fof(m-_
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NUMS537+1.p Ramsey’s Infinite Theorem 05_01, 00 expansion

Ywp: (aSeto(wg) = $true) fof(mSetSort, axiom)

Ywp: (aElementg(wg) = $true) fof(mElmSort, axiom)

YVwp: (aSeto(wp) = Vwi: (aElementOfy(w1,wp) = aElemento(ws))) fof(mEOfElem, axiom)

YVwo: (aSeto(wg) = (isFiniteg(wy) = $true)) fof(mFinRel, axiom)

Ywp: (wg = slereg < (aSetg(wp) and — Jwy: aElementOfg (w1, wp))) fof(mDefEmp, definition)

isFiniteg (slerey) fof(mEmpFin, axiom)

Ywo: (aSeto(wg) = (isCountableg(wy) = $true)) fof(mCntRel, axiom)

Vwo: ((aSeto(wp) and isCountableg(wp)) = —isFiniteg(wo)) fof(mCountNFin, axiom)

Ywo: ((aSeto(wp) and isCountableg(wg)) = wq # slereg) fof(mCountNFing, axiom)

Ywg: (aSeto(wg) = Vws: (aSubsetOfy(wy,wy) <= (aSeto(w;) and Yws: (aElementOfy(we, w1) = aElementOfy(ws, wy))))
Ywo: ((aSeto(wp) and isFiniteg(wp)) = Vwi: (aSubsetOfy(wy,wp) = isFiniteg(wy))) fof(mSubFSet, axiom)

Ywg: (aSeto(wg) = aSubsetOfy(wo, wo)) fof(mSubRefl, axiom)

Ywo, wi: ((aSeto(wo) and aSeto(w1)) = ((aSubsetOfy(wp, w1) and aSubsetOfy (w1, wp)) = wo = w1)) fof(mSubASymm
Ywg, wy, wa: ((aSetg(wp) and aSetg(wy) and aSetg(ws2)) = ((aSubsetOfy(wo, wy) and aSubsetOfy(wy,ws2)) = aSubsetOfy(u
Ywg, wy: ((aSeto(wp) and aElementg(wy)) = Vws: (wg = sdtpldty(wg, w1) <= (aSetg(ws) and Vws: (aElementOfy (w3, ws)
(aElementg(ws) and (aElementOfy (w3, wp) or wz = w1)))))) fof(mDefCouns, definition)

Ywo, wy: ((aSeto(wp) and aElemento(wy)) = Vws: (wy = sdtmndto(wg, w1) <= (aSeto(wz) and Yws: (aElementOfy(ws, wo
(aElemento(ws) and aElementOfy(ws, wo) and ws # wy))))) fof(mDefDiff, definition)

YVwo: (aSeto(wg) = Vws: (aElementOfy (w1, wp) = sdtpldty(sdtmndte(wo,ws ), w1) = wo)) fof(mConsDiff, axiom)
aElementg(xx) and aSetq(xS) fof(m_grg, hypothesis)

- aElementOfj (xx, xS) fof(m__679¢2, hypothesis)

aSubsetOfy (xS, sdtmndtg (sdtpldt, (xS, xx), xx)) and aSubsetOfy (sdtmndt (sdtpldty (xS, xx), xx), xS) fof(m__, conjecture)

NUMG635A1.p Landau theorem 1
(suc x = suc y)
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thf(y, type)
x#y  thi(n,axiom)
suc: nat — nat thf(suc, type)
Vxx: nat, xy: nat: ((suc@xx) = (suc@xy) = xx = xy) thf(axy, axiom)
(suc@z) # (sucQ@y) thf(satz1, conjecture)

NUMG635A2.p Landau theorem 1

1: $i thf(one_type, type)

succ: $1 — $i thf(succ_type, type)

Va: $i: (succ@zx) # 1 thf(one_is_first, axiom)

Va: $1,y: 8i: ((succ@zx) = (succQy) = z =y) thf(succ_injective, axiom)

Vm: $i — $o: ((mQ1 and Vz: $i: (mQzx) = (mQ(succQx)))) = Vy: $i: (mQy)) thf(induction, axiom)
Va: $i,y: $i: (x #y = (succ@z) # (succQy)) thf(satzy, conjecture)

NUMG636A1.p Landau theorem 2
(suc x = x)
nat: $tType thf(nat_type, type)
z: nat thf(x, type)
suc: nat — nat thf(suc, type)
set: $tType thf(set_type, type)
esti: nat — set — $o thf(esti, type)
setof: (nat — $o) — set thf(setof, type)
Vxp: nat — $o, xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)
ni: nat thf(nq, type)
Vxs: set: ((esti@nq@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@Qxs))) thf(axs, axios
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxx: nat: (suc@xx) # nq thf(axs, axiom)
Vxx: nat, xy: nat: (xx #xy = (suc@xx) # (suc@xy)) thf(satz;, axiom)
(sucQzx) # x thf(satze, conjecture)

NUMG636A2.p Landau theorem 2
1: $i thf(one_type, type)
succ: $1 — $i thf(succ_type, type)
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Va: $i: (succQzx) # 1 thf(one_is_first, axiom)

Va: 81, y: $i: ((succ@zx) = (succQy) = z =y) thf(succ_injective, axiom)

Vm: $i — $o: ((m@1 and Va: $i: (mQzx) = (mQ(succQ@z)))) = Vy: $i: (mQy)) thf(induction, axiom)
Va: $i: (succ@x) # z thf(satzs, conjecture)

NUMG636A3.p Landau theorem 2

1: $i thf(one_type, type)

suce: $1 — $i thf(succ_type, type)

Va: $i: (succQux) # 1 thf(one_is_first, axiom)

Va: 81, y: $i: ((succ@zx) = (succQy) = z =y) thf(succ_injective, axiom)
Ym: $1 — $o: ((m@1 and Vz: $i: (mQz) = (mQ(succQx)))) = Vy: $i: (mQy)) thf(induction, axiom)
m: $i — $o thf(m_type, type)

m = (Ae: $i: (succ@e) # e) thf(m_defn, definition)

mQl thf(m_is_one, lemma)

Va: $i: (mQz) = (mQ(succQr))) thf(m_is_next, lemma)

Va: $i: (mQx) thf(m_is_all, conjecture)

NUMG637A1.p Landau theorem 3
(forall x_O:nat. (x = suc x.0))
nat: $tType thf(nat_type, type)
z: nat thf(z, type)
n1: nat thf(nq, type)
T #mny thf(n, axiom)
suc: nat — nat thf(suc, type)
set: $tType thf(set_type, type)
esti: nat — set — $o thf(esti, type)
setof: (nat — $o) — set thf(setof, type)
Vxp: nat — 30, xs: nat: ((esti@xs@(setof@xp)) = (xp@xs)) thf(estie, axiom)
Vxs: set: ((esti@n;@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@xs)))
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxa: $o: (m—-xa = xa) thf(et, axiom)
- Vxxg: nat: x # (suc@xxq) thf(satzs, conjecture)

NUMG637/A2.p Landau theorem 3

1: $i thf(one_type, type)

succ: $1 — $i thf(succ_type, type)

Va: $i: (succQzx) # 1 thf(one_is_first, axiom)

Va: $1,y: 8i: ((succ@zx) = (succQy) = z =y) thf(succ_injective, axiom)

Vm: $i — $o: ((mQ@1 and Va: $i: (mQ@z) = (MmQ(succ@x)))) = Vy: $i: (mQy)) thf(induction, axiom)
Va: $i: (x £ 1 = Fu: $i: z = (succQu)) thf(satzs, conjecture)

NUMG638A1.p Landau theorem 3a
((forall x_O:nat.forall y:nat.x = suc x.0 — x = suc y — x.0 = y) — (some (lambda u.x = suc u)))
nat: $tType thf(nat_type, type)
x: nat thf(z, type)
ni: nat thf(nq, type)
T #ny thf(n, axiom)
suc: nat — nat thf(suc, type)
some: (nat — $0) — $o  thf(some, type)
Vxx: nat, xy: nat: ((suc@xx) = (suc@xy) = xx = xy) thf(axy, axiom)

thf(axs, axio

Vxx: nat: (xx #n; = (some@Axu: nat: xx = (suc@xu))) thf(satzg, axiom)
- Vxxg: nat,xy: nat: (zr = (suc@xxg) = (z = (suc@xy) = xx9 = Xxy)) = -—some@Axu: nat: z =
(suc@xu) thf(satz3a, conjecture)

NUMG639A1.p Landau theorem 4e

suc x = plxn_1

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

suc: nat — nat thf(suc, type)

pl: nat — nat — nat thf(pl, type)

ni: nat thf(nq, type)

Vxx: nat: (pl@xx@ny) = (suc@xx) thf(satz4a, axiom)



(suc@z) = (pl@z@n;) thf(satz4e, conjecture)

NUMG640A1.p Landau theorem 4f

suc (pl x y) = pl x (suc y)

nat: $tType thf(nat_type, type)

z: nat thf(z, type)

y: nat thf(y, type)

suc: nat — nat thf(suc, type)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat: (pl@xx@(suc@xy)) = (suc@(pl@xx@xy)) thf(satz4b, axiom)
(suc@(pl@zQy)) = (plQz@(sucQy)) thf(satz4f, conjecture)

NUMG641A1.p Landau theorem 4g

suc x = pln_1 x

nat: $tType thf(nat_type, type)

z: nat thf(z, type)

suc: nat — nat thf(suc, type)

pl: nat — nat — nat thf(pl, type)

ni: nat thf(ny, type)

Vxx: nat: (pl@n; @xx) = (suc@xx) thf(satz4c, axiom)
(suc@z) = (pl@n,Qzx) thf(satz4g, conjecture)

NUMG642A1.p Landau theorem 4h

suc (pl x y) = pl (suc x) y

nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

suc: nat — nat thf(suc, type)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat: (pl@(suc@xx)@xy) = (suc@Q(pl@xxQxy)) thf(satz4d, axiom)
(suc@(pl@zQy)) = (plQ(suc@z)Qy) thf(satz4h, conjecture)

NUMG643A1.p Landau theorem 5

pl (plxy)z=plx (ply z)

nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

pl: nat — nat — nat thf(pl, type)

set: $tType thf(set_type, type)

esti: nat — set — $o thf(esti, type)

setof: (nat — $o) — set thf(setof, type)

Vxp: nat — $o,xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)
ni: nat thf(ny, type)

suc: nat — nat thf(suc, type)

Vxs: set: ((esti@n;@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (estiQxx@xs)))
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxx: nat: (suc@xx) = (pl@xx@n; ) thf(satz4e, axiom)

Vxx: nat, xy: nat: (suc@(pl@xx@xy)) = (pl@xxQ(suc@xy)) thf(satz4f, axiom)
Vxx: nat: (pl@xx@nq) = (suc@xx) thf(satz4a, axiom)

Vxx: nat, xy: nat: (pl@xx@(suc@xy)) = (suc@(pl@xx@xy)) thf(satz4b, axiom)
(pl@(pl@z@y)@z) = (pl@z@(plAQyQz)) thf(satzs, conjecture)

NUMG644A1.p Landau theorem 6
plxy=plyx

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

y: nat thf(y, type)

pl: nat — nat — nat thf(pl, type)

set: $tType thf(set_type, type)

esti: nat — set — $o thf(esti, type)
setof: (nat — $o) — set thf(setof, type)
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Vxp: nat — $o, xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)

ni: nat thf(nq, type)

suc: nat — nat thf(suc, type)

Vxs: set: ((esti@nq@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@xs)))
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)

Vxx: nat: (pl@xx@nq) = (suc@xx) thf(satz4a, axiom)

Vxx: nat: (pl@n; @xx) = (suc@xx) thf(satzdc, axiom)

Vxx: nat, xy: nat: (suc@(pl@xx@xy)) = (pl@xx@(suc@xy)) thf(satz4f, axiom)

Vxx: nat, xy: nat: (pl@(suc@xx)@xy) = (suc@(pl@xx@xy)) thf(satz4d, axiom)

(pl@z@y) = (plQyQzx) thf(satzg, conjecture)

NUMG645A1.p Landau theorem 7
(y =plxy)
nat: $tType thf(nat_type, type)
x: nat thf(z, type)
y: nat thi(y, type)
pl: nat — nat — nat thf(pl, type)
set: $tType thf(set_type, type)
esti: nat — set — $o thf(esti, type)
setof: (nat — $o0) — set thf(setof, type)
Vxp: nat — $o, xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)
n1: nat thf(nq, type)
suc: nat — nat thf(suc, type)
Vxs: set: ((esti@n;@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@xs)))
Vxp: nat — $o,xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxx: nat: (suc@xx) # ny thf(axs, axiom)
Vxx: nat: (pl@xx@nq) = (suc@xx) thf(satz4a, axiom)
Vxx: nat, xy: nat: (xx #xy = (suc@xx) # (suc@xy)) thf(satz;, axiom)
Vxx: nat, xy: nat: (pl@xx@(suc@xy)) = (suc@Q(pl@xx@xy)) thf(satz4b, axiom)
y # (plQz@Qy) thf(satzr, conjecture)

NUMG646A1.p Landau theorem 8
(plxy = plxz)
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thf(y, type)
z: nat thf(z, type)
Yy #z thf(n, axiom)
pl: nat — nat — nat thf(pl, type)
set: $tType thf(set_type, type)
esti: nat — set — $o  thi(esti, type)
setof: (nat — $o) — set thf(setof, type)
Vxp: nat — $o, xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)
ni: nat thf(nq, type)
suc: nat — nat thf(suc, type)
Vxs: set: ((esti@n;@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@xs)))
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxx: nat, xy: nat: (xx #xy = (suc@xx) # (suc@xy)) thf(satz;, axiom)
Vxx: nat: (suc@xx) = (pl@n; Qxx) thf(satz4g, axiom)
Vxx: nat, xy: nat: (suc@(pl@xx@xy)) = (pl@Q(suc@xx)Qxy) thf(satz4h, axiom)
(pl@z@Qy) # (plQzQz) thf(satzg, conjecture)

NUMG647A1.p Landau theorem 8a

y =z

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

pl: nat — nat — nat thf(pl, type)
(pl@zQy) = (pl@Qz@Qz) thf(i, axiom)
Vxa: $o: (-—xa = xa) thf(et, axiom)

thf(axs, axio

thf(axs, axio

thf(axs, axio
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Vxx: nat, xy: nat, xz: nat: (xy # xz = (pl@xxQxy) # (plQxxQxz)) thf(satzg, axiom)
y==z thf(satz8a, conjecture)

NUMG648A1.p Landau theorem 8b

(forall x_O:nat.forall y_O:nat.x =plyx 0 —x=plyy.0 —» x0=y.0)

nat: $tType thf(nat_type, type)

z: nat thf(z, type)

y: nat thf(y, type)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat, xz: nat: ((pl@xx@xy) = (pl@xx@xz) = xy = xz) thf(satz8a, axiom)

Vxxo: nat, xy,: nat: (z = (plQyQxxg) = (z = (plQyQxy,) = XX = X¥y)) thf(satz8b, conjecture)

NUMG649A1.p Landau theorem 9

(( (x =y) — ( (forall x_O:nat. (x = pl y x.0))) — (forall x_O:nat. (y = pl xx.0))) — ( ((x =y — ( (forall x_O:nat. (x

= ply x0)))) — ( (( (forall x_O:nat. (x = pl y x.0)) — ( (forall x_O:nat. (y = pl x x.0)))) — ( (forall x_O:nat. (y =

plx x.0)) — (x = y)))

nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

pl: nat — nat — nat thf(pl, type)

set: $tType thf(set_type, type)

esti: nat — set — $o thf(esti, type)

setof: (nat — $o) — set thf(setof, type)

Vxp: nat — $o, xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)

ni: nat thf(nq, type)

suc: nat — nat thf(suc, type)

Vxs: set: ((esti@nq@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@xs))) thf(axs, axio
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)

Vxa: $o: (n—xa = xa) thf(et, axiom)

Vxx: nat: (xx #n; = —Vxxo: nat: xx # (suc@xxg)) thf(satzs, axiom)

Vxx: nat: (suc@xx) = (pl@n; Qxx) thf(satz4g, axiom)

Vxx: nat: (suc@xx) = (pl@xx@ny ) thf(satz4e, axiom)

Vxx: nat: (pl@xx@nq) = (suc@xx) thf(satz4a, axiom)

Vxx: nat, xy: nat, xz: nat: (pl@(pl@xx@xy)Qxz) = (pl@xx@(plQxy@xz)) thf(satzs, axiom)

Vxx: nat, xy: nat: (suc@(pl@xx@xy)) = (pl@xx@(suc@xy)) thf(satz4f, axiom)

Vxx: nat, xy: nat: xy # (pl@xx@xy) thf(satzz, axiom)

Vxx: nat, xy: nat: (pl@xx@xy) = (pl@xy@xx) thf(satzg, axiom)

-(x #y = (--Vxxe: nat: z # (pl@yQxxg) = -Vxxg: nat: y # (plQz@xxp))) = —-—-(z =y
- oVxxg: nat: ¢ # (pl@y@xxp)) = ——(=Vxxe: nat:  # (plQyQxxg) = - -Vxxp: nat: y # (plQzQxxg))
- Vxxo: nat: y # (pl@zQxxy) = = #y thf(satzg, conjecture)

NUMG650A1.p Landau theorem 9a
(x =y) — ( (forall x_O:mat. (x = pl y x.0))) — (forall x_O:nat. (y = pl x x.0))
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thf(y, type)
pl: nat — nat — nat thf(pl, type)
set: $tType thi(set_type, type)
esti: nat — set — $o thf(esti, type)
setof: (nat — $o) — set thf(setof, type)
Vxp: nat — 30, xs: nat: ((esti@xs@(setof@xp)) = (xp@xs)) thf(estie, axiom)
ni: nat thf(nq, type)
suc: nat — nat thf(suc, type)
Vxs: set: ((esti@nq@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@xs))) thf(axs, axio
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxa: $o: (n—xa = xa) thf(et, axiom)
Vxx: nat: (xx #n1 = —Vxxo: nat: xx # (suc@xxy)) thf(satzs, axiom)
Vxx: nat: (suc@xx) = (pl@n; Qxx) thf(satz4g, axiom)
(
(

=
=

Vxx: nat: (suc@xx) = (pl@xx@n; ) thf(satz4e, axiom)
Vxx: nat: (pl@xx@ny) = (suc@xx) thf(satz4a, axiom)
Vxx: nat, xy: nat, xz: nat: (pl@(pl@xx@xy)Qxz) = (pl@xx@(plQxy@xz)) thf(satzs, axiom)
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Vxx: nat, xy: nat: (suc@(pl@xx@Qxy)) = (pl@xxQ@(suc@xy)) thf(satz4f, axiom)
x#y = (0Vxxe: nat: x # (plQyQxxg) = —Vxxo: nat: y # (plQzQxxg)) thf(satz9a, conjecture)

NUMG651A1.p Landau theorem 9b
((x =y — ( (forall x_O:mat. (x = ply x.0)))) — ( (( (forall x_O:nat. (x = pl y x.0)) — ( (forall x_O:nat. (y = pl x
x.0)))) — ( (forall x_ O:nat. (y = pl x x0)) — (x =1y)))))
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thi(y, type)
pl: nat — nat — nat thf(pl, type)
Vxx: nat, xy: nat: xy # (pl@xx@xy) thf(satzz, axiom)
Vxx: nat, xy: nat: (pl@xx@xy) = (pl@xy@Qxx) thf(satzg, axiom)
Vxa: $o: (n—xa = xa) thf(et, axiom)
Vxx: nat, xy: nat, xz: nat: (pl@(pl@xxQ@Qxy)@xz) = (pl@xxQ(pl@xyQxz)) thf(satzs, axiom)
—(x =y = --Vxxe: nat: ¢ # (pl@QyQ@xxg)) = - (—Vxxe: nat: x # (plQyQ@Qxxy) = - -Vxxg: nat: y #
(pl@z@xxg)) = ——Vxxg: nat: y # (plQzQ@xxg) = z #£vy thf(satz9b, conjecture)

NUMG652A1.p Landau theorem 10c

(less x y)
nat: $tType thf(nat_type, type)
x: nat thf(z, type)
y: nat thf(y, type)
more: nat — nat — $o thf(more, type)
—more@QzQy = z =y thf(m, axiom)
less: nat — nat — $o thf(less, type)
Vxa: $o: (m—-xa = xa) thf(et, axiom)
Vxx: nat, xy: nat: - (xx = xy = —more@xx@xy) = - - ((more@xx@Qxy) = -less@xx@xy) = - (lessQxx@Qxy) =
XX # Xy thf(satz10b, axiom)

- less@x@Qy thf(satz10c, conjecture)

NUMG653A1.p Landau theorem 10d
(more x y)

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thi(y, type)

less: nat — nat — $o thf(less, type)

—less@Qr@y = z =y thf(l, axiom)

more: nat — nat — $o thf(more, type)

Vxa: $o: (m—xa = xa)  thf(et, axiom)

Vxx: nat, xy: nat: - (xx = xy = —more@xx@xy) = — - ((more@xx@Qxy) = -less@xxQxy) = - (less@xx@Qxy) =

XX # Xy thf(satz10b, axiom)

—more@x@Qy thf(satz10d, conjecture)

NUMG654A1.p Landau theorem 10e
(lessxy) = x=y
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thf(y, type)
more: nat — nat — $o thf(more, type)
- more@Qz@Qy thf(n, axiom)
less: nat — nat — $o thf(less, type)
Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxx: nat, xy: nat: (xx # xy = (-more@xx@xy = (less@xx@xy))) thf(satz10a, axiom)
—lessQrQy = x =y thf(satz10e, conjecture)

NUMG655A1.p Landau theorem 10f
(morexy) - x =y

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

less: nat — nat — $o thf(less, type)
— less@Qz@Qy thf(n, axiom)
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more: nat — nat — $o thf(more, type)

Vxa: $o: (-—xa = xa) thf(et, axiom)

Vxx: nat, xy: nat: (xx # xy = (-more@xx@xy = (less@xx@xy))) thf(satz10a, axiom)
—more@QxQy = z=y thf(satz10f, conjecture)

NUMG656A1.p Landau theorem 10g
((essxy) —»x=y)
nat: $tType thf(nat_type, type)
x: nat thf(z, type)
y: nat thi(y, type)
more: nat — nat — $o thf(more, type)
more@z@Qy thf(m, axiom)
less: nat — nat — $o thf(less, type)
Vxa: $o: (m—xa = xa)  thf(et, axiom)
Vxx: nat, xy: nat: - (xx = xy = —more@xx@xy) = — - ((more@xx@Qxy) = -less@xxQxy) = - (less@xx@Qxy) =
XX # Xy thf(satz10b, axiom)
—-less@Qr@Qy = z =y thf(satz10g, conjecture)

NUMG657A1.p Landau theorem 10h
( (more x y) — x = y)
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thf(y, type)
less: nat — nat — $o thf(less, type)
less@Quz:@Qy thf(l, axiom)
more: nat — nat — $o thf(more, type)
Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxx: nat, xy: nat: - (xx = xy = —more@xx@xy) = - - ((more@xx@Qxy) = -less@xx@xy) = - (less@xx@Qxy) =
XX # Xy thf(satz10b, axiom)
——more@QzrQy = z =y thf(satz10h, conjecture)

NUMG658A1.p Landau theorem 10j

less x y

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

more: nat — nat — $o thf(more, type)
——moreQzQy = z =y thf(n, axiom)
less: nat — nat — $o thf(less, type)
Vxx: nat, xy: nat: (xx #xy = (- more@xx@xy = (less@xx@xy))) thf(satz10a, axiom)
Vxa: $o: (m—-xa = xa) thf(et, axiom)
less@z@Qy thf(satz10j, conjecture)

NUMG659A1.p Landau theorem 10k
more X y

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

y: nat thf(y, type)

less: nat — nat — $o thf(less, type)
—-lessQzQy = z =y thf(n, axiom)
more: nat — nat — $o thf(more, type)
Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxx: nat, xy: nat: (xx # xy = (-more@xx@xy = (less@xx@xy))) thf(satz10a, axiom)
more@QzQy thf(satz10k, conjecture)

NUMG660A1.p Landau theorem 13
(morey x) -y =x

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

more: nat — nat — $o thf(more, type)
—moreQzQy = z =y thf(m, axiom)
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less: nat — nat — $o thf(less, type)
Vxx: nat, xy: nat: ((more@xx@xy) = (less@xy@xx)) thf(satz;1, axiom)
—less@QyQxr = y==x thf(satz13, conjecture)

NUMG662A1.p Landau theorem 15
(forall x_O:nat. (z = pl x x.0))
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thi(y, type)
z: nat thf(z, type)
pl: nat — nat — nat thf(pl, type)
—Vxxo: nat: y # (plQz@xxg) thf(l, axiom)
—Vxx: nat: z # (pl@Qy@xx) thf(k, axiom)
Vxa: $o: (m—xa = xa)  thf(et, axiom)
Vxx: nat, xy: nat, xz: nat: (pl@(pl@xx@xy)Qxz) = (pl@xxQ(plAQxy@xz)) thf(satzs, axiom)
—Vxxg: nat: z # (plQz@xxq) thf(satzys, conjecture)

NUMG663A1.p Landau theorem 16a

less x z

nat: $tType thf(nat_type, type)

z: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

less: nat — nat — $o thf(less, type)
—lessQrQy = xz =4y thf(l, axiom)
less@Qy@z thf(k, axiom)

Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxx: nat, xy: nat, xz: nat: ((less@xx@xy) = ((less@xy@Qxz) = (less@xx@xz))) thf(satz;5, axiom)
less@Qz@z thf(satz16a, conjecture)

NUMG664A1.p Landau theorem 16b

less x z

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

less: nat — nat — $o thf(less, type)
less@Qz@Qy thf(l, axiom)

—lessQy@z = y ==z thf(k, axiom)
Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxx: nat, xy: nat, xz: nat: ((less@xx@xy) = ((less@xy@Qxz) = (less@xx@xz))) thf(satz;5, axiom)
less@Qz@z thf(satz16b, conjecture)

NUMG665A1.p Landau theorem 16¢
some (lambda u.diffprop x z u)

nat: $tType thf(nat_type, type)
x: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

moreis: nat — nat — $o thf(moreis, type)
moreisQzQy thf(m, axiom)
some: (nat — $0) — $o thf(some, type)

diffprop: nat — nat — nat — $o thf(diffprop, type)

some@\xu: nat: (diffprop@y@z@xu) thf(n, axiom)

lessis: nat — nat — $o thf(lessis, type)

Vxx: nat, xy: nat, xz: nat: ((some@Axv: nat: (diffprop@xy@xx@xv)) = ((lessis@xy@xz) = (some@Axv: nat: (diffprop@xz@x
Vxx: nat, xy: nat: ((moreis@xx@xy) = (lessis@xy@xx)) thf(satzis, axiom)

some@\xu: nat: (diffprop@zr@z@xu) thf(satz16¢c, conjecture)

NUMG666A1.p Landau theorem 16d
some (lambda u.diffprop x z u)
nat: $tType thf(nat_type, type)



69

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

some: (nat — $0) — $o  thf(some, type)

diffprop: nat — nat — nat — $o thf(diffprop, type)
some@\xu: nat: (diffprop@z@y@xu) thf(m, axiom)

moreis: nat — nat — $o thf(moreis, type)
moreisQyQz thf(n, axiom)
lessis: nat — nat — $o thf(lessis, type)

Vxx: nat, xy: nat, xz: nat: ((lessis@xx@xy) = ((some@Axv: nat: (diffprop@xzQ@Qxy@xv)) = (some@\xv: nat: (diffprop@xz@Qx
Vxx: nat, xy: nat: ((moreis@xx@xy) = (lessis@xy@xx)) thf(satz;3, axiom)
some@A\xu: nat: (diffprop@zr@z@Qxu) thf(satz16d, conjecture)

NUMG667AL.p Landau theorem 17
(lessxz) > x =z
nat: $tType thf(nat_type, type)
z: nat thf(x, type)
y: nat thf(y, type)
z: nat thf(z, type)
less: nat — nat — $o thf(less, type)
—lessQrQy = x =4y thf(l, axiom)
—less@Qy@z = y =z thf(k, axiom)
Vxa: $o: (n—xa = xa) thf(et, axiom)
Vxx: nat, xy: nat, xz: nat: ((—less@xx@xy = xx =xy) = ((less@Qxy@xz) = (less@Qxx@xz))) thf(satz16a, axiom)
Vxx: nat, xy: nat, xz: nat: ((less@xx@Qxy) = ((—less@xy@xz = xy = xz) = (lessQxx@xz))) thf(satz16b, axiom)
—lessQr@Qz = x =2 thf(satzy7, conjecture)

NUMG668A1.p Landau theorem 18
(forall x_O:nat. (pl x y = pl x x.0))
nat: $tType thf(nat_type, type)
x: nat thf(z, type)
y: nat thf(y, type)
pl: nat — nat — nat thf(pl, type)
—Vxxg: nat: (pl@QxQy) # (pl@QzrQxx) thf(satz1s, conjecture)

NUMG669A1.p Landau theorem 18b

more (Suc x) x

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

more: nat — nat — $o thf(more, type)

suc: nat — nat thf(suc, type)

pl: nat — nat — nat thf(pl, type)

ny: nat thf(nq, type)

Vxx: nat, xy: nat: (more@(pl@xx@Qxy)@xx) thf(satz;g, axiom)
Vxx: nat: (pl@xx@nq) = (suc@xx) thf(satz4a, axiom)
more@(suc@x)Qzx thf(satz18b, conjecture)

NUMG670A1.p Landau theorem 19a
(forall x_O:nat. (pl x z = pl (pl y z) x.0))
nat: $tType thf(nat_type, type)
x: nat thf(z, type)
y: nat thf(y, type)
z: nat thf(z, type)
pl: nat — nat — nat thf(pl, type)
—Vxxg: nat: x # (plQyQxxo) thf(m, axiom)
Vxa: $o: (m—-xa = xa) thf(et, axiom)
Vxx: nat, xy: nat: (pl@xx@xy) = (pl@xy@Qxx) thf(satzg, axiom)
Vxx: nat, xy: nat, xz: nat: (pl@(pl@xx@xy)Qxz) = (pl@xx@(pl@xy@xz)) thf(satzs, axiom)
= Vxxp: nat: (plQzQz) # (pl@(plQy@z)Q@xxy) thf(satz19a, conjecture)

NUMG671A1.p Landau theorem 19b
plxz=plyz
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nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

xr=y thf(7, axiom)

pl: nat — nat — nat thf(pl, type)

(pl@z@z) = (pl@yQz) thi(satz19b, conjecture)

NUMG672A1.p Landau theorem 19c¢

less (pl x z) (ply z)

nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

less: nat — nat — $o thf(less, type)

less@z:@Qy thf(l, axiom)

pl: nat — nat — nat thf(pl, type)

more: nat — nat — $o thf(more, type)

Vxx: nat, xy: nat: ((more@xx@xy) = (less@xy@xx)) thf(satz;, axiom)
Vxx: nat, xy: nat, xz: nat: ((more@xx@xy) = (more@(pl@xx@xz)@Q(plAxyQxz)))
Vxx: nat, xy: nat: ((less@xx@Qxy) = (more@xy@xx)) thf(satzo, axiom)
less@(pl@Qzr@z)@Q(plQyQz) thf(satz19c, conjecture)

NUMG673A1.p Landau theorem 19d

more (pl z x) (pl z y)

nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

z: nat thi(z, type)

more: nat — nat — $o thf(more, type)

more@x@Qy thf(m, axiom)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat, xz: nat: ((more@xx@xy) = (more@(pl@xx@Qxz)Q(plA@xyQxz)))
Vxx: nat, xy: nat: (pl@xx@xy) = (pl@xy@xx) thf(satzg, axiom)
more@Q(pl@zQx)Q(plQzQy) thf(satz19d, conjecture)

NUMG674A1.p Landau theorem 19e
plzx=plzy

nat: $tType thf(nat_type, type)

z: nat thi(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

xT=y thf(i, axiom)

pl: nat — nat — nat thf(pl, type)

(pl@zQzx) = (pl@zQy) thf(satz19e, conjecture)

NUMG676A1.p Landau theorem 19g

more (pl x z) (pl y u)

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

u: nat thf(u, type)

r=y thf(, axiom)

more: nat — nat — $o thf(more, type)

more@zQu thf(m, axiom)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat, xz: nat: ((more@xx@xy) = (more@(pl@xz@xx)Q(pl@xzQxy)))
more@(pl@z@Qz)Q(plQyQu) thf(satz19g, conjecture)

NUMG677A1.p Landau theorem 19h
more (pl z x) (pl uy)

thf(satz19a, axiom)

thf(satz19a, axiom)

thf(satz19d, axiom)
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nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

w: nat thf(u, type)

xT=y thf(i, axiom)

more: nat — nat — $o thf(more, type)

more@zQuy thf(m, axiom)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat, xz: nat, xw: nat: (xx = xy = ((more@xz@Qxu) = (more@(pl@xx@xz)@(pl@xyQxu)))) thf(satz19g, axio
Vxx: nat, xy: nat: (pl@xx@xy) = (pl@xy@xx) thf(satzg, axiom)
more@Q(pl@QzQzx)Q(plQuQy) thf(satz19h, conjecture)

NUMG680AL.p Landau theorem 20a

more X y

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

more: nat — nat — $o thf(more, type)

pl: nat — nat — nat thf(pl, type)

more@(plQzr@z)Q(plAQyQz) thf(m, axiom)

Vxa: $o: (n—xa = xa) thf(et, axiom)

less: nat — nat — $o thf(less, type)

Vxx: nat, xy: nat: - (xx = xy = —more@xx@xy) = — - ((more@xxQ@Qxy) = -less@xxQxy) = - (less@xx@Qxy) =
XX # Xy thf(satz10b, axiom)

Vxx: nat, xy: nat, xz: nat: (xx = xy = (pl@xx@xz) = (pl@Qxy@Qxz)) thf(satz19b, axiom)

Vxx: nat, xy: nat, xz: nat: ((less@xx@Qxy) = (less@Q(pl@xx@Qxz)Q(plA@xyQxz))) thf(satz19c, axiom)
Vxx: nat, xy: nat: (xx # xy = (- more@xxQ@xy = (less@xx@Qxy))) thf(satz10a, axiom)
more@xQy thf(satz20a, conjecture)

NUMG681A1.p Landau theorem 20b

X=Yy

nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

pl: nat — nat — nat thf(pl, type)

(pl@z@z) = (pl@yQz) thf(i, axiom)

Vxa: $o: (-—xa = xa) thf(et, axiom)

less: nat — nat — $o thf(less, type)

more: nat — nat — $o thf(more, type)

Vxx: nat, xy: nat: - (xx = xy = —more@xx@xy) = - - ((more@xx@xy) = —less@xx@xy) = - (less@xxQxy) =
XX # Xy thf(satz10b, axiom)

Vxx: nat, xy: nat, xz: nat: ((less@xx@xy) = (less@(pl@xx@Qxz)Q(plGxy@Qxz))) thf(satz19c, axiom)
Vxx: nat, xy: nat: (xx #xy = (-more@xx@xy = (less@xx@xy))) thf(satz10a, axiom)

Vxx: nat, xy: nat, xz: nat: ((more@xx@xy) = (more@(pl@xx@Qxz)Q(plA@xyQxz))) thf(satz19a, axiom)
xr=y thf(satz20b, conjecture)

NUMG682A1.p Landau theorem 20c

less x y

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

less: nat — nat — $o thf(less, type)

pl: nat — nat — nat thf(pl, type)
less@(pl@Qz@Qz)@Q(plQyQz) thi(l, axiom)
Vxa: $o: (-—xa = xa) thf(et, axiom)
more: nat — nat — $o thf(more, type)
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Vxx: nat, xy: nat: - (xx = xy = —more@xx@xy) = — - ((more@xxQ@Qxy) = -less@xxQxy) = - (less@xx@Qxy) =
XX # Xy thf(satz10b, axiom)

Vxx: nat, xy: nat, xz: nat: ((more@xx@xy) = (more@(pl@xx@Qxz)Q(plA@xyQxz))) thf(satz19a, axiom)

Vxx: nat, xy: nat, xz: nat: (xx =xy = (pl@xx@xz) = (plA@xyQxz)) thf(satz19b, axiom)

Vxx: nat, xy: nat: (xx #xy = (- more@xx@xy = (less@xx@xy))) thf(satz10a, axiom)

less@z:@Qy thf(satz20c, conjecture)

NUMG683A1.p Landau theorem 20d

more X y

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

more: nat — nat — $o thf(more, type)

pl: nat — nat — nat thf(pl, type)

more@(pl@zQz)Q(plQzQy) thf(m, axiom)

Vxx: nat, xy: nat, xz: nat: ((more@(pl@xx@xz)@Q(pl@xyQxz)) = (more@xx@xy)) thf(satz20a, axiom)
Vxx: nat, xy: nat: (pl@xx@xy) = (pl@xy@Qxx) thf(satzg, axiom)
more@QyQy thf(satz20d, conjecture)

NUMG684A1.p Landau theorem 20e

x=y

nat: $tType thf(nat_type, type)

2: nat thi(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

pl: nat — nat — nat thf(pl, type)

(pl@zQzx) = (pl@zQy) thf(z, axiom)

Vxx: nat, xy: nat, xz: nat: ((pl@xx@xz) = (pl@xy@xz) = xx = xy) thf(satz20b, axiom)
Vxx: nat, xy: nat: (pl@xx@Qxy) = (pl@xy@xx) thf(satzg, axiom)
x=1y thf(satz20e, conjecture)

NUMG686A1.p Landau theorem 21

some (lambda u_0.diffprop (pl x z) (pl y u) u.0)

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

y: nat thf(y, type)

z: nat thf(z, type)

u: nat thf(u, type)

some: (nat — $0) — $o thf(some, type)

diffprop: nat — nat — nat — $o thf(diffprop, type)

some@\xu: nat: (diffprop@z@Qy@xu) thf(m, axiom)

some@\xug: nat: (diffprop@z@u@xug) thf(n, axiom)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat, xz: nat: ((some@Axv: nat: (diffprop@xy@xx@xv)) = ((some@Axv: nat: (diffprop@xzQxy@xv)) =
(some@\xv: nat: (diffprop@xz@xx@xv)))) thf(satzys, axiom)

Vxx: nat, xy: nat, xz: nat: ((some@Axu: nat: (diffprop@xx@xy@xu)) = (some@Axu: nat: (diffprop@(pl@xx@xz)Q(pl@Qxy@xz
Vxx: nat, xy: nat: (pl@xx@xy) = (pl@xy@xx) thf(satzg, axiom)

some@A\xug: nat: (diffprop@(pl@QzQz)@Q(pl@Qy@Qu)Qxuy) thf(satzz;, conjecture)

NUMG687A1.p Landau theorem 22a
more (pl x z) (pl y u)

nat: $tType thf(nat_type, type)
x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

u: nat thf(u, type)

more: nat — nat — $o thf(more, type)
—moreQzrQy = x =y thf(m, axiom)
more@zQuy thf(n, axiom)

pl: nat — nat — nat thf(pl, type)
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Vxa: $o: (m—-xa = xa) thf(et, axiom)

Vxx: nat, xy: nat, xz: nat, xu: nat: (xx = xy = ((more@xz@Qxu) = (more@Q(pl@xx@Qxz)Q(pl@xy@Qxu)))) thf(satz19g, axio
Vxx: nat, xy: nat, xz: nat, xu: nat: ((more@xx@xy) = ((more@xz@xu) = (more@(pl@xx@xz)Q(plA@xyQxu)))) thf(satzy
more@(pl@zQz)Q(plQyQu) thf(satz22a, conjecture)

NUMG688A1.p Landau theorem 22b
more (pl x z) (pl y u)
nat: $tType thf(nat_type, type)
x: nat thf(z, type)
y: nat thf(y, type)

(

z: nat thf(z, type)

u: nat thf(u, type)

more: nat — nat — $o thf(more, type)
more@QzQy thf(m, axiom)
—more@zQu = z=u thf(n, axiom)

pl: nat — nat — nat thf(pl, type)

Vxa: $o: (n—xa = xa) thf(et, axiom)

Vxx: nat, xy: nat, xz: nat, xu: nat: (xx = xy = ((more@xz@Qxu) = (more@(pl@xzQxx)Q(pl@xu@xy)))) thf(satz19h, axic
Vxx: nat, xy: nat, xz: nat, xu: nat: ((more@xx@xy) = ((more@xz@xu) = (more@(pl@xx@xz)@Q(pl@xy@xu)))) thi(satzo.
more@Q(pl@Qzr@Qz)Q(plQyQu) thf(satz22b, conjecture)

NUMG689AL.p Landau theorem 22¢

some (lambda v.diffprop (pl y u) (pl x z) v)
nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

w: nat thf(u, type)

lessis: nat — nat — $o thf(lessis, type)
lessis@Qz:@Qy thi(l, axiom)
some: (nat — $0) — $o thf(some, type)

diffprop: nat — nat — nat — $o thf(diffprop, type)

some@\xv: nat: (diffprop@u@zQxv) thf(k, axiom)

pl: nat — nat — nat thf(pl, type)

moreis: nat — nat — $o thf(moreis, type)

Vxx: nat, xy: nat, xz: nat, xu: nat: ((moreis@xx@xy) = ((some@A\xug: nat: (diffprop@xz@xu@xug)) = (some@Axug: nat: (d
Vxx: nat, xy: nat: ((lessis@xx@xy) = (moreis@Qxy@xx)) thf(satzi4, axiom)

some@\xv: nat: (diffprop@(pl@Qy@u)Q(pl@QzrQz)Qxv) thf(satz22c, conjecture)

NUMG690A1.p Landau theorem 22d

some (lambda v.diffprop (pl y u) (pl x z) v)

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thi(y, type)

z: nat thf(z, type)

u: nat thf(u, type)

some: (nat — $0) — $o thf(some, type)

diffprop: nat — nat — nat — $o thf(diffprop, type)

some@\xv: nat: (diffprop@y@QzQxv) thf(l, axiom)

lessis: nat — nat — $o thf(lessis, type)

lessis@z@Qu thf(k, axiom)

pl: nat — nat — nat thf(pl, type)

moreis: nat — nat — $o thf(moreis, type)

Vxx: nat, xy: nat, xz: nat, xu: nat: ((some@Xxu: nat: (diffprop@xx@xy@xu)) = ((moreis@xzQ@xu) = (some@A\xug: nat: (diff
Vxx: nat, xy: nat: ((lessis@xx@xy) = (moreis@xy@xx)) thf(satz4, axiom)
some@A\xv: nat: (diffprop@(pl@Qy@Qu)Q(plAr@Qz)Qxv) thf(satz22d, conjecture)

NUMG691A1.p Landau theorem 23

(more (plxz) (plyu)) = plxz=plyu
nat: $tType thf(nat_type, type)
z: nat thf(x, type)
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y: nat thf(y, type)
z: nat thf(z, type)
u: nat thf(u, type)

more: nat — nat — $o thf(more, type)
—moreQzrQy = x =y thf(m, axiom)
—more@zQu = z=u thf(n, axiom)

pl: nat — nat — nat thf(pl, type)

Vxa: $o: (n—xa = xa) thf(et, axiom)

Vxx: nat, xy: nat, xz: nat, xu: nat: ((-more@xx@xy = xx =xy) = ((more@xzQxu) = (more@(pl@xx@xz)Q@(plGxyQxu)))
Vxx: nat, xy: nat, xz: nat, xw: nat: ((more@xx@xy) = ((—-more@xzQxu = xz =xu) = (more@(pl@xxQxz)Q@Q(plA@xy@Qxu)))
- more@Q(plQzr@Qz)Q(plQyQu) = (plQzxQz) = (plQyQu) thf(satzas, conjecture)

NUMG692A1.p Landau theorem 23a

lessis (pl x z) (pl y u)

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

w: nat thf(u, type)

lessis: nat — nat — $o thf(lessis, type)

lessis@Qz:@Qy thf(l, axiom)

lessis@z@Qu thf(k, axiom)

ts: nat — nat — nat thf(ts, type)

moreis: nat — nat — $o thf(moreis, type)

Vxx: nat, xy: nat: ((moreis@xx@xy) = (lessis@xy@xx)) thf(satzy3, axiom)
Vxx: nat, Xy: nat, xz: nat, xu: nat: ((moreis@xx@xy) = ((moreis@xz@xu) = (moreis@(ts@xx@xz)Q@(ts@xy@Qxu)))) thi(s
Vxx: nat, xy: nat: ((lessis@xx@xy) = (moreis@xy@xx)) thf(satz14, axiom)
lessis@(tsQrQz)Q(tsQyQu) thf(satz23a, conjecture)

NUMG693A1.p Landau theorem 24
(more x n_1) — x =n_1
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
more: nat — nat — $o thf(more, type)
np: nat thf(nq, type)
Vxa: $o: (-—xa = xa) thf(et, axiom)
suc: nat — nat thf(suc, type)
Vxx: nat: (xx #n; = —Vxxo: nat: xx # (suc@xxg)) thf(satzs, axiom)
pl: nat — nat — nat thf(pl, type)
Vxx: nat, xy: nat: (more@(pl@xx@xy)@xx) thf(satz;g, axiom)
Vxx: nat: (suc@xx) = (pl@n; Qxx) thf(satz4g, axiom)
—more@Qx@Qn; = x =mny thf(satzay, conjecture)

NUMG694A1.p Landau theorem 24a

lessis n_1 x

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

lessis: nat — nat — $o thf(lessis, type)

ni: nat thf(ny, type)

moreis: nat — nat — $o thf(moreis, type)

Vxx: nat, xy: nat: ((moreis@xx@xy) = (lessis@xy@xx)) thf(satzis, axiom)
Vxx: nat: (moreis@xx@ny ) thf(satzag, axiom)

lessis@nq Qz thf(satz24a, conjecture)

NUMG695A1.p Landau theorem 24b
more (suc x) n-1

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

more: nat — nat — $o thf(more, type)
suc: nat — nat thf(suc, type)

ny: nat thf(nq, type)
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Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxx: nat: (xx #n; = —Vxxg: nat: xx # (suc@xxg)) thf(satzg, axiom)
Vxx: nat: (suc@xx) # ny thf(axs, axiom)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat: (more@(pl@xx@Qxy)@xx) thf(satz;g, axiom)
Vxx: nat: (suc@xx) = (pl@n; Qxx) thf(satz4g, axiom)
more@(suc@gx)@Qn; thf(satz24b, conjecture)

NUMG696A1.p Landau theorem 25
( (forall x Omat. (y =pl (plxn-1) x0))) > y=plxnl
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thf(y, type)
pl: nat — nat — nat thf(pl, type)
—Vxxp: nat: y # (plQzQxx) thf(m, axiom)
ni: nat thf(nq, type)
Vxa: $o: (n—xa = xa) thf(et, axiom)
Vxx: nat: (- - Vxxg: nat: xx # (pl@ny@xxg) = xx=n1) thf(satzes, axiom)
Vxx: nat, xy: nat, xz: nat: (—Vxxg: nat: xx # (pl@xy@xxg) = —Vxxg: nat: (pl@xxQxz) # (pl@Q(pl@xyQ@xz)Qxxg)) thf(sat
Vxx: nat, xy: nat: (pl@xx@xy) = (pl@xy@xx) thf(satzg, axiom)
- = Vxxp: nat: y # (pl@(pl@Qzx@n,)Qxxy) = y = (plQz@ny) thf(satzos, conjecture)

NUMG697A1.p Landau theorem 25a

moreis y (suc x)

nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

more: nat — nat — $o thf(more, type)

more@QyQz thf(m, axiom)

moreis: nat — nat — $o thf(moreis, type)

suc: nat — nat thf(suc, type)

pl: nat — nat — nat thf(pl, type)

ni: nat thf(ny, type)

Vxx: nat, xy: nat: ((more@xy@xx) = (moreis@xy@(pl@xx@Qn,))) thf(satzas, axiom)
Vxx: nat: (pl@xx@nq) = (suc@xx) thf(satz4a, axiom)
moreis@yQ(sucQz) thf(satz25a, conjecture)

NUMG698A1.p Landau theorem 25b

lessis (pl y n_1) x

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

y: nat thf(y, type)

some: (nat — $0) — $o  thf(some, type)

diffprop: nat — nat — nat — $o thf(diffprop, type)

some@\xv: nat: (diffprop@zQy@Qxv) thf(l, axiom)

lessis: nat — nat — $o thf(lessis, type)

pl: nat — nat — nat thf(pl, type)

ni: nat thf(nq, type)

moreis: nat — nat — $o thf(moreis, type)

Vxx: nat, xy: nat: ((moreis@xx@xy) = (lessis@xy@xx)) thf(satz;3, axiom)
Vxx: nat, xy: nat: ((some@Axu: nat: (diffprop@xy@xx@xu)) = (moreis@xy@Q(pl@xx@n;))) thf(satzgs, axiom)
lessis@(pl@Qy@n, )Qx thf(satz25b, conjecture)

NUMG699A1.p Landau theorem 25¢
lessis (suc y) x

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

y: nat thi(y, type)

less: nat — nat — $o thf(less, type)
less@Qy@x thf(l, axiom)

lessis: nat — nat — $o thf(lessis, type)
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suc: nat — nat thf(suc, type)

pl: nat — nat — nat thf(pl, type)

ni: nat thf(nq, type)

Vxx: nat, xy: nat: ((less@xy@xx) = (lessis@(pl@xy@n;)@xx)) thf(satz25b, axiom)
Vxx: nat: (pl@xx@nq) = (suc@xx) thf(satz4a, axiom)

lessis@(suc@Qy)Qzx thf(satz25¢, conjecture)

NUMT700AL.p Landau theorem 26
lessis y x

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

less: nat — nat — $o thf(less, type)
pl: nat — nat — nat thf(pl, type)
n1: nat thf(nq, type)
less@Qy@(pl@x@n; ) thf(l, axiom)

lessis: nat — nat — $o thf(lessis, type)

more: nat — nat — $o thf(more, type)

Vxx: nat, xy: nat: (- more@xx@xy = (lessis@xx@xy)) thf(satz10e, axiom)
moreis: nat — nat — $o thf(moreis, type)

Vxx: nat, xy: nat: ((less@xx@xy) = —moreis@xx@xy) thf(satz10h, axiom)
Vxx: nat, xy: nat: ((more@xy@xx) = (moreis@Qxy@(pl@xx@n,))) thf(satzos, axiom)
lessisQyQzx thf(satzag, conjecture)

NUMT7T01A1.p Landau theorem 26a
lessis y x

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thi(y, type)

less: nat — nat — $o thf(less, type)

suc: nat — nat thf(suc, type)
less@y@(suc@zx) thf(l, axiom)
lessis: nat — nat — $o thf(lessis, type)

pl: nat — nat — nat thf(pl, type)

ny: nat thf(nq, type)

Vxx: nat, xy: nat: ((less@xy@Q(pl@xx@n;)) = (lessis@xy@xx)) thf(satzgg, axiom)
Vxx: nat: (suc@xx) = (pl@xx@ny ) thf(satzde, axiom)

lessis@QyQzx thf(satz26a, conjecture)

NUMT7T02A1.p Landau theorem 26b

moreis y X

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thi(y, type)

some: (nat — $0) — $o thf(some, type)

diffprop: nat — nat — nat — $o thf(diffprop, type)

pl: nat — nat — nat thf(pl, type)

ny: nat thf(nq, type)

some@\xu: nat: (diffprop@(pl@Qy@n,)QrQ@xu) thf(m, axiom)

moreis: nat — nat — $o thf(moreis, type)

lessis: nat — nat — $o thf(lessis, type)

Vxx: nat, xy: nat: ((lessis@xx@xy) = (moreis@Qxy@xx)) thf(satzi4, axiom)
Vxx: nat, xy: nat: ((some@Axv: nat: (diffprop@Q(pl@xx@n;)Qxy@xv)) = (lessis@xy@xx))
moreisQyQx thf(satz26b, conjecture)

NUMT7T03A1.p Landau theorem 26¢
moreis y X

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

more: nat — nat — $o thf(more, type)

thf(satzag, axiom)
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suc: nat — nat thf(suc, type)

more@(suc@y)Qx thf(m, axiom)

moreis: nat — nat — $o thf(moreis, type)

pl: nat — nat — nat thf(pl, type)

ni: nat thf(ny, type)

Vxx: nat, xy: nat: ((more@(pl@xy@n,)Q@xx) = (moreis@xy@Qxx)) thf(satz26b, axiom)
Vxx: nat: (suc@xx) = (pl@xx@ny ) thf(satzde, axiom)

moreisQyQzx thf(satz26¢c, conjecture)

NUMT7T04A1.p Landau theorem 27
(forall x:nat. ( ((forall x_0_0:nat.p x.0.0 — (less x x.0.0) — x =x.0.0) — (p x))))
nat: $tType thf(nat_type, type)
p: nat — $o thf(p, type)
- Vxx: nat: - p@Qxx thf(s, axiom)
less: nat — nat — $o thf(less, type)
Vxa: $o: (-—xa = xa) thf(et, axiom)
more: nat — nat — $o thf(more, type)
Vxx: nat, xy: nat: ((more@xx@xy) = - -less@xx@xy = Xxx = Xxy) thf(satz10g, axiom)
pl: nat — nat — nat thf(pl, type)
ni: nat thf(ny, type)
Vxx: nat, xy: nat: (more@(pl@xx@xy)@xx) thf(satz;g, axiom)
set: $tType thf(set_type, type)
esti: nat — set — $o thf(esti, type)
setof: (nat — $o0) — set thf(setof, type)
Vxp: nat — $o, xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)
suc: nat — nat thf(suc, type)
Vxs: set: ((esti@n;@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (estiQxx@xs))) thf(axs, axio:
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxx: nat: (—less@n;@xx = n; = xx) thf(satz24a, axiom)
Vxx: nat, xy: nat: ((less@xy@xx) = (—less@(pl@xy@n,)@xx = (pl@xy@n;) = xx)) thf(satz25b, axiom)
Vxx: nat: (pl@xx@nq) = (suc@xx) thf(satz4a, axiom)
—Vxx: nat: == Vxx_0g: nat: ((p@xx_0p) = (—less@xx@xx 0y = xx =xx.0p)) = —pQxx thf(satze7, conjecture)

NUM705A1.p Landau theorem 27a
((forall x:nat.forall y:mat. ((forall x_O:nat.p x.0 — lessis x x.0) — (p x)) — ((forall x O:nat.p x 0 — lessis y x.0)
— (py)) = x=y) — (some (lambda x. ((forall x_0:nat.p x.0 — lessis x x.0) — (p x)))))
nat: $tType thf(nat_type, type)
p: nat — $o thf(p, type)
some: (nat — $0) — $o  thf(some, type)

some@p  thf(s, axiom)
lessis: nat — nat — $o thf(lessis, type)
more: nat — nat — $o thf(more, type)

Vxx: nat, xy: nat: ((lessis@xx@xy) = (-more@xy@xx = Xy = xX)) thf(satz;4, axiom)

Vxa: $o: (m—xa = xa) thf(et, axiom)

Vxx: nat, xy: nat: ((lessis@xx@xy) = - more@xx@xy) thf(satz10d, axiom)

Vxp: nat — $o: ((some@xp) = (some@Axx: nat: = Vxxp: nat: ((xp@xxg) = (lessis@xx@xxg)) = —xpQ@xx)) thf(satzar,
—Vxx: nat,xy: nat: (-Vxxg: nat: ((p@xxg) = (lessis@xx@Qxxg)) = - pQxx = (-Vxx(: nat: ((pQxxy) =
(lessis@xy@xxg)) = —p@xy = xx=xy)) = -some@Axx: nat: = Vxxo: nat: ((pQxxg) = (lessis@xx@Qxx¢)) =

—p@xx  thf(satz27a, conjecture)

NUMT7T06A1.p Landau theorem 28e

x=tsxnl

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

ts: nat — nat — nat thf(ts, type)

ni: nat thf(nq, type)

Vxx: nat: (ts@xx@Qnp) = xx thf(satz28a, axiom)
x = (tsQzQn;) thf(satz28e, conjecture)

NUMT7T07A1.p Landau theorem 28f
pl (tsxy) x =ts x (sucy)
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nat: $tType thf(nat_type, type)

z: nat thf(x, type)

y: nat thf(y, type)

pl: nat — nat — nat thf(pl, type)

ts: nat — nat — nat thf(ts, type)

suc: nat — nat thf(suc, type)

Vxx: nat, xy: nat: (ts@xx@(suc@xy)) = (pl@Q(ts@xx@Qxy)Qxx) thf(satz28b, axiom)
(plQ(ts@Qz@Qy)Qx) = (tsQzQ(sucQy)) thf(satz28f, conjecture)

NUM708A1.p Landau theorem 28g

x =tsnlx

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

ts: nat — nat — nat thf(ts, type)

n1: nat thf(nq, type)

Vxx: nat: (ts@nq @Qxx) = xx thf(satz28c, axiom)
x = (tsQn,Qz) thf(satz28g, conjecture)

NUMT709A1.p Landau theorem 28h

pl (tsxy)y =ts (sucx)y

nat: $tType thf(nat_type, type)

x: nat thf(x, type)

y: nat thi(y, type)

pl: nat — nat — nat thf(pl, type)

ts: nat — nat — nat thf(ts, type)

suc: nat — nat thf(suc, type)

Vxx: nat, xy: nat: (ts@(suc@xx)@xy) = (pl@Q(ts@xxQxy)Qxy) thf(satz28d, axiom)
(pl@(ts@zQy)Qy) = (ts@(suc@z)Qy) thf(satz28h, conjecture)

NUMT7T10A1.p Landau theorem 29

tsxy=tsyx

nat: $tType thf(nat_type, type)

x: nat thi(z, type)

y: nat thf(y, type)

ts: nat — nat — nat thf(ts, type)

set: $tType thf(set_type, type)

esti: nat — set — $o  thif(esti, type)

setof: (nat — $o) — set thf(setof, type)

Vxp: nat — $o,xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)

ni: nat thf(nq, type)

suc: nat — nat thf(suc, type)

Vxs: set: ((esti@n;@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@xs)))
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxx: nat: (ts@xx@n;) = xx thf(satz28a, axiom)

Vxx: nat: (ts@nq @Qxx) = xx thf(satz28c, axiom)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat: (pl@Q(ts@xx@xy)Qxx) = (tsQxx@Q(suc@xy)) thf(satz28f, axiom)
Vxx: nat, xy: nat: (ts@Q(suc@xx)@xy) = (pl@(ts@xx@xy)Qxy) thf(satz28d, axiom)
(ts@QzQy) = (tsQyQx) thf(satzag, conjecture)

NUMT711A1.p Landau theorem 30
tsx (plyz) =pl (tsxy) (ts x 2)
nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

ts: nat — nat — nat thf(ts, type)
pl: nat — nat — nat thf(pl, type)
set: $tType thf(set_type, type)
esti: nat — set — $o thf(esti, type)
setof: (nat — $o) — set thf(setof, type)

thf(axs, axio



Vxp: nat — $o, xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)

ni: nat thf(nq, type)

suc: nat — nat thf(suc, type)

Vxs: set: ((esti@nq@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (esti@xx@xs)))
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)

Vxx: nat: xx = (ts@Qxx@ny ) thf(satz28e, axiom)

Vxx: nat, xy: nat: (ts@xx@(suc@xy)) = (pl@Q(ts@xx@xy)Qxx) thf(satz28b, axiom)

Vxx: nat: (pl@xx@ny) = (suc@xx) thf(satz4a, axiom)

Vxx: nat, xy: nat: (pl@Q(ts@xx@xy)Qxx) = (tsQxx@Q(suc@xy)) thf(satz28f, axiom)

Vxx: nat, xy: nat, xz: nat: (pl@(pl@xx@xy)Qxz) = (pl@xxQ(plAQxy@xz)) thf(satzs, axiom)
Vxx: nat, xy: nat: (pl@xx@(suc@xy)) = (suc@(pl@xx@xy)) thf(satz4b, axiom)
(ts@z@(pl@y@Qz)) = (plQ(ts@zr@y)Q(ts@x@Qz)) thf(satzgg, conjecture)

NUMT712A1.p Landau theorem 31

ts(tsxy)z=tsx (tsyz)

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

ts: nat — nat — nat thi(ts, type)

set: $tType thf(set_type, type)

esti: nat — set — $o thf(esti, type)

setof: (nat — $o) — set thf(setof, type)

Vxp: nat — $o, xs: nat: ((esti@xsQ(setof@xp)) = (xp@xs)) thf(estie, axiom)

ni: nat thf(nq, type)

suc: nat — nat thf(suc, type)

Vxs: set: ((esti@n;@xs) = (Vxx: nat: ((esti@xx@xs) = (esti@(suc@xx)@xs)) = Vxx: nat: (estiQxx@xs)))
Vxp: nat — $o, xs: nat: ((xp@xs) = (esti@xsQ(setof@xp))) thf(estii, axiom)
Vxx: nat: xx = (ts@Qxx@ny ) thf(satz28e, axiom)

Vxx: nat: (ts@xx@np) = xx thf(satz28a, axiom)

pl: nat — nat — nat thf(pl, type)

Vxx: nat, xy: nat: (pl@Q(ts@xx@xy)@xx) = (ts@xx@Q(suc@xy)) thf(satz28f, axiom)
Vxx: nat, xy: nat, xz: nat: (ts@xx@(pl@xy@xz)) = (pl@Q(ts@xx@Qxy)Q(tsQxx@Qxz)) thf(satzso, axiom)
Vxx: nat, xy: nat: (ts@xx@(suc@xy)) = (pl@Q(ts@xxQxy)Qxx) thf(satz28b, axiom)
(tsQ(tsQx@Qy)@z) = (ts@QzQ(tsQyQz)) thf(satzs;, conjecture)

NUMT7T13A1.p Landau theorem 32a
(forall x_O:nat. (ts x z = pl (ts y z) x.0))
nat: $tType thf(nat_type, type)
x: nat thf(x, type)
y: nat thf(y, type)
z: nat thf(z, type)
pl: nat — nat — nat thf(pl, type)
—Vxxo: nat: x # (plQyQxxg) thf(m, axiom)
ts: nat — nat — nat thf(ts, type)
Vxa: $o: (n—xa = xa) thf(et, axiom)
Vxx: nat, xy: nat: (ts@xx@xy) = (ts@Qxy@Qxx) thf(satzsag, axiom)
Vxx: nat, xy: nat, xz: nat: (ts@xx@(pl@xy@xz)) = (pl@Q(ts@xx@Qxy)Q(ts@Qxx@Qxz)) thf(satzso, axiom)
= Vxxg: nat: (ts@Qx@z) # (plQ(tsQy@z)@xxy) thf(satz32a, conjecture)

NUMT721A1.p Landau theorem 34a

some (lambda v.diffprop (ts y u) (ts x z) v)

nat: $tType thf(nat_type, type)

x: nat thf(z, type)

y: nat thf(y, type)

z: nat thf(z, type)

u: nat thf(u, type)

some: (nat — $0) — $o  thf(some, type)

diffprop: nat — nat — nat — $o thf(diffprop, type)
some@A\xv: nat: (diffprop@y@zQxv) thf(l, axiom)

some@\xv: nat: (diffprop@Qu@z@xv) thf(k, axiom)
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ts: nat — nat — nat thf(ts, type)
Vxx: nat, xy: nat, xz: nat, xu: nat: ((some@Axu: nat: (diffprop@xx@xy@xu)) = ((some@Axug: nat: (diffprop@xz@xu@xuyg))
(some@A\xug: nat: (diffprop@(ts@xx@xz)@Q(ts@xy@xu)@xuyg)))) thf(satzss, axiom)
some@\xv: nat: (diffprop@(ts@Qy@Qu)@Q(tsQxQz)Qxv) thf(satz34a, conjecture)

NUMT7T26A1.p Landau theorem 38

ts (num y) (den x) = ts (num x) (den y)

frac: $tType thf(frac_type, type)

x: frac thi(z, type)

y: frac thf(y, type)

nat: $tType thf(nat_type, type)

ts: nat — nat — nat thf(ts, type)

num: frac — nat thf(num, type)

den: frac — nat thf(den, type)

(ts@(num@z)@(den@y)) = (ts@(num@y)@(denQ@zx)) thf(e, axiom)
(ts@(num@Qy)@(den@zx)) = (ts@(num@z)Q(den@y)) thf(satzss, conjecture)

NUMT727A1.p Landau theorem 39

ts (num x) (den z) = ts (num z) (den x)

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

nat: $tType thf(nat_type, type)

ts: nat — nat — nat thf(ts, type)

num: frac — nat thf(num, type)

den: frac — nat thf(den, type)

(ts@(num@z)@(den@y)) = (ts@Q(num@Q@y)Q(den@z)) thf(e, axiom)
(ts@(num@y)@(den@z)) = (ts@Q(num@z)Q(denQy)) thf(f, axiom)

Vxx: nat, xy: nat, xz: nat: ((ts@Qxx@xz) = (ts@Qxy@Qxz) = xx = xy) thf(satz33b, axiom)
Vxx: nat, xy: nat: (ts@xx@Qxy) = (ts@Qxy@Qxx) thf(satzag, axiom)

Vxx: nat, xy: nat, xz: nat: (ts@Q(ts@xx@Qxy)Qxz) = (ts@xxQ(tsQxy@xz)) thf(satzsy, axiom)
(ts@(num@z)@(den@z)) = (ts@Q(num@z)@(den@x)) thf(satzsg, conjecture)

NUMT728A1.p Landau theorem 40a

eq (fr (ts (I1x x) n) (ts (2x x) n)) x

frac: $tType thf(frac_type, type)

x: frac thi(z, type)

nat: $tType thf(nat_type, type)

n: nat thf(n, type)

eq: frac — frac — $o thf(eq, type)

fr: nat — nat — frac thf(fr, type)

ts: nat — nat — nat thf(ts, type)

clx: frac — nat thf(clx, type)

¢2x: frac — nat thf(c2x, type)

Vxx: frac, xy: frac: ((eq@xx@xy) = (eq@xy@xx)) thf(satzgs, axiom)
Vxx: frac, xn: nat: (eq@xxQ(frQ(ts@Q(c1x@xx)@xn)Q(ts@(c2x@xx)@xn))) thf(satzyg, axiom)
eq@Q(frQ(tsQ(c1x@Qz)Qn)@Q(tsQ(c2xQx)@Qn))Qx thf(satz40a, conjecture)

NUMT7T29A1.p Landau theorem 40c

eq (fr (ts x1 n) (ts x2 n)) (fr x1 x2)

nat: $tType thf(nat_type, type)

T1: nat thf(z1, type)

Zo: nat thf(xs, type)

n: nat thf(n, type)

frac: $tType thf(frac_type, type)

eq: frac — frac — $o thf(eq, type)

fr: nat — nat — frac thf(fr, type)

ts: nat — nat — nat thf(ts, type)

Vxx: frac, xy: frac: ((eq@xx@Qxy) = (eq@xy@Qxx)) thf(satzgs, axiom)
Vxx1: nat, xxo: nat, xn: nat: (eq@(fr@xx; Qxx,)Q(fr@(ts@xx; Qxn)@(ts@xx,@xn))) thf(satz40b, axiom)
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eqQ(frQ(ts@Qz1@n)Q(tsQro@n))Q(frQx; Qxy) thf(satz40c, conjecture)

NUMT730A1.p Landau theorem 41

01)"6(05 (tS) )()1X x) (2y y) = ts (ly y) (2x x)) (more (ts (1x x) (2y y)) (ts (Ly y) (2x x))) (less (ts (1x x) (2y ¥)) (ts (1y
y) (2x x

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thi(y, type)

orecg: $0 — $0 — $0 — 3o thf(orecs, type)

nat: $tType thf(nat_type, type)

ts: nat — nat — nat thi(ts, type)

clx: frac — nat thf(clx, type)

c2y: frac — nat thf(c2y, type)

cly: frac — nat thf(cly, type)

¢2x: frac — nat thf(c2x, type)

more: nat — nat — $o thf(more, type)

less: nat — nat — $o thf(less, type)

Vxx: nat, xy: nat: (orecs@xx = xy@(more@xx@xy)Q(less@xx@xy)) thf(satzyo, axiom)
orec3Q(tsQ(clx@Qz)Q(c2yQy)) = (tsQ(clyQy)Q(c2xQz))@(more@(ts@Q(c1x@Qz)Q(c2yQy))Q(ts@Q(clyQy)Q(c2xQx)))Q(less@

NUMT7T36A1.p Landau theorem 42

less (ts (num y) (den x)) (ts (num x) (den y))

frac: $tType thf(frac_type, type)

x: frac thi(z, type)

y: frac thf(y, type)

nat: $tType thf(nat_type, type)

more: nat — nat — $o thf(more, type)

ts: nat — nat — nat thi(ts, type)

num: frac — nat thf(num, type)

den: frac — nat thf(den, type)
more@(ts@(num@z)@(den@y))@Q(ts@Q(num@y)@(den@zx)) thf(m, axiom)
less: nat — nat — $o thf(less, type)

Vxx: nat, xy: nat: ((more@xx@xy) = (less@xy@xx)) thf(satz;, axiom)
less@(ts@(num@y)@(den@z) ) Q(ts@Q(num@z)Q(den@y)) thf(satzsz, conjecture)

NUMT737A1.p Landau theorem 44

more (ts (num z) (den u)) (ts (num u) (den z))

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

u: frac thf(u, type)

nat: $tType thf(nat_type, type)

more: nat — nat — $o thf(more, type)

ts: nat — nat — nat thf(ts, type)

num: frac — nat thf(num, type)

den: frac — nat thf(den, type)

more@(ts@(num@z)@(den@Qy))Q(ts@(num@y)Q(den@z)) thf(m, axiom)

(ts@(num@z)@(den@z)) = (ts@Q(num@z)@Q(den@x)) thf(e, axiom)

(ts@(num@Qy)@(den@Qu)) = (ts@(num@u)Q(den@y)) thf(f, axiom)

Vxx: nat, xy: nat, xz: nat: ((more@(ts@xx@Qxz)@Q(ts@xyQxz)) = (more@xx@xy)) thf(satz33a, axiom)
Vxx: nat, xy: nat, xz: nat: ((more@xx@xy) = (more@(ts@xz@Qxx)Q(ts@xz@Qxy))) thf(satz32d, axiom)
Vxx: nat, xy: nat: (ts@xx@xy) = (ts@xy@Qxx) thf(satzsg, axiom)

Vxx: nat, xy: nat, xz: nat: (ts@Q(ts@xx@xy)Qxz) = (ts@xxQ(tsQxy@xz)) thf(satzs;, axiom)

Vxx: frac,xy: frac: ((ts@Q(num@xx)@Q(den@xy)) = (ts@Q(num@xy)@Q(den@xx)) = (ts@(num@xy)@(den@xx)) =
(ts@(num@xx)@(den@xy))) thf(satzss, axiom)
more@(ts@(num@z)@(den@u))Q(ts@(num@u)Q(den@z)) thf(satzsq, conjecture)

NUMT738A1.p Landau theorem 45
lessf z u
frac: $tType thf(frac_type, type)
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x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

u: frac thf(u, type)

lessf: frac — frac — $o thf(lessf, type)
lessfQxQy thf(l, axiom)

eq: frac — frac — $o thf(eq, type)
eq@zQ@z thf(e, axiom)

eq@yQu thf(f, axiom)

moref: frac — frac — $o thf(moref, type)
Vxx: frac, xy: frac: ((moref@xx@xy) = (lessf@xy@xx)) thf(satzs2, axiom)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@xy) = ((eq@xx@xz) = ((eq@xy@xu) = (moref@xz@xu))))

Vxx: frac, xy: frac: ((lessf@xx@Qxy) = (moref@xy@xx)) thf(satzys, axiom)
lessf@z@Qu thf(satzys, conjecture)

NUMT739A1.p Landau theorem 46
(moref z u) — eq z u
frac: $tType thf(frac_type, type)
x: frac thf(z, type)
y: frac thi(y, type)
z: frac thf(z, type)
u: frac thf(u, type)
moref: frac — frac — $o thf(moref, type)
eq: frac — frac — $o thf(eq, type)
—~morefQzQy = (eq@zQy) thi(m, axiom)
eq@x@Qz  thf(e, axiom)
eq@QyQu thf(f, axiom)
Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxx: frac, xy: frac, xz: frac: ((eq@xx@xy) = ((eq@xy@xz) = (eq@xxQ@xz))) thf(satzsg, axiom)
Vxx: frac, xy: frac: ((eq@xx@xy) = (eq@xy@Qxx)) thf(satzss, axiom)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@xy) = ((eq@xx@xz) = ((eq@xy@xu) = (moref@xz@xu))))

—moref@zQu = (eq@zQu) thf(satz4g, conjecture)

NUMT7T40A1.p Landau theorem 48
(lessf y x) — eq y x
frac: $tType thf(frac_type, type)
x: frac thi(z, type)
y: frac thf(y, type)
moref: frac — frac — $o thf(moref, type)
eq: frac — frac — $o thf(eq, type)
—morefQzQy = (eq@zQy) thf(m, axiom)
lessf: frac — frac — $o thf(lessf, type)
Vxx: frac, xy: frac: ((eq@xx@xy) = (eq@xy@Qxx)) thf(satzss, axiom)
Vxx: frac, xy: frac: ((moref@xx@xy) = (lessf@xy@xx)) thf(satzyg, axiom)
—lessf@y@x = (eq@yQx) thf(satz4s, conjecture)

NUMT741A1.p Landau theorem 50

less (ts (num x) (den z)) (ts (num z) (den x))

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thi(z, type)

nat: $tType thf(nat_type, type)

less: nat — nat — $o thf(less, type)

ts: nat — nat — nat thf(ts, type)

num: frac — nat thf(num, type)

den: frac — nat thf(den, type)

less@(ts@(num@zx)@Q(den@y) ) Q(ts@Q(num@y)@Q(denQz)) thf(l, axiom)
less@(ts@(num@y)@(den@z))Q(ts@(num@z)Q(denQy)) thf(k, axiom)

Vxx: nat, xy: nat, xz: nat: ((lessQ(ts@xxQxz)Q(ts@Qxy@Qxz)) = (less@xx@xy)) thf(satz33c, axiom)
Vxx: nat, xy: nat, xz: nat, xu: nat: ((less@xx@xy) = ((less@xz@Qxu) = (less@(ts@xx@xz)@Q(ts@Qxy@xu))))

thf(satzq.

thf(satzy.

thf(satz34a, a:
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Vxx: nat, xy: nat: (ts@xx@Qxy) = (ts@Qxy@Qxx) thf(satzag, axiom)
Vxx: nat, xy: nat, xz: nat: (ts@Q(ts@xx@Qxy)Qxz) = (ts@xxQ(tsQxy@xz)) thf(satzsy, axiom)
less@(ts@(num@z)@Q(den@z))@(ts@(num@z)@(den@zx)) thf(satzsg, conjecture)

NUMT42A1.p Landau theorem 51a

lessf x z

frac: $tType thf(frac_type, type)

x: frac thi(z, type)

y: frac thi(y, type)

z: frac thf(z, type)

lessf: frac — frac — $o thf(lesst, type)

eq: frac — frac — $o thf(eq, type)

—lessfQz@Qy = (eq@zQy) thf(l, axiom)

lessf@Qy@z thf(k, axiom)

Vxa: $o: (m—-xa = xa) thf(et, axiom)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((lessf@xx@xy) = ((eq@xx@xz) = ((eq@xy@xu) = (lessf@xz@xu)))) thi(satzys, a
Vxx: frac, xy: frac: ((eq@xx@xy) = (eq@xy@Qxx)) thf(satzgs, axiom)

Vxx: frac, xy: frac, xz: frac: ((lessf@xx@xy) = ((lessfQxy@xz) = (lessf@xx@xz))) thf(satzso, axiom)
Vxx: frac: (eq@xx@xx) thf(satzs7, axiom)

lessfQz@z thf(satz51a, conjecture)

NUMT7T43A1.p Landau theorem 51b

lessf x z

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

lessf: frac — frac — $o thf(lessf, type)

lessfQz@Qy thf(l, axiom)

eq: frac — frac — $o thf(eq, type)

—lessfQy@z = (eq@QyQz) thf(k, axiom)

Vxa: $o: (n—xa = xa) thf(et, axiom)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((lessf@xx@xy) = ((eq@xx@xz) = ((eq@xy@xu) = (lessf@xz@xu)))) thf(satzys, a
Vxx: frac: (eq@xx@xx) thf(satzs7, axiom)

Vxx: frac, xy: frac, xz: frac: ((lessf@xx@Qxy) = ((lessfQxy@xz) = (lessf@xx@xz))) thf(satzso, axiom)
lessfQz@z thf(satz51b, conjecture)

NUMT746A1.p Landau theorem 52
(lessf x z) — eq x 2
frac: $tType thf(frac_type, type)
x: frac thf(z, type)
y: frac thf(y, type)
z: frac thf(z, type)
lessf: frac — frac — $o thf(lesst, type)
eq: frac — frac — $o thf(eq, type)
—lessf@QzrQy = (eq@xQy) thi(l, axiom)
—lessfQy@Qz = (eq@yQz) thf(k, axiom)
Vxa: $o: (m—xa = xa) thf(et, axiom)
Vxx: frac, xy: frac, xz: frac: ((eq@xx@Qxy) = ((eq@xy@Qxz) = (eq@xxQ@xz))) thf(satzsg, axiom)
Vxx: frac, xy: frac, xz: frac: ((lessf@xx@xy) = ((—lessf@xy@xz = (eq@xy@xz)) = (lessf@xx@xz))) thf(satz51b, axiom)
Vxx: frac, xy: frac, xz: frac: ((—lessf@xx@xy = (eq@xx@xy)) = ((lessfQxy@xz) = (lessf@xx@xz))) thf(satzbla, axiom
—lessfQr@Qz = (eq@z@Qz) thf(satzsz, conjecture)

NUMT7T47A1.p Landau theorem 57a

eq (fr (pl x1 x2) n) (pf (fr x1 n) (fr x2 n))
nat: $tType thf(nat_type, type)

x1: nat thf(z1, type)

To: nat thf(z, type)

n: nat thf(n, type)

frac: $tType thf(frac_type, type)

eq: frac — frac — $o thf(eq, type)
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fr: nat — nat — frac thf(fr, type)
pl: nat — nat — nat thf(pl, type)
pf: frac — frac — frac thf(pf, type)

Vxx: frac, xy: frac: ((eq@xx@xy) = (eq@xy@Qxx)) thf(satzss, axiom)
Vxx1: nat, xx2: nat, xn: nat: (eq@(pf@Q(fr@xx; @xn)Q(fr@xx,@Qxn))Q(fr@(pl@xx; @xxo)@Qxn))

eq@Q(frQ(plQzx; Qx5 )@Qn)Q(pfQ(frQx Qn)Q(frQz,@n)) thf(satzb7a, conjecture)

NUMT748A1.p Landau theorem 58

thf(satzs7, axiom)

eq (fr (pl (ts (num x) (den y)) (ts (num y) (den x))) (ts (den x) (den y))) (fr (pl (ts (num y) (den x)) (ts (num x)

(den y))) (ts (den y) (den x)))
frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

eq: frac — frac — $o thf(eq, type)

nat: $tType thf(nat_type, type)

fr: nat — nat — frac thf(fr, type)

pl: nat — nat — nat thf(pl, type)

ts: nat — nat — nat thf(ts, type)

num: frac — nat thf(num, type)

den: frac — nat thf(den, type)

Vxx: frac: (eq@xx@xx) thf(satzz7, axiom)
Vxx: nat, xy: nat: (ts@xx@Qxy) = (ts@Qxy@Qxx)
Vxx: nat, xy: nat: (pl@xx@Qxy) = (pl@xy@Qxx

thf(satzag, axiom)
thf(satzg, axiom)

)
eq@Q(frQ(plQ(ts@(num@zx)Q(den@y))Q(ts@(num@y)Q(den@z)))Q(tsQ(den@z)Q(den@y) ) ) Q(fr@Q(pl@Q(ts@(num@y) Q(den@:

NUMT49A1.p Landau theorem 60a

less x (pf x y)

frac: $tType thf(frac_type, type)

x: frac thi(z, type)

y: frac thf(y, type)

less: frac — frac — $o thf(less, type)
pf: frac — frac — frac thf(pf, type)
more: frac — frac — $o thf(more, type)

Vxx: frac, xy: frac: ((more@xx@xy) = (less@xy@xx)) thf(satzo, axiom)

Vxx: frac, xy: frac: (more@(pf@xx@Qxy)@xx) thf(satzgo, axiom)
less@z@(pfQzrQy) thf(satz60a, conjecture)

NUM750A1.p Landau theorem 62b
eq (pf x z) (pfy 2)

frac: $tType thf(frac_type, type)
x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

eq: frac — frac — $o thf(eq, type)
eqQzQy thf(e, axiom)

pf: frac — frac — frac thf(pf, type)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((eq@xz@xu) = (eq@(pf@xxQxz)Q(pf@xy@xu))))

Vxx: frac: (eq@xx@xx) thf(satzs7, axiom)
eq@Q(pfQzrQz)Q(pfQyQz) thf(satz62b, conjecture)

NUMT751A1.p Landau theorem 62d

moref (pf z x) (pf z y)

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

moref: frac — frac — $o thf(moref, type)
moref@QzQy thf(m, axiom)

pf: frac — frac — frac thf(pf, type)

eq: frac — frac — $o thf(eq, type)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xxQ@Qxy) = ((eq@xx@xz) =

((eq@xy@xu) =

(moref@xz@xu))))

thf(satzse, axior

thf(satzy.
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Vxx: frac, xy: frac, xz: frac: ((moref@xx@xy) = (moref@(pfQxxQxz)Q(pf@xy@xz))) thf(satz62a, axiom)
Vxx: frac, xy: frac: (eq@(pf@xxQ@Qxy)@Q(pf@xy@xx)) thf(satzss, axiom)
moref@Q(pf@zQz)Q(pf@zQy) thf(satz62d, conjecture)

NUMT7T52A1.p Landau theorem 62e

eq (pfz x) (pfzy)

frac: $tType thf(frac_type, type)

x: frac thi(z, type)

y: frac thi(y, type)

z: frac thf(z, type)

eq: frac — frac — $o thf(eq, type)

eq@QzQy thf(e, axiom)

pf: frac — frac — frac thf(pf, type)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((eq@xz@Qxu) = (eq@(pf@xxQxz)Q(pf@xy@xu)))) thf(satzsg, axio
Vxx: frac: (eq@xx@xx) thf(satzgr, axiom)
eq@Q(pf@QzQz)Q(pfQzQy) thf(satz62e, conjecture)

NUMT753A1.p Landau theorem 62g

moref (pf x z) (pf y u)

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

u: frac thf(u, type)

eq: frac — frac — $o thf(eq, type)

eq@QzQy thf(e, axiom)

moref: frac — frac — $o thf(moref, type)

moref@zQu thf(m, axiom)

pf: frac — frac — frac thf(pf, type)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@Qxy) = ((eq@xx@xz) = ((eq@xy@xu) = (moref@xz@xu)))) thf(satzq.
Vxx: frac, xy: frac, xz: frac: ((moref@xx@xy) = (moref@(pf@xz@Qxx)Q(pf@xzQxy))) thf(satz62d, axiom)

Vxx: frac: (eq@xx@xx) thf(satzs7, axiom)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((eq@xz@xu) = (eq@(pf@xx@xz)Q(pfQxyQxu)))) thi(satzse, axios
moref@(pfQrQz)Q(pfQyQu) thf(satz62g, conjecture)

NUMT7T54A1.p Landau theorem 62h

moref (pf z x) (pf uy)

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

u: frac thf(u, type)

eq: frac — frac — $o thf(eq, type)

eq@xQy  thf(e, axiom)

moref: frac — frac — $o thf(moref, type)

moref@zQu thf(m, axiom)

pf: frac — frac — frac thf(pf, type)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@Qxy) = ((eq@xx@xz)
Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((moref@xz@Qxu)
Vxx: frac, xy: frac: (eq@(pf@xxQxy)@Q(pf@xy@xx)) thf(satzss, axiom)
moref@Q(pf@zQz)Q(pfQuQy) thf(satz62h, conjecture)

((eq@xy@xu) = (moref@xz@xu)))) thi(satzs.

=
= (moref@(pf@xx@xz)Q@(pfQxyQxu)))) thf(satz(

NUMT755A1.p Landau theorem 63a

moref x y

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thi(y, type)

z: frac thf(z, type)

moref: frac — frac — $o thf(moref, type)
pf: frac — frac — frac thf(pf, type)
moref@(pfQrQz)Q(pfQyQz) thf(m, axiom)
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Vxa: $o: (m—-xa = xa) thf(et, axiom)

eq: frac — frac — $o thf(eq, type)

lessf: frac — frac — $o thf(lesst, type)

Vxx: frac,xy: frac: —((eq@xx@xy) = - moref@xxQ@Qxy) = - - ((moref@xx@xy) = —lessf@xx@xy) =
= (lessf@xx@xy) = -eq@xx@xy thf(satz41b, axiom)

Vxx: frac, xy: frac, xz: frac: ((eq@xx@xy) = (eq@(pf@QxxQxz)Q(pfQxyQxz))) thf(satz62b, axiom)

Vxx: frac, xy: frac, xz: frac: ((lessf@xx@xy) = (lessf@(pf@xx@xz)@Q(pfQxyQxz))) thf(satz62c, axiom)

Vxx: frac, xy: frac: (meq@xx@xy = (- moref@xx@xy = (lessf@xx@xy))) thf(satz41a, axiom)

moref@xQy thf(satz63a, conjecture)

NUMT756A1.p Landau theorem 63b

eqxy

frac: $tType thf(frac_type, type)

x: frac thf(zx, type)

y: frac thi(y, type)

z: frac thf(z, type)

eq: frac — frac — $o thf(eq, type)

pf: frac — frac — frac thf(pf, type)

eq@(pf@Qz@Qz)Q(pfQyQz) thf(e, axiom)

Vxa: $o: (m—xa = xa) thf(et, axiom)

lessf: frac — frac — $o thf(lessf, type)

moref: frac — frac — $o thf(moref, type)

Vxx: frac,xy: frac: —((eq@xx@xy) = —moref@xx@xy) = - - ((moref@xx@xy) = —lessfGxx@Qxy) =
= (lessf@xx@xy) = -eq@xx@xy thf(satz41b, axiom)

Vxx: frac, xy: frac, xz: frac: ((lessf@xx@xy) = (lessf@Q(pfQxx@Qxz)Q(pf@QxyQxz))) thf(satz62c, axiom)
Vxx: frac, xy: frac: (—eq@xx@Qxy = (- moref@xx@xy = (lessf@xx@xy))) thf(satz41a, axiom)

Vxx: frac, xy: frac, xz: frac: ((moref@xx@xy) = (moref@(pf@QxxQxz)Q(pf@Qxy@xz))) thf(satz62a, axiom)
eq@QzQy thf(satz63b, conjecture)

NUMT757A1.p Landau theorem 63c

lessf x y

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

lessf: frac — frac — $o thf(lessf, type)

pf: frac — frac — frac thf(pf, type)

lessf@(pfQx@z)Q(pfQyQz) thi(l, axiom)

Vxa: $o: (-—xa = xa) thf(et, axiom)

moref: frac — frac — $o thf(moref, type)

eq: frac — frac — $o thf(eq, type)

Vxx: frac,xy: frac: —((eq@xx@xy) = —moref@xxQxy) = - - ((moref@xx@xy) = -—lessf@xxQ@Qxy) =
= (lessf@xx@xy) = —eq@xxQxy thf(satz41b, axiom)

Vxx: frac, xy: frac, xz: frac: ((moref@xx@xy) = (moref@(pf@xxQxz)Q(pf@Qxy@xz))) thf(satz62a, axiom)
Vxx: frac, xy: frac, xz: frac: ((eq@xx@Qxy) = (eq@(pf@xx@xz)Q(pfQxyQxz))) thf(satz62b, axiom)

Vxx: frac, xy: frac: (meq@xx@xy = (- moref@xx@xy = (lessf@xx@xy))) thf(satz41a, axiom)
lessfQxQy thf(satz63c, conjecture)

NUMT758A1.p Landau theorem 63d

moref x y

frac: $tType thf(frac_type, type)

x: frac thi(z, type)

y: frac thi(y, type)

z: frac thf(z, type)

moref: frac — frac — $o thf(moref, type)

pf: frac — frac — frac thf(pf, type)

moref@(pf@z@Qz)Q(pf@zQy) thf(m, axiom)

Vxx: frac, xy: frac, xz: frac: ((moref@(pf@xx@xz)@Q(pf@xy@xz)) = (moref@xx@xy)) thf(satz63a, axiom)
eq: frac — frac — $o thf(eq, type)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@xy) = ((eq@xx@xz) = ((eq@xy@xu) = (moref@xz@xu)))) thi(satzy.
Vxx: frac, xy: frac: (eq@(pf@xxQ@Qxy)@Q(pf@xy@xx)) thf(satzss, axiom)



moref@xQy thf(satz63d, conjecture)

NUMT759A1.p Landau theorem 63e

eqxy

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

eq: frac — frac — $o thf(eq, type)

pf: frac — frac — frac thf(pf, type)

eq@(pf@zQz)Q(pf@z@Qy) thf(e, axiom)

Vxx: frac, xy: frac, xz: frac: ((eq@(pf@xx@xz)Q(pf@Qxy@Qxz)) = (eq@xx@Qxy)) thf(satz63b, axiom)
Vxx: frac, xy: frac, xz: frac: ((eq@xxQxy) = ((eq@xy@xz) = (eq@xxQxz))) thf(satzsg, axiom)
Vxx: frac, xy: frac: (eq@(pf@xx@Qxy)@Q(pf@xy@xx)) thf(satzss, axiom)

eq@x@Qy thf(satz63e, conjecture)

NUMT760A1.p Landau theorem 64
moref (pf x z) (pf y u)
frac: $tType thf(frac_type, type)
x: frac thf(z, type)
y: frac thf(y, type)
z: frac thf(z, type)
u: frac thf(u, type)

moref: frac — frac — $o thf(moref, type)
moref@xQy thf(m, axiom)
moref@zQu thf(n, axiom)

pf: frac — frac — frac thi(pf, type)

lessf: frac — frac — $o thf(lessf, type)

Vxx: frac, xy: frac: ((lessf@xx@Qxy) = (moref@xy@Qxx)) thf(satzs, axiom)

Vxx: frac, xy: frac, xz: frac: ((lessf@xx@Qxy) = ((lessfQxy@xz) = (lessf@xx@xz))) thf(satzso, axiom)
Vxx: frac, xy: frac: ((moref@xx@xy) = (lessf@xy@xx)) thf(satzyg, axiom)

eq: frac — frac — $o thf(eq, type)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@Qxy) = ((eq@xx@xz) = ((eq@xy@xu) = (moref@xz@xu))))
Vxx: frac, xy: frac, xz: frac: ((moref@xx@xy) = (moref@(pfQxxQxz)Q(pf@xy@xz))) thf(satze;, axiom)
Vxx: frac, xy: frac: (eq@(pf@xx@Qxy)@Q(pf@xy@xx)) thf(satzss, axiom)

moref@(pfQrQz)Q(pf@QyQu) thf(satzgs, conjecture)

NUMT761A1.p Landau theorem 65a

moref (pf x z) (pf y u)

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

u: frac thf(u, type)

moref: frac — frac — $o thf(moref, type)
eq: frac — frac — $o thf(eq, type)
—morefQzQy = (eq@zQy) thf(m, axiom)
moref@zQu thf(n, axiom)

pf: frac — frac — frac thf(pf, type)

Vxa: $o: (m—-xa = xa) thf(et, axiom)
Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((moref@xzQxu) = (moref@(pf@xxQxz)Q(pf@xy@xu))))

87

thf(satza.

thf(satzt

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@xy) = ((moref@xz@xu) = (moref@(pf@xx@xz)Q(pfQxyQxu)))) thf(s

moref@(pf@QrQz)Q(pfAQyQu) thf(satz65a, conjecture)

NUMT762A1.p Landau theorem 65b
moref (pf x z) (pfy u)

frac: $tType thf(frac_type, type)
x: frac thi(z, type)

y: frac thf(y, type)

z: frac thf(z, type)

u: frac thf(u, type)
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moref: frac — frac — $o thf(moref, type)

moref@xQy thf(m, axiom)

eq: frac — frac — $o thf(eq, type)

—moref@zQu = (eq@zQu) thf(n, axiom)

pf: frac — frac — frac thf(pf, type)

Vxa: $o: (m—-xa = xa) thf(et, axiom)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@xy) = ((eq@xx@xz) = ((eq@xy@xu) = (moref@xz@xu)))) thf(satzy.
Vxx: frac, xy: frac, xz: frac: ((moref@xx@xy) = (moref@(pf@xxQxz)Q(pf@xy@xz))) thf(satzg;, axiom)

Vxx: frac: (eq@xx@xx) thf(satzs7, axiom)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((eq@xz@Qxu) = (eq@(pf@xxQ@Qxz)Q(pf@xy@xu)))) thf(satzsg, axio
Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@xy) = ((moref@xz@xu) = (moref@(pf@xx@xz)Q(pf@xyQ@xu)))) thf(s
moref@(pf@r@Qz)Q(pfAQyQu) thf(satz65b, conjecture)

NUMT765A1.p Landau theorem 66
(moref (pf x z) (pf y u)) — eq (pf x z) (pfy u)
frac: $tType thf(frac_type, type)
x: frac thf(z, type)
y: frac thf(y, type)
z: frac thi(z, type)
u: frac thf(u, type)
moref: frac — frac — $o thf(moref, type)
eq: frac — frac — $o thf(eq, type)
—morefQzQy = (eq@zQy) thf(m, axiom)
—moref@zQu = (eq@zQu) thf(n, axiom)
pf: frac — frac — frac thf(pf, type)
Vxa: $o: (n—xa = xa) thf(et, axiom)
Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((eq@xz@Qxu) = (eq@(pf@xxQxz)Q(pf@xy@xu)))) thf(satzsg, axio:
Vxx: frac, xy: frac, xz: frac, xu: frac: ((moref@xx@xy) = ((—moref@xzQxu = (eq@xz@xu)) = (moref@Q(pf@xxQxz)Q(pfAx
Vxx: frac, xy: frac, xz: frac, xu: frac: ((—moref@xxQ@Qxy = (eq@xx@xy)) = ((moref@xz@xu) = (moref@(pfA@xxQxz)Q(pfQx
- moref@(pfQzrQz)Q(pfQyQu) = (eq@(pfQrQz)Q(pfQyQu)) thf(satzes, conjecture)

NUMT766A1.p Landau theorem 67a
(forall x_0:frac. (eq (pfy x.0) x))
frac: $tType thf(frac_type, type)
x: frac thf(z, type)
y: frac thi(y, type)
nat: $tType thf(nat_type, type)
ts: nat — nat — nat thf(ts, type)
num: frac — nat thf(num, type)
den: frac — nat thf(den, type)
pl: nat — nat — nat thf(pl, type)
—Vxxg: nat: (ts@Q(num@z)@Q(den@y)) # (pl@Q(ts@(num@Q@y)@Q(den@zx))Q@xxy) thf(m, axiom)
eq: frac — frac — $o thf(eq, type)
pf: frac — frac — frac thf(pf, type)
fr: nat — nat — frac thf(fr, type)
ind: (nat — $0) — nat  thf(ind, type)
amone: (nat — $0) — $o  thf(amone, type)
Vxx: nat, xy: nat: (amone@Axz: nat: xx = (pl@xy@xz)) thf(satz8b, axiom)
Vxx: frac, xy: frac, xz: frac: ((eq@xx@xy) = ((eq@xy@xz) = (eq@xxQ@xz))) thf(satzsg, axiom)
Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((eq@xz@Qxu) = (eq@(pf@xxQ@Qxz)Q(pf@xy@xu)))) thf(satzse, axio
Vxx: frac, xn: nat: (eq@xxQ(fr@Q(ts@Q(num@xx)@Qxn)@(ts@(den@xx)@xn))) thf(satzyg, axiom)
Vxx: frac: (eq@xx@xx) thf(satzs7, axiom)
Vxx: nat, xy: nat: (ts@xx@xy) = (ts@Qxy@Qxx) thf(satzzag, axiom)
Vxx1: nat, xxz: nat, xn: nat: (eq@(pf@Q(fr@xx; @xn)Q(fr@xx,@Qxn))Q(fr@(pl@xx; @xxo)@Qxn)) thf(satzs7, axiom)
Vxp: nat — $o: (- (amone@xp) = —-Vxx: nat: “xpQxx = (xp@(ind@xp))) thf(oneax, axiom)
Vxx: frac, xn: nat: (eq@(fr@(ts@(num@xx)@xn)Q(ts@(den@xx)@xn))@Qxx) thf(satz40a, axiom)
- Vxxg: frac: —eq@(pfQyQxxy)Qx thf(satz67a, conjecture)

NUMT767A1.p Landau theorem 67b
eqVw
frac: $tType thf(frac_type, type)



89

x: frac thf(z, type)

y: frac thf(y, type)

v: frac thf(v, type)

w: frac thf(w, type)

eq: frac — frac — $o thf(eq, type)

pf: frac — frac — frac thf(pf, type)

eq@(pf@Qy@u)@x thf(e, axiom)

eq@(pfQyQw)Qx thf( f, axiom)

Vxx: frac, xy: frac, xz: frac: ((eq@(pf@xzQxx)@Q(pf@xzQxy)) = (eq@xxQxy)) thf(satz63e, axiom)
Vxx: frac, xy: frac, xz: frac: ((eq@xx@Qxy) = ((eq@xy@Qxz) = (eq@xxQ@xz))) thf(satzsg, axiom)
Vxx: frac, xy: frac: ((eq@xx@xy) = (eq@xy@Qxx)) thf(satzss, axiom)

eq@QuQw thf(satz67b, conjecture)

NUMT768A1.p Landau theorem 67c

eq (pf y (fr (ind (lambda t.ts (num x) (den y) = pl (ts (num y) (den x)) t)) (ts (den x) (den y)))) x

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

nat: $tType thf(nat_type, type)

some: (nat — $0) — $o  thf(some, type)

ts: nat — nat — nat thf(ts, type)

num: frac — nat thf(num, type)

den: frac — nat thf(den, type)

pl: nat — nat — nat thf(pl, type)

some@\xu: nat: (ts@(num@z)@(den@Qy)) = (pl@Q(ts@(num@y)@Q(den@z))@xu) thf(m, axiom)

eq: frac — frac — $o thf(eq, type)

pf: frac — frac — frac thf(pf, type)

fr: nat — nat — frac thf(fr, type)

ind: (nat — $0) — nat thf(ind, type)

amone: (nat — $0) — $o  thf(amone, type)

Vxx: nat, xy: nat: (amone@Axz: nat: xx = (pl@xy@Qxz)) thf(satz8b, axiom)

Vxx: frac, xy: frac, xz: frac: ((eq@xx@Qxy) = ((eq@xy@xz) = (eq@xx@xz))) thf(satzsg, axiom)

Vxx: frac, xy: frac, xz: frac, xu: frac: ((eq@xx@xy) = ((eq@xz@Qxu) = (eq@(pf@xxQxz)Q(pf@xy@xu)))) thf(satzsg, axior
Vxx: frac, xn: nat: (eq@xxQ(fr@Q(ts@(num@xx)@Qxn)@(ts@Q(den@xx)@xn))) thf(satzyg, axiom)

Vxx: frac: (eq@xx@xx) thf(satzgr, axiom)

Vxx: nat, xy: nat: (ts@xx@xy) = (ts@xy@Qxx) thf(satzsag, axiom)

Vxx1: nat, xxz: nat, xn: nat: (eq@(pf@Q(fr@xx; @xn)Q(fr@xx,@Qxn))Q(fr@(pl@xx; @xxo)@Qxn)) thf(satzs7, axiom)
Vxp: nat — $o0: (- (amone@xp) = -some@xp = (xp@(ind@xp))) thf(oneax, axiom)

Vxx: frac, xn: nat: (eq@Q(fr@(ts@(num@xx)@xn)Q(ts@(den@xx)@Qxn))@Qxx) thf(satz40a, axiom)
eq@(pf@QyQ(fr@(ind@Axt: nat: (ts@Q(num@z)@(den@y)) = (plQ(ts@(num@y)@(den@z))@xt))Q(ts@(den@x)Q(den@Qy))))Qx

NUM769A1.p Landau theorem 67d

eqx (pfy (mfxy))

frac: $tType thf(frac_type, type)

x: frac thf(z, type)

y: frac thf(y, type)

moref: frac — frac — $o thf(moref, type)

moref@zQy thf(m, axiom)

eq: frac — frac — $o thf(eq, type)

pf: frac — frac — frac thf(pf, type)

mf: frac — frac — frac thf(mf, type)

Vxx: frac, xy: frac: ((eq@xx@xy) = (eq@xy@Qxx)) thf(satzss, axiom)
Vxx: frac, xy: frac: ((moref@xx@xy) = (eq@(pf@Qxy@(mf@xx@xy))@Qxx)) thf(satz67c, axiom)
eq@QzQ(pfQyQ(mfQxQy)) thf(satz67d, conjecture)

NUMT7T70A1.p Landau theorem 67e
eq V (mf x y)

frac: $tType thf(frac_type, type)
x: frac thf(z, type)

y: frac thf(y, type)

v: frac thf(v, type)
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moref: frac — frac — $o thf(moref, type)

moref@xQy thf(m, axiom)

eq: frac — frac — $o thf(eq, type)

pf: frac — frac — frac thf(pf, type)

eq@Q(pf@Qy@Qu)Qzx thf(e, axiom)

mf: frac — frac — frac thf(mf, type)

Vxx: frac, xy: frac, xv: frac, xw: frac: ((eq@Q(pf@xy@xv)Qxx) = ((eq@(pf@xy@Qxw)Qxx) = (eq@xv@Qxw))) thf(satz67b, a
Vxx: frac, xy: frac: ((moref@xx@xy) = (eq@(pf@xy@(mf@xx@Qxy))@Qxx)) thf(satz67c, axiom)

eq@u@(mfQzrQy) thf(satz67e, conjecture)

NUMT7T71A1.p Landau theorem 69

eq (fr (ts (num x) (num y)) (ts (den x) (den y))) (fr (ts (num y) (num x)) (ts (den y) (den x)))
frac: $tType thf(frac_type, type)

x: frac thi(z, type)

y: frac thi(y, type)

eq: frac — frac — $o thf(eq, type)

nat: $tType thf(nat_type, type)

fr: nat — nat — frac thf(fr, type)

ts: nat — nat — nat thf(ts, type)

num: frac — nat thf(num, type)
den: frac — nat thf(den, type)
Vxx: frac: (eq@xx@xx) thf(satzz7, axiom)

Vxx: nat, xy: nat: (ts@xx@Qxy) = (ts@Qxy@Qxx) thf(satzag, axiom)
eq@(fr@(ts@(num@z ) @(num@y) ) Q(ts@(den@z)@Q(den@y)) ) Q(fr@Q(ts@(numQ@y ) Q(num@z) ) Q(ts@(den@y)Q@(den@zx))) t

NUMT781A1.p Landau theorem 79
y0 = x0

rat: $tType thf(rat_type, type)
Zo: rat thf(xg, type)

yo: rat thf(yo, type)

To = Yo thf(4, axiom)

Yo = Tg thf(satzrg, conjecture)

NUMT781A2.p Landau theorem 79
a: $tType thf(a_type, type)
Va: a,b:a: (a=b = b=a) thf(cES_eq., conjecture)

NUMT781A3.p Landau theorem 79

Symmetry of equality.

cY: $i thi(cY, type)

cX: $i thf(cX, type)

cY =cX = cX=cY thf(cTHM7¢, conjecture)

NUMT782A1.p Landau theorem 80
x0 = z0

rat: $tType thf(rat_type, type)
To: rat thf(xg, type)

yo: rat thf(yo, type)

zo: rat thf(zo, type)

To = Yo thf(4, axiom)
Yo = 20 thi(j, axiom)
To = 20 thf(satzsg, conjecture)

NUMT783A1.p Landau theorem 81a

or3 (is x0 y0) (more x0 y0) (less x0 y0)
rat: $tType thf(rat_type, type)

To: rat thf(xg, type)

yo: rat thf(yo, type)

org: $o — $0 — $o — $o  thf(ors, type)
is: rat — rat — $o thi(is, type)

more: rat — rat — $o thf(more, type)
less: rat — rat — $o thf(less, type)
Vxa: $o: (n—xa = xa) thf(et, axiom)
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ecs: $0 — $o — $o — $o thf(ecs, type)
Vxxo: rat, xy,: rat: - (ors@Q(is@xxo@xy,)@Q(more@xxo@xy,)Q(less@xxo@xy,)) = —ec3@(is@xxo@xy,)Q(more@xxy@xy)Q(
or3@(isQzQyp ) Q(more@Qz(Qyg ) Q(lessQx o Qyy) thf(satz81a, conjecture)

NUMT7T84A1.p Landau theorem 81c
(less x0 y0)
rat: $tType thf(rat_type, type)
To: rat thf(zg, type)
yo: rat thf(yo, type)
more: rat — rat — $o thf(more, type)
is: rat — rat — $o thf(is, type)
—moreQzoQyy = (isQz(Qyy) thf(m, axiom)
less: rat — rat — $o thf(less, type)
Vxa: $o: (m—xa = xa) thf(et, axiom)
Vxxg: rat,xy,: rat: - ((is@xxo@xy,) = - more@xx¢@xy,) = - - ((more@xxo@xy,) = —less@xxo@Q@xy,) =
= (less@xxp@xy,) = —is@xx@Qxy, thf(satz81b, axiom)
—less@Qux@yy thf(satz81c, conjecture)

NUM785A1.p Landau theorem 81d
(more x0 y0)
rat: $tType thf(rat_type, type)
To: rat thf(xo, type)
yo: rat thf(yo, type)
less: rat — rat — $o thf(less, type)
is: rat — rat — $o thi(is, type)
—lessQroQyy = (isQzoQyp) thf(l, axiom)
more: rat — rat — $o thf(more, type)
Vxa: $o: (n—xa = xa) thf(et, axiom)
Vxxg: rat,xyq: rat: - ((is@xxo@xy,) = - more@xxo@xy,) = - - ((more@xxo@xy,) = - less@xxo@xy,) =
- (less@xxp@xy,) = —is@xx@Qxy, thf(satz81b, axiom)
— more@ux(Qyq thf(satz81d, conjecture)

NUMT786A1.p Landau theorem 8le
(less x0 y0) — is x0 y0
rat: $tType thf(rat_type, type)
Zo: rat thf(xg, type)
yo: rat thf(yo, type)
more: rat — rat — $o thf(more, type)
— more@uz(Qy thf(n, axiom)
less: rat — rat — $o thi(less, type)
is: rat — rat — $o thf(is, type)
Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxxo: rat, xyg: rat: (—is@xxo@xy, = (-more@xxo@xy, = (less@xxo@xy,))) thf(satz81a, axiom)
—lessQzoQyy = (isQzpQyyp) thf(satz81e, conjecture)

NUMT7T87A1.p Landau theorem 81f
(more x0 y0) — is x0 y0
rat: $tType thf(rat_type, type)
To: rat thf(zo, type)
Yo: Tat thf(yo, type)
less: rat — rat — $o thf(less, type)
= less@QuzoQyyq thf(n, axiom)
more: rat — rat — $o thf(more, type)
is: rat — rat — $o thi(is, type)
Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxxo: rat, Xyo: rat: (—is@xxo@xy, = (-more@xxo@Q@xy, = (less@xxo@xy,))) thf(satz81a, axiom)
—moreQzoQyy = (isQxoQyg) thf(satz81f, conjecture)

NUMT788A1.p Landau theorem 81g
( (less x0 y0) — is x0 y0)

rat: $tType thf(rat_type, type)
To: rat thf(xg, type)
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Yo: Tat thf(yo, type)

more: rat — rat — $o thf(more, type)

more@Qxy Qg thf(m, axiom)

less: rat — rat — $o thf(less, type)

is: rat — rat — $o thi(is, type)

Vxa: $o: (m—-xa = xa) thf(et, axiom)

Vxxo: rat,xy,: rat: - ((is@xxo@xy,) = -more@xxp@xy,) = - - ((more@xxo@xy,) = —less@xxo@xy,) =
= (less@xxo@xy,) = —is@xxo@xy, thf(satz81b, axiom)

- less@Qrp@Qyy = (isQxoQyp) thf(satz81g, conjecture)

NUMT7T89A1.p Landau theorem 81h
( (more x0 y0) — is x0 y0)
rat: $tType thf(rat_type, type)
To: rat thf(zo, type)
Yo: Tat thf(yo, type)
less: rat — rat — $o thf(less, type)
less@u:(@Qyg thf(l, axiom)
more: rat — rat — $o thf(more, type)
is: rat — rat — $o thi(is, type)
Vxa: $o: (-—xa = xa) thf(et, axiom)
Vxxo: rat,xy,: rat: = ((is@xxo@xy,) = -more@xxp@xy,) = - - ((more@xxo@xy,) = —less@xxo@xy,) =
= (less@xxp@xy,) = —is@xx@xy, thf(satz81b, axiom)
-~ more@z(Qyy = (isQz(Qyg) thf(satz81h, conjecture)

NUM790A1.p Landau theorem 81j

less x0 y0

rat: $tType thf(rat_type, type)

xo: rat thi(xo, type)

Yo: Tat thf(yo, type)

more: rat — rat — $o thf(more, type)

is: rat — rat — $o thi(is, type)
——moreQz(Qyy = (isQx(Qyg) thf(n, axiom)
less: rat — rat — $o thf(less, type)

Vxxg: rat, xyo: rat: (—is@xxo@xy, = (- more@xxo@xy, = (less@xx(Qxy,))) thf(satz81a, axiom)
Vxa: $o: (m—-xa = xa) thf(et, axiom)

less@Qxo @y thf(satz81j, conjecture)

NUM791A1.p Landau theorem 81k

more x0 y0

rat: $tType thf(rat_type, type)

To: rat thf(xg, type)

yo: rat thf(yo, type)

less: rat — rat — $o thf(less, type)

is: rat — rat — $o thi(is, type)

- = lessQxQyy = (isQxoQyp) thf(n, axiom)
more: rat — rat — $o thf(more, type)

Vxa: $o: (n—xa = xa) thf(et, axiom)

Vxxo: rat, xyo: rat: (—is@xxo@xy, = (- more@xxo@xy, = (less@xxoQ@xy,))) thf(satz81a, axiom)
more@uxQyq thf(satz81k, conjecture)

NUMT7T92A1.p Landau theorem 87c
more x0 z0

rat: $tType thf(rat_type, type)

To: rat thf(zo, type)

yo: rat thf(yo, type)

2p: rat thf(zo, type)

moreis: rat — rat — $o thf(moreis, type)
moreisQxyQyyq thf(m, axiom)

more: rat — rat — $o thf(more, type)
more@yoQz thf(n, axiom)

less: rat — rat — $o thf(less, type)
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Vxxo: rat, xyo: rat: ((less@xxo@xy,) = (more@xy,@xxg)) thf(satzgs, axiom)

lessis: rat — rat — $o thf(lessis, type)

Vxxo: rat, Xyo: rat, xzo: rat: ((less@xxo@xy,) = ((lessis@xy,@xzg) = (less@xxo@xzg))) thf(satz87b, axiom)
Vxxo: rat, xyo: rat: ((more@xxo@xy,) = (less@xy,Q@xxg)) thf(satzgs, axiom)

Vxxo: rat, Xy,: rat: ((moreis@xxo@xy,) = (lessis@xy,Qxx)) thf(satzgy, axiom)

more@x @z thf(satz87c, conjecture)

NUMT7T93A1.p Landau theorem 87d

more x0 z0

rat: $tType thf(rat_type, type)

To: rat thf(zo, type)

Yo: Tat thf(yo, type)

29: rat thf(zo, type)

more: rat — rat — $o thf(more, type)
moreQ@xyQyyq thf(m, axiom)

moreis: rat — rat — $o thf(moreis, type)
moreisQyoQzg thf(n, axiom)

less: rat — rat — $o thf(less, type)

Vxxo: rat, xyo: rat: ((less@xxo@xy,) = (more@xy,@xxg)) thf(satzgs, axiom)

lessis: rat — rat — $o thf(lessis, type)
Vxxo: rat, Xy: rat, xzg: rat: ((lessis@xxo@xy,) = ((less@xy,@Qxz¢) = (less@xxo@xzg))) thf(satz87a, axiom)
Vxxo: rat, xy,: rat: ((moreis@xxo@xy,) = (lessis@xy,Qxx)) thf(satzsy, axiom)

Vxxo: rat, xyo: rat: ((more@xxo@xy,) = (less@xy,@xxg)) thf(satzgs, axiom)
more@ux,@Qz thf(satz87d, conjecture)

NUM795A1.p Landau theorem 99c

less (pl x0 z0) (pl yO u0)

rat: $tType thf(rat_type, type)

To: rat thf(xg, type)

yo: rat thf(yo, type)

Zo: rat thf(zo, type)

ug: rat thf(ug, type)

lessis: rat — rat — $o thf(lessis, type)

lessisQx @y thf(l, axiom)

less: rat — rat — $o thf(less, type)

less@z(@Quy thf(k, axiom)

pl: rat — rat — rat thi(pl, type)

more: rat — rat — $o thf(more, type)

Vxxo: rat, xyo: rat: ((more@xxo@xy,) = (less@xy,@xxg)) thf(satzgs, axiom)
moreis: rat — rat — $o thf(moreis, type)

Vxxo: rat, Xyo: rat, xzo: rat, xug: rat: ((moreis@xxo@Qxy,) = ((more@xzo@xug) = (more@(pl@xx,Q@xz¢)Q(pl@xy,Qxuyp))))
Vxxg: rat, xyg: rat: ((lessis@xxo@xy,) = (moreis@xy,Qxx)) thf(satzgs, axiom)
Vxxo: rat, xyo: rat: ((less@xxo@xy,) = (more@xy,@xxg)) thf(satzgs, axiom)
less@(pl@xz(Qzg) Q(plQyyQug) thf(satz99c, conjecture)

NUMT7T96A1.p Landau theorem 99d
less (pl x0 z0) (pl y0 u0)

rat: $tType thf(rat_type, type)

To: rat thf(xg, type)

yo: rat thf(yo, type)

2p: rat thf(zo, type)

ug: rat thi(uo, type)

less: rat — rat — $o thi(less, type)
less@uxo@Qyg thf(l, axiom)

lessis: rat — rat — $o thf(lessis, type)
lessis@QzgQuyg thf(k, axiom)

pl: rat — rat — rat thf(pl, type)

more: rat — rat — $o thf(more, type)
Vxxo: rat, xy,: rat: ((more@xxo@xy,) = (less@xy,@xxg)) thf(satzss, axiom)
moreis: rat — rat — $o thf(moreis, type)

Vxxo: rat, Xyg: rat, xzo: rat, xug: rat: ((more@xxo@xy,) = ((moreis@xzo@xugy) = (more@(pl@xxoQxzg)Q(pl@xy,Qxuyp))))
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Vxxo: rat, xyo: rat: ((less@xxo@xy,) = (more@xy,@xxg)) thf(satzss, axiom)
Vxxg: rat, xyo: rat: ((lessis@xxo@xy,) = (moreis@xy,Qxxg)) thf(satzgs, axiom)
less@(pl@QzoQz() Q(plQyyQuyg) thf(satz99d, conjecture)

NUMT7T97A1.p Landau theorem 4

1: $i thf(one_type, type)

succ: $1 — $i thf(succ_type, type)

Va: $i: (succ@zx) # 1 thf(one_is_first, axiom)

Va: $1,y: 8i: ((succ@z) = (succQy) = z =y) thf(succ_injective, axiom)

Vm: $i — $o: ((mQ@1 and Va: $i: (mQz) = (mQ(succQx)))) = Vy: $i: (mQy)) thf(induction, axiom)

Ip: $i — $i — $i: (Va: $i: (pQx@Q1) = (succ@zx) and Vz: $i, y: $i: (pQzrQ(succ@y)) = (succ@(pQzrQy))) thf(satz4, conjectu

NUM7T98A1.p Something times one is one
include(’Axioms/NUMO006"0.ax’)
In: ($i — $i) — $i — $i: ((@An@1) =1 thf(thm, conjecture)

NUMT99A1.p Something times four equal five plus seven
include(’ Axioms/NUMO006"0.ax’)
In: ($i — 8$i) — $i — $i: (-@n@four) = (+@five@seven) thf(thm, conjecture)

NUMSO00AL.p Some function of two and three is six, and of one and two is two

include(’Axioms/NUMO006"0.ax’)

Jh: (($1 — $i) — $1 — $i) — ((81 — $i) — $i — $i) — ($i — $i) — $i — $i: ((h@QtwoQ@three) = six and (hQ1Qtwo) =
two) thf(thm, conjecture)

NUMS801A1.p Something times four equals five plus something
include(’Axioms/NUMO006"0.ax’)
In: (81 — $i) — $i — $i,m: ($1 — $i) — $i — $i: (-@n@four) = (+Qfive@m) thf(thm, conjecture)

NUMB802A5.p TPS problem BLEDSOE-FENG-8

There is a set containing no nonnegative numbers and containing -2.

co: $i thf(ca, type)

absval: $i — $i thf(absval, type)

co: $i thf(co, type)

cless_: $i — $i — $o thf(c less_, type)

(cless_@Qco@Qcg) = (Vxu: $i,xv: $i: ((c_less_@xu@cy) = xu # (absval@xv)) = Ja: $i — $o: (Vxy: $i: —a@Q(absval@xy) and

NUMS8B03A5.p TPS problem from NATS

n: $tType thf(n_type, type)

coi thf(co, type)

cstar:n —n—n thf(c_star, type)

Vxx: m: (cstar@xx@cp) = ¢ thf(cPAgs, conjecture)

NUMB8B04A5.p TPS problem from NATS

n: $tType thf(n_type, type)

co: thf(cg, type)

cplusin —n—n thf(c_plus, type)

Vxx: n: (c_plus@xx@cg) = xx thf(cPA4, conjecture)

NUMSB05A5.p TPS problem from NATS

n: $tType thf(n_type, type)

cplussn—n—n thf(c_plus, type)

cS:m—mn thf(cS, type)

Vxx: n,xy: n: (c_plus@xx@(cS@xy)) = (cS@(c_plus@xx@xy)) thf(cPAs, conjecture)

NUMS806A5.p TPS problem from NATS

n: $tType thf(n_type, type)

cstarin —n—n thf(c_star, type)

cplusin —n—n thf(c_plus, type)

cS:n—n thf(cS, type)

Vxx: m, xy: n: (c_star@xx@(cSQxy)) = (c_plus@(c_star@xx@xy)@xx) thf(cPAy, conjecture)
NUMS8S07A5.p TPS problem from NATS

n: $tType thf(n_type, type)

cS:in—n thi(cS, type)

coi thf(e, type)
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Vxp: n — n,xq: n — n: ((xpQcy) = (xqQcp) and Vxx: n: ((xp@xx) = (xq@xx) = (xp@(cS@xx)) = (xq@(cSQAxx)))) =
Vxx: n: (xp@xx) = (xq@xx)) thf(cPA_IND_EQ, conjecture)

NUMBSB08AS5.p TPS problem THM130A

co: $i thf(cO_type, type)

cS: $i — $i thf(cS_type, type)

r:$1— $i — %o thf(r_type, type)

cIND: $o thf(cIND _type, type)

cIND = (Vxp: $i — $o: ((xpQco and V¥xx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitio:
(cIND and rQcy@cy and Vxx: $i: ((r@xx@xx) = (r@(cSQxx)Q(cS@xx)))) = Vxx: $i: Ixy: $i: (rQxx@xy) thf(cTHM13|

NUMS809A5.p TPS problem THM130

Induction theorem in which the conclusion is weaker than the statement which must be proved by induction.

co: $i thf(c0_type, type)

cS: $1 — $i thf(cS_type, type)

r:$1 — $1 — %o thf(r_type, type)

cIND: $o thf(cIND_type, type)

cIND = (Vxp: $i — $o: ((xpQcy and Vxx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitios
(cIND and r@cyQcq and Vxx: $i,xy: $i: ((r@xxQxy) = (rQ(cSQxx)Q(cSAxy)))) = Vxx: $i: Ixy: $i: (r@xxQxy) thi(cT

NUMS810A5.p TPS problem THM140

Existence of doubles of naturals.

co: $i thf(cO_type, type)

c¢cDOUBLE: $i — $i — $o thf(cDOUBLE._type, type)

cS: $1 — $i thf(cS_type, type)

cIND: $o thf(cIND _type, type)

cIND = (Vxp: $i — $o: ((xpQc and ¥xx: $i: ((xp@xx) = (xp@(cSQ@xx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitio:
(cIND and ¢cDOUBLEQ@c;@c( and Vxx: $i,xy: $i: ((cDOUBLE@xx@xy) = (cDOUBLE@(cSQxx)@(cSQ(cS@xy))))) =
Vxx: $i: Ixy: $i: (¢(DOUBLEQxxQxy) thf(¢cTHM;40, conjecture)

NUMS811A5.p TPS problem THM129

Induction theorem for addition.

co: $i thf(c0_type, type)

cS: $i — $i thf(cS_type, type)

c_plus: $i — $i — $i — %o thf(c_plus_type, type)

cIND: $o thf(cIND_type, type)

cIND = (Vxp: $i — $o: ((xpQcy and Vxx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitio:
(cIND and Vxx: $i: (c_plus@cy@xx@xx) and Vxx: $i, xy: $i,xz: $i: ((c_plus@xy@xx@Qxz) = (c_plus@(cSQxy)Qxx@Q(cSQxz))))
Vxy: $i, xx: $i: Ixz: $i: (c_plus@xyQxx@xz) thf(cTHM 29, conjecture)

NUMS812A5.p TPS problem THM578

Variant of THM6104, including induction in the hypothesis.

co: $i thf(c0_type, type)

cS: $1 — $i thf(cS_type, type)

cIND: $o thf(cIND_type, type)

cIND = (Vxp: $i — $o: ((xpQcp and Vxx: $i: ((xp@xx) = (xp@(cSQ@xx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitio:
cIND = Vxn: $i: (xn = ¢p or Ixm: $i: xn = (cSQxm)) thf(¢THMj57s, conjecture)

NUMS813A5.p TPS problem THM303

co: $i thf(c0_type, type)

cEVEN: $i — $o thf(cEVEN _type, type)

cNUMBER: $i — $o thf(cNUMBER _type, type)

cODD: $i — $o thf(cODD_type, type)

cS: $i — $i thf(cS_type, type)

cIND: $o thf(cIND _type, type)

cIND = (Vxp: $i — $o: ((xpQcy and ¥xx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitio:
(cEVEN@cq and Vxn: $i: ((cEVEN@xn) = (cEVEN@(cSQ@Q(cS@xn)))) and cODD@Q(cSQc¢p) and Vxn: $i: ((cODD@xn) =
(cODD@(cS@(cS@xn)))) and cIND and Vxn: $i: ((<(NUMBER@xn) <= (cEVEN@xn or cODD@xn))) = Vxn: $i: (c(NUMI

NUMS814A5.p TPS problem from IND-THMS
co: $i thf(c0_type, type)

cS: $1 — $i thf(cS_type, type)

cEVEN;: $i — $o thf(cEVEN1_type, type)
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cIND: $o thf(cIND _type, type)

c¢ODDs: $i — $o thf(cODD1 _type, type)

cPEANO;: $o thf(cPEANO1_type, type)

cEVEN; = (Axn: $i: Vxp: $i — $o: ((xpQ@cy and Vxx: $i: ((xp@xx) = (xp@(cSQ@(cSA@xx))))) = (xp@xn))) thf(cEVENL.
cIND = (Vxp: $i — $o0: ((xpQcy and Vxx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND _def, definitios
cODD; = (Axn: $i: - cEVEN; @xn) thf(cODD1_def, definition)

cPEANO; = (Vxu: $i: (¢S@xu) # ¢o and Vxv: $i, xw: $i: ((¢SQxv) = (¢S@Qxw) = xv = xw) and cIND) thf(cPEANO1_de
cPEANO; = 3xn: $i: (cODD;@xn) thf(cTHM404, conjecture)

NUMS815A5.p TPS problem from IND-THMS

co: $i thf(c0_type, type)

cPSI: $i — $i — $i thf(cPSI_type, type)

cS: $i — $i thf(cS_type, type)

cIND: $o thf(cIND_type, type)

cPETER_INDEQS: $i — ($i — $i) — ($i — $i — $i) S0 thf(cPETER_INDEQS_type, type)

cIND = (Vxp: $i — $o: ((xpQcy and Vxx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND _def, definitios
cPETER_INDEQS = (Azo: $i, s: $1 — $i, pSI: $i — $i — $i: (Vxn: $i: (pSIQz(@Qxn) = (s@xn) and Vxm: $i: (pSIQ(s@Qxm)Qx
(pSI@xm@(sQzxg)) and Vxm: $i, xn: $i: (pSIQ(s@xm)Q(s@xn)) = (pSIQAxmQ(pSIQ(s@xm)Qxn)))) thf(cPETER-INDEQ
(cIND and ¢cPETER_INDEQS@c;@cS@QcPSI) = Vxm: $i, xn: $i: Ixk: $i: (cPSIQ@xm@xn) = (cSQxk) thf(cTHM;g5, conje

NUMS816A5.p TPS problem from IND-THMS

co: $i thf(c0_type, type)

cS: $i — $i thf(cS_type, type)

c¢EVEN;: $i — $o thf(cEVENT _type, type)

cODD;: $i — $o thf(cODD1 _type, type)

cEVEN; = (Axn: $i: Vxp: $i — $o: ((xpQcp and Vxx: $i: ((xp@xx) = (xp@(cSQ(cSQ@xx))))) = (xp@xn))) thf(cEVENL.
cODD; = (Axn: $i: - cEVEN; @xn) thf(cODD1_def, definition)

(Vxu: $i: (cS@xu) # ¢o and Vxv: $i, xw: $i: ((cS@xv) = (cS@xw) = xv =xw)) = (cODD;@(cSQcy)) thf(cTHM406, conj

NUMS817A5.p TPS problem from IND-THMS

co: $i thf(c0_type, type)

cS: $1 — $i thf(cS_type, type)

cEVEN;: $i — $o thf(cEVEN1_type, type)

c¢ODDy: $i — $o thf(cODD1_type, type)

cEVEN; = (Axn: $i: Vxp: $i — $o: ((xpQcp and Vxx: $i: ((xp@xx) = (xp@(cSQ(cSQ@xx))))) = (xp@xn))) thf(cEVENT1.
cODD; = (Axn: $i: - cEVEN; @xn) thf(cODD1_def, definition)

(Vxu: $i: (cS@xu) # ¢p and Vxv: $i,xw: $i: ((¢SQ@xv) = (cSQxw) = xv=xw)) = Ixn: $i: (¢cODD;@xn) thf(c THM405, ct

NUMS818A5.p TPS problem from IND-THMS

a: $tType thf(a_type, type)

h: (($i — $0) — $0) —a—a thf(h, type)

cS: (($i — $0) — $0) — ($i — $o) — $o thf(cS, type)

cO: (8i — $0) — $o thf(cO, type)

g:a thf(g, type)

3f: (($1 — $0) — %0) — a: ((f@cO) = g and Vxn: ($i — $0) — $o: (Vxp: ((3i — $0) — $0) — $o: ((xp@cO and Vxx: ($i —
$0) — $o: ((xp@xx) = (xp@(cSQAxx)))) = (xp@xn)) = (fQ(cS@xn)) = (h@xn@(fC@xn)))) thf(cT6400A _pme, conject

NUMS819A5.p TPS problem from IND-THMS

co: $i thf(cO_type, type)

cEVEN: $i — $o thf(cEVEN _type, type)

cODD: $i — $o thf(cODD _type, type)

cS: $1 — $i thf(cS_type, type)

cIND: $o thf(cIND_type, type)

cIND = (Vxp: $i — $o: ((xpQcp and Vxx: $i: ((xp@xx) = (xp@(cSQ@xx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitio:
(cEVEN@c; and Vxn: $i: ((cEVEN@xn) = (cEVEN@(cS@(cS@xn)))) and cODD@(cSQcp) and Vxn: $i: ((cODD@Qxn) =
(cODD@(cS@(cS@xn)))) and cIND) = Vxn: $i: (cCEVENQ@xn or cODD@xn) thf(cEVEN_ODDy, conjecture)

NUMS821A5.p TPS problem from IND-THMS

co: $i thf(cO_type, type)

cEVEN: $i — $o thf(cEVEN _type, type)
¢cNUMBER: $i — $o thf(cNUMBER _type, type)
cODD: $i — $o thf(cODD _type, type)

cS: $i — $i thf(cS_type, type)
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cIND: $o thf(cIND _type, type)

cIND = (Vxp: $i — $o: ((xpQcy and ¥xx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitio:
(cIND and cEVEN@c¢q and Vxn: $i: ((cEVEN@xn) = (cEVENQ(cS@Q(cS@xn)))) and cODD@(cSQc) and Vxn: $i: ((cODD!
(cODD@(cS@(cS@xn)))) and Vxn: $i: (((NUMBER@xn) <= (cEVEN@xn or cODD@xn))) = Vxn: $i: (c(NUMBER@xn)

NUMS822A5.p TPS problem from IND-THMS

c¢ODD: $i — $o thf(cODD, type)

c¢EVEN: $i — $o thf(cEVEN, type)

cS: $i— 8 thf(cS, type)

co: $i thf(co, type)

(cEVEN@¢j and Vxn: $i: ((cEVEN@xn) = (cEVEN@Q(cSQ(cS@xn)))) and cODDQ(cSQc¢p) and Vxn: $i: ((cODD@Qxn) =
(cODD@Q(cS@(cS@xn)))) and Vxp: $i — $o: ((xpQcp and Vxx: $i: ((xpQ@xx) = (xp@(cSQ@xx)))) = Vxx: $i: (xp@xx))) =
Vxn: $i: (¢cEVEN@xn or cODD@xn) thf(cEVEN_ODDs, conjecture)

NUMS823A5.p TPS problem from IND-THMS

cODD: $i — $o thf(cODD, type)

cEVEN: $i — $o thf(cEVEN, type)

cS: 81— 8 thif(cS, type)

co: $i thf(co, type)

(Vxp: $i — $o: ((xpQcy and Vxx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx)) and cEVEN@Q¢; and Vxn: $i: ((cEV
(cEVEN@(cS@(cS@xn)))) and cODD@(cSQc¢p) and Vxn: $i: ((cODD@xn) = (cODD@(cS@(cS@xn))))) = Vxn: $i: (cEVE]

NUMB824A5.p TPS problem from IND-THMS

cN: $i — 8o thf(cN, type)

cODD: $i — $o thf(cODD, type)

cEVEN: $i — $o thf(cEVEN, type)

cS: $i — $i thf(cS, type)

co: $i thf(co, type)

(Vxp: $i — $o,xq: $i — $o0: ((xpQ@cy and Vxu: $i: ((xp@xu) = (xq@(cS@xu))) and Vxv: $i: ((xq@xv) =
(xp@(cS@xv)))) = (Vxx: $i: ((cEVEN@xx) = (xp@xx)) and Vxx: $i: ((cODD@xx) = (xq@xx)))) and cNQcq and Vxn: $i:
(cN@(cS@xn)))) = Vxm: $i: ((cEVEN@xm or cODD@xm) = (cN@xm)) thf(cTHM623_pme, conjecture)

NUMS825A5.p TPS problem from IND-THMS

cS: $i— 8 thf(cS, type)

cEVEN: §i — $o  thf(cEVEN, type)

cODD: $i — $o thf(cODD, type)

co: $i thf(co, type)

(cEVEN@Qc and Vxx: $i: ((cEVEN@xx) = (cODD@(cS@xx))) and Vxy: $i: ((cODD@xy) = (cEVEN@(cS@xy))) and Vxp:
$0,xq: $i — $o: ((xpQcy and Vxu: $i: ((xp@xu) = (xq@(cS@xu))) and Vxv: $i: ((xq@xv) = (xp@(cSQxv))))
(Vxx: $i: ((cEVEN@xx) = (xp@xx)) and Vxx: $i: ((cODD@xx) = (xq@xx))))) = Vxn: $i: ((cODD@xn)
Ixm: $i: (cCEVEN@xm and (¢SQxm) = xn)) thf(cTHM624_pme, conjecture)

NUMB&826A5.p TPS problem from IND-THMS

cG:$i — $i  thf(cG, type)

cQ: $i — %o thf(cQ, type)

cP: $i — $o thf(cP, type)

cF: $i — $i — §i thf(cF, type)

cA: $i thf(cA, type)

cB: $i  thi(cB, type)

(cP@cA and cQ@cB and Vxx: $i,xy: $i: ((cP@xx and cQ@xy) = (cQQ(cF@Qxx@xy))) and Vxx: $i,xy: $i: ((cQ@xx and cP@
cPQ@Q(cF@xx@xy))) and Vxp: $i — $0,xq: $1 — $o: ((xp@cA and xq@cB and Vxx: $i, xy: $i: ((xp@xx and xq@xy) =
xq@(cF@xx@Q@xy))) and Vxx: $i,xy: $i: ((xq@xx and xp@Qxy) = (xp@(cFQxx@xy)))) = (Vxx: $i: ((cP@xx) =
xp@xx)) and Vxx: $i: ((cQ@xx) = (xq@xx)))) and (cG@cA) = ¢B and (¢cGQcB) = cA and Vxx: $i, xy: $i: (cGQ(cFQxx@x;
cFQ(cGOxx)Q(cGQxy))) = Vxx: $i: ((cP@xx) = (cQQ(cGAxx))) thf(cTHM622_pme, conjecture)

NUMS827A5.p TPS problem PA-THM2

n: $tType thf(n_type, type)

coi n thf(c0_type, type)

cS:n—n thf(cS_type, type)

cplusin —n—n thf(c_plus_type, type)
cPA;: $o thf(cPA _1_type, type)

cPAs: $o thf(cPA_2_type, type)

cPA_IND_EQ: $o thf(cPA_IND_EQ_type, type)

=
=

NN N N



98

cPA; = (¥xx: n: (c_plus@xxQcp) = xx) thf(cPA_1_def, definition)

cPA;y = (Vxx: n, xy: n: (c_plus@xx@(cSQxy)) = (cSQ(c_plus@xx@xy))) thf(cPA_2_def, definition)

cPAIND_EQ = (Vxp: n — n,xq: n — n: (((xpQcp) = (xqQcp) and Vxx: n: ((xp@xx) = (xq@xx) = (xp@(cSQ@xx)) =
(xq@(cS@xx)))) = Vxx: n: (xp@xx) = (xq@xx))) thf(cPA_IND_EQ_def, definition)

(cPA; and cPAy and ¢cPA_IND_EQ) = Vxx: n: (c_plus@xxQcp) = (c_plus@cy@xx) thf(cPA_THMs, conjecture)

NUMS828A5.p TPS problem from PA-THMS

n: $tType thf(n_type, type)

coin thf(c0_type, type)

cS:n—n thf(cS_type, type)

cplusin —n—n thf(c_plus_type, type)

cPA;: $o thf(cPA_1_type, type)

cPA,: $o thf(cPA_2_type, type)

c¢PA_IND_EQ: $o thf(cPA_IND_EQ_type, type)

cPA; = (Vxx: n: (c_plus@xx@Qcp) = xx) thf(cPA_1_def, definition)

cPA, = (Vxx: n, xy: n: (c_plus@xx@(cSQxy)) = (cSQ(c_plus@xx@xy))) thf(cPA_2_def, definition)

cPA_IND_EQ = (Vxp: n — n,xq: n — n: (((xpQcp) = (xqQcp) and Vxx: n: ((xp@xx) = (xq@xx) = (xp@(cSQ@xx)) =
(xq@(cS@xx)))) = Vxx: n: (xp@xx) = (xq@xx))) thf(cPA_IND_EQ_def, definition)

(cPA; and cPA; and cPA IND_EQ) = Vxx: n,xy: n: (c_plus@xxQxy) = (c_plus@xy@xx) thf(cPA_THMy, conjecture)

NUMS829A5.p TPS problem from PA-THMS

n: $tType thf(n_type, type)

coi thf(c0_type, type)

cS:n—n thf(cS_type, type)

cplusin —n—n thf(c_plus_type, type)

cPA;: $o thf(cPA_1_type, type)

cPAs: $o thf(cPA_2_type, type)

cPA_IND_EQ: $o thf(cPA_IND_EQ_type, type)

cPA; = (Vxx: n: (c_plus@xx@Qcp) = xx) thf(cPA_1_def, definition)

cPA; = (Vxx: n, xy: n: (c_plus@xx@(cSQ@xy)) = (cSQ(c_plus@xx@xy))) thf(cPA_2_def, definition)

cPA_IND_EQ = (Vxp: n — n,xq: n — n: (((xpQcp) = (xqQcp) and Vxx: n: ((xp@xx) = (xq@xx) = (xp@(cSQxx)) =
(xq@Q(cS@xx)))) = Vxx: n: (xp@xx) = (xq@xx))) thf(cPA_IND_EQ_def, definition)

(cPA; and cPAj and cPA_IND_EQ) = Vxx: n,xy: n: (c_plus@(cS@xx)@Qxy) = (c_plus@xy@Q(cSQxx)) thf(cPA_THM3, co

NUMS830A5.p TPS problem from PA-THMS

n: $tType thf(n_type, type)

coi thf(c0_type, type)

cS:n—n thf(cS_type, type)

cplussn—-n—on thf(c_plus_type, type)

cstarin —n —n thf(c_star_type, type)

cPA;: $o thf(cPA_1_type, type)

cPAs: $o thf(cPA_2_type, type)

cPAs: $o thf(cPA_3_type, type)

cPAy: $o thf(cPA_4_type, type)

cPA; = (Vxx: n: (c_plus@xx@Qcp) = xx) thf(cPA_1_def, definition)

cPA,y = (Vxx: n, xy: n: (c_plus@xx@(cSQxy)) = (cSQ(c_plus@xx@xy))) thf(cPA_2_def, definition)

cPA3 = (Vxx: n: (costar@xx@Qcg) = ¢o) thf(cPA_3_def, definition)

cPA4 = (Vxx: n, xy: n: (c_star@xx@(cS@xy)) = (c_plus@(c_star@xx@xy)@xx)) thf(cPA_4_def, definition)
(cPA; and cPA; and cPA3 and cPA,) = (cstar@(cSQ(cSQc))@Q(cSQ(cSQcp))) = (c-plus@(cSQ(cSQcy))@(cSQ(cSQcy)))

NUMS831A5.p TPS problem from PETER-THMS

co: $i thf(c0_type, type)

cS: $i — $i thf(cS_type, type)

cIND: $o thf(cIND_type, type)

cIND = (Vxp: $i — $o: ((xpQcy and Vxx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND _def, definitio:
(cIND and Vxx: $i,xy: $i: ((cS@xx) = (cS@Qxy) = xx = xy) and Vxn: $i: (¢S@Qxn) # ¢g) = Ixd: $i — $i —

$o: (xdQcy@cy and Vxx: $i, xy: $i: ((xd@xxQxy) = (xd@Q(cSQxx)Q(cSQ(cSQAxy)))) and Vxx: $i: Jx: $i: (xdQxxQzx and Vy: $
r=1y))) thf(cTHM606_pme, conjecture)

NUMS832A5.p TPS problem from PETER-THMS
co: $i thf(c0_type, type)
cR: $i — $i — $i — $o thf(cR-type, type)
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cS: $i — $i thf(cS_type, type)

cIND: $o thf(cIND _type, type)

cIND = (Vxp: $i — $o: ((xpQ@cp and Vxx: $i: ((xp@xx) = (xp@(cSQ@xx)))) = Vxx: $i: (xp@xx))) thf(cIND_def, definitio:
(cIND and Vxn: $i: (cCRQcy@xn@(cS@xn)) and Vxm: $i, xk: $i: ((cCR@xm@(cSQcj)@xk) = (cRQ(cS@xm)@Qcy@xk)) and Vxn
((cR@xm@xl@xk) = (cRQ(cSQ@Qxm)Q(cS@xn)@xk)))) = Vxx: $i,xy: $i: Ixz: $i: (cCRQxxQxyQxz) thf(cTHMgo4, conject

NUMB833A5.p TPS problem from PETER-THMS

co: $i thf(c0_type, type)

cS: $i — $i thf(cS_type, type)

cIND: $o thf(cIND _type, type)

cIND = (Vxp: $i — $o: ((xpQcy and ¥xx: $i: ((xp@xx) = (xp@(cSQxx)))) = Vxx: $i: (xp@xx))) thf(cIND _def, definitio:
(cIND and Vxx: $i,xy: $i: ((cS@xx) = (cS@xy) = xx = xy) and Vxn: $i: (¢S@xn) # ¢g) = Ixr: §i — & — $i —

$o: (Vxn: $i: (xr@Qcr@xn@(cSQxn)) and Vxm: $i, xk: $i: ((xr@xm@(cSQcq)@xk) = (xr@(cS@xm)@Qcy@xk)) and Vxm: $i,xn:
((xr@xm@x1Q@xk) = (xr@(cS@xm)@(cS@Qxn)@xk))) and Vxx: $i, xy: $i: Jz: $i: (xr@xx@xyQzx and Vy: $i: ((xr@xxQxyQy) =
x=1y))) thf(cTHM605_pme, conjecture)

NUMB&834A5.p TPS problem from PETER-THMS

cS: 81— 8 thi(cS, type)

co: $i thf(co, type)

Ixr: $i — $i — $i — $o: (Vxn: $i: (xr@Qcr@xn@(cS@xn)) and Vxm: $i, xk: $i: ((xr@xm@(cSQc¢p)@Qxk) = (xr@(cSQxm)Qcy@x
((xr@xm@xlQ@xk) = (xr@(cSQxm)Q@(cS@Qxn)@xk))) and V¢: $i — $i — $i — $o: ((Vxn: $i: (tQcr@xn@(cSQ@Qxn)) and Vxm: $i
(tQ(cS@xm)Qcy@xk)) and Vxm: $i, xn: $i, xk: $i, x1: $i: ((tQ(cS@xm)@xn@x]) = ((tQxm@xlAQxk) = (tQ(cSQxm)Q(cSQxn
Vxx: $i, xy: 81, xz: 8i: ((xr@xxQxyQxz) = (tQxxQxy@Qxz)))) thf(cTHMgos, conjecture)

NUMS836+1.p dis(ex(cond(conseq(131),0),1))

— greater(vdaps, vdaoa) or —less(vdaos, vdaos) fof(’dis(ex(cond(conseq(131), 0), 1))’, conjecture)

vdags # vdags or —greater(vdags, vdaos) fof(*dis(ex(cond(conseq(131), 0), 0))’, axiom)

Vvdygs, vdigg: (less(vdigg, vdigs) <= Tvdagr: vdigs = vplus(vdigg, vdagr)) fof(’def(cond(conseq(axiom(3)), 12), 1), axio
Vvdigs, vdigs: (greater(vdigs, vdigs) <= Ivdige: vdigs = vplus(vdigs, vdigs)) fof(’def(cond(conseq(axiom(3)), 11), 1)’,
Vvdlgo,vdml (lego = Vd121 or E|Vd123 Vd120 = Vplub(vd121,vd123) or E|Vd125 Vd121 = Vplus(lego,Vd125)) fof(’ass(cond
Vlego,legl (lego 7& Vd121 or _\3le25 Vd121 = VpluS(lego,Vd125)) fOf( ass(cond(goal(88), O), ) 7ElJXiOIIl)
Vlego,legl ( 3Vd123 Vd120 = VplUS(legl,VCth) or — E|Vd125 Vd121 = VplUS(Vd120,Vd125)) fof(’ass(cond(goal(SS), 0),
Vvdiag, vdia1: (vdigg # vdigr or = 3vdias: vdigg = vplus(vdiar, vdias)) fof(’ass(cond(goal(88), 0), 3)’, axiom)

Vvdioq, vdips: (vdios # vdigs = Vvdigr: vplus(vdior, vdips) # vplus(vdigr, vdigs)) fof(’ass(cond(81, 0), 0)’, axiom)
Vvdga, vdes: vdgs # vplus(vdgy, vdes) fof("ass(cond(73, 0), 0)’, axiom)

Vvdrs, vdre: vplus(vdrg, vdrg) = vplus(vdrs, vdrg) fof(’ass(cond(61, 0), 0)’, axiom)

Vvdes, vdge: vplus(vsuce(vdgs), vdeg) = vsucc(vplus(vdgs, vdeg)) fof(’ass(cond(52, 0), 0)’, axiom)

Vvdsg: vplus(vy, vdsg) = vsucc(vdsg) fof(’ass(cond(43, 0), 0)’, axiom)

Vvdyg, vdyr, vdas: vplus(vplus(vdag, vdar), vdag) = vplus(vdye, vplus(vdyr, vdys)) fof(’ass(cond(33, 0), 0)’, axiom)

Vvdys, vdas: (vplus(vdys, vsuce(vdys)) = vsuce(vplus(vdye, vdys)) and vplus(vdgs, v1) = vsucce(vdys)) fof(’qu(cond(conseq
Vvdag: (vdag # v1 = vday = vsucc(vskolemy(vday))) fof(’ass(cond (20, 0), 0)’, axiom)

Vvdye: vsuce(vdie) # vdie fof(’ass(cond(12, 0), 0)’, axiom)

Vvdr, vds: (vd7 # vdg = vsucc(vdy) # vsuce(vds)) fof(’ass(cond(6, 0), 0)’, axiom)

Vvds, vda: (vsuce(vds) = vsuce(vdy) = vds = vdy) fof(’qu(antec(axiom(3)), imp(antec(axiom(3))))’, axiom)

Vvdy: vsuce(vdy) # vy fof("qu(restrictor(axiom(1)), holds(scope(axiom(1)), 2, 0))’, axiom)

NUMS836+2.p dis(ex(cond(conseq(131),0),1))

- greater(vdags, vdgoa) or —less(vdaos, vdaos) fof(*dis(ex(cond(conseq(131), 0), 1))’, conjecture)

vdags # vdagy or - greater(vdags, vdaos) fof(*dis(ex(cond(conseq(131), 0), 0))’, axiom)

Vvdigs, vdigg: (less(vdigg, vdigs) <= Tvdagr: vdigs = vplus(vdigg, vdapr)) fof(’def(cond(conseq(axiom(3)), 12), 1)’ axio
Vvdlgg,vd194 (greater(vd194,vd193) <~ E'legﬁ Vd194 = VpluS(legg,legﬁ)) fOf( def(cond(conseq(axiom(3)), 11), 1)’, a
vvdlgo,vdlgl (Vd120 = Vd121 or 3Vd123 lego = VpluS(legl,lezg) or 3Vd125 Vd121 = VphlS(lego,legg))) fof(’ass(cond
Vlego,legl (Vd120 7£ Vd121 or _|E|Vd125 Vd121 = VplUS(lego,legf,)) fOf( ass(cond(goal(88) 0) ) axiom)
Vlego,legl ( 3Vd123 Vd120 = VphlS(legl,legg) or — 3Vd12 Vd121 = VpluS(lego,legs)) fOf(’aSS(COHd(gO&l(SS), O),
Vvdiag, vdia1: (vdizg # vdiar or = 3vdias: vdigg = vplus(vdiar, vdias)) fof(’ass(cond(goal(88), 0), 3)’, axiom)
VVd104,Vd105 (Vd104 75 Vd105 = VVd107 Vplub(vd107,vd104) 75 Vplus(vd107,vd105)) fof(’ass(cond(Sl, 0), 0)7, ELXiOHl)
Vvdag, vdar, vdas: vplus(vplus(vdas, vdar), vdag) = vplus(vdae, vplus(vdar, vdss)) fof(*ass(cond(33, 0), 0)’, axiom)

Vvdag, vdss: (vplus(vdaz, vsucc(vdas)) = vsucc(vplus(vdas, vdss)) and vplus(vdaz, v1) = vsuce(vdss)) fof(’qu(cond(conseq

NUMS837+42.p qe(171)
3Vd2732 Vd269 = Vplus(vd%g, Vd273) fof(’qe(l?l)’, conjecture)
less(vdaeg, vdar1) fof(’(conjunct2(170),272,0)’, axiom)
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less(vdags, vdagg) fof("holds(conjunct1(170), 270, 0)’, axiom)

VVd258,Vd259Z (Vd258 < Vd259 = geq(vd25g,vdg58)) fof(’ass(cond(163, O), 0),, axiom)

VVd254,Vd255Z (geq(vd254,vd255) = Vd255 S Vd254) fof(’ass(cond(158, 0), 0),, axiom)

VVd249, Vd250: (Vd200 < Vd249 = (less(vd250, Vd249) or Vd250 == Vd249)) fof(’def(cond(conseq(axiom(B)), 17), 1)7, axiom)
Vvdayg, vdags: (geq(vdags, vdass) <= (greater(vdays, vdass) or vdags = vdags)) fof(’def(cond(conseq(axiom(3)), 16), 1)’,
deQQG,Vd227: (leSb(Vd226,Vd227) = greater(vd227,vd226)) fof(’ass(cond(147, 0), 0),, axiom)

vvdzog,vdgogl (greater(vdgog,vdgog) = leSS(Vdgog,Vdgos)) fof(’ass(cond(140, 0), 0)7, axiom)

Vvdaos, vdaoa: (vdaos = vdags or greater(vdags, vdags) or less(vdaos, vdaos)) fof(*ass(cond(goal(130), 0), 0)’, axiom)
VVdgog,Vd204: (Vd203 7é Vd204 or ﬁleSS(Vdgog,VdQ(M)) fOf( ass(cond(goal(lBO), 0)7 1)’,axiom)

Vvdaos, vdags: (— greater(vdags, vdags) or —less(vdags, vdaos)) fof(’ass(cond(goal(130), 0), 2)’, axiom)

Vvdagsz, vdaps: (vdags # vdaoos or — greater(vdsgs, vdags)) fof(’ass(cond(goal(130), 0), 3)’, axiom)

vvdlgg, leggi (leSS(legg, legg) < E|Vd201. legg = VpluS(legg, VdQOl)) fof(’def(cond(conseq(axiom(S)), 12), 1)’7 axio;
Vvdigs, vdigs: (greater(vdigs, vdigs) <= Ivdige: vdigs = vplus(vdigs, vdigs)) fof(’def(cond(conseq(axiom(3)), 11), 1)’,
VVd1207Vd1211 (leg() = Vd121 or 3Vd12d Vd12(] = VplUS(legl,lezd) or E'Vd125 Vd121 = VpluS(lego,legf,)) fof(’ass(cond
Vvdiag, vdia1: (vdizg # vdiar or = 3vdias: vdiag = vplus(vdisg, vdias)) fof(’ass(cond(goal(88), 0), 1)’, axiom)
VVd]go,legli ( 3Vd123 Vd120 = Vplus(legl,Vd123) or — 3Vd125 Vd121 = VpluS(lego,Vd125)) fOf(’aSS(COHd(gO&l(SS), O),
vvdlgo,vdlgli (lego 75 Vd121 or —\3le23 Vd120 = VpluS(legl,legg)) fof(’ass(cond(goal(88), 0), 3)’, axiom)
VVd104,Vd105Z (Vd104 7é Vd105 = VVd107 Vplus(vd107,vd104) 7é Vplus(vd107,vd105)) fof(’ass(cond(Sl, 0), 0)7, axiom)
Vvdag, vdar, vdas: vplus(vplus(vdas, vdar), vdag) = vplus(vdae, vplus(vdar, vdss)) fof(*ass(cond(33, 0), 0)’, axiom)

Vvdya, vdas: (vplus(vdas, vsuce(vdys)) = vsucc(vplus(vdye, vdss)) and vplus(vdas, v1) = vsucc(vdas)) fof(’qu(cond(conseq

NUMS841+2.p holds(214,352,0)
greater (vplus(vdsgg, vdsar), vplus(vdsys, vdsgs)) fof("holds(214, 352, 0)’, conjecture)
Vplus(vd34g, Vd345) = vplus(vd345, Vd348) fOf(’hOldS(2137 351, 2)’, axiom)
greater(vplus(vdssz, vdsas ), vplus(vdsss, vdsas)) fof(’holds(213, 351, 1)’, axiom)
vplus(vdsys, vdssz) = vplus(vdsyr, vdsas) fof(’holds(213, 351, 0)’, axiom)
greater(vplus(vdsaa, vdsaz), vplus(vdasas, vdsaz)) fof(’holds(212, 350, 0)’, axiom)
greater(vdsgr, vdsas) fof("holds(conjunct2(211), 349, 0)’, axiom)
greater(vdsgq, vdsgs) fof("holds(conjunct1(211), 346, 0)’, axiom)
Vvdggg,vdggg,vdggoi (1eSS(Vp1uS(Vd328,Vd330),VplUS(Vdggg,Vdggo)) = IGSS(Vdggg,Vdggg)) fof(’ass(cond(goal(202), 0), 0)7
vvdggg,vdggg,vdggoi (VpluS(Vdggg,Vdggo) = VplUS(Vd329,Vd330) = Vd328 = Vd329) fof(’ass(cond(goal(QO?) 0) 1) axiom
VVdggg, Vdggg7 Vdgg(]l (greater(vplus(vdggg, Vd33()), VphlS(Vdeg7 Vd33())) = greater(vdg,gg, Vdgzg)) fOf( ass(cond(goal(?OZ)
VVdg()l, Vd3()27 Vd303: (16SS(Vd301, Vd302) = less(vplus(vdgm, Vdg()?,)7 VphlS(Vdg()Q, Vdgog))) fof(’ass(cond(goal(193) ) )
Vvdso1, vdsoz, vdsos: (vdser = vdsge = vplus(vdser, vdsos) = vplus(vdsgs, vdsos)) fof(’ass(cond(goal(193), 0), 1), axiom
vvdgol, Vdgog, Vd3031 (greater(vd301, Vdgog) = greater(vplus(vdgol, Vd303), VphlS (Vdgog, Vdgog))) fof(’ass(cond(goal(l% s
VVd295, Vd2961 greater(vplus(vd295, Vd296), Vd295) fof(’ass(cond(189, 0), 0)7, axiom)
Vvdage, vdaar: (less(vdages, vdagr) = greater(vdaaz, vdass)) fof(’ass(cond (147, 0), 0)’, axiom)
Vvdags, vdage: (greater(vdaps, vdagg) = less(vdagg, vdaos)) fof(’ass(cond (140, 0), 0)’, axiom)
Vvdaos, vdags: (vdags = vdagy or greater(vdags, vdags) or less(vdags, vdags)) fof(’ass(cond(goal(130), 0), 0)’, axiom)
(=
(

m)
(
)
(

)

Vvdags, vdaps: (— greater(vdags, vdags) or —less(vdaos, vdaga)) fof("ass(cond(goal(130), 0), 2)’, axiom)

Vlegg, Vd194 greater(vd194, Vd193) — E'legﬁi Vd194 = Vplus(legg, Vd196>) fof(’def(cond(conseq(axiom(3)), 11), 1)’, a
vvdlgo, Vd1211 (Vd120 7é Vd121 or — E'leggl Vd120 = VphlS(legl, Vd123)) fof(’ass(cond(goal(88), 0), 3),, axiom)

Vvdzs, vdre: vplus(vdzg, vdzs) = vplus(vdzs, vdrg) fof(’ass(cond(61, 0), 0)’, axiom)

Vvdgs, vdgg: vplus(vsuce(vdgs), vdgg) = vsuce(vplus(vdgs, vdgg)) fof(’ass(cond(52, 0), 0)’, axiom)

Vvdsg: vplus(vy, vdsg) = vsuce(vdsg) fof(’ass(cond (43, 0), 0)’, axiom)

Vvdag, vdar, vdys: vplus(vplus(vdyg, vdar), vdag) = vplus(vdyg, vplus(vdar, vdag)) fof("ass(cond(33, 0), 0)’, axiom)

Vvdag, vdys: (vplus(vdaz, vsucc(vdas)) = vsucc(vplus(vdae, vdss)) and vplus(vdaz, v1) = vsucce(vdya)) fof(’qu(cond(conseq
Vvday: (vdas # v1 = vdas = vsucc(vskolemg(vday))) fof(’ass(cond (20, 0), 0)’, axiom)

NUMS844+2.p holds(266,415,3)

vplus(vmul(vdyi1, vdais), vplus(vdyss, vsuce(vdyrr))) = vplus(vmul(vdyy 1, vdyss), vplus(vsuee(vdyrr ), vdas)) fof("holds(2
vplus(vplus(vmul(vdyai1, vdars), vdais), vsucee(vdyrr)) = vplus(vmul(vdy 1, vdyss), vplus(vda s, vsuce(vdaii))) fof("holds(2
vplus(vmul(vsuce(vdyy1), vdais), vsuce(vdarr)) = vplus(vplus(vmul(vdai1, vdais), vdars), vsuce(vdyrr)) fof("holds(266, 41°
vmul(vsuce(vdyyy), vsuce(vdyz)) = vplus(vmul(vsuce(vdyyy), vdars), vsuee(vdar)) fof("holds(266, 415, 0)’, axiom)
vmul(vsuce(vdaiy), vdars) = vplus(vmul(vdaiy, vdaig), vdais) fof(*holds(265, 414, 0)’, axiom)

vsuce(vmul(vdyy 1, v1)) = vplus(vmul(vdyip, v1),v1) fof("holds(264, 412, 2)’, axiom)
vsuce(vdyyr) = vsuee(vmul(vdyyq, v1)) fof("holds(264, 412, 1)’, axiom)
vmul(vsuce(vdgrr ), v1) = vsuce(vdarg) fof("holds(264, 412, 0)’, axiom)

Vvdago: vmul(vy, vdage) = vdaoo fof(’ass(cond(253, 0), 0)’, axiom)

vvdggg, Vd3971 (Vmul(Vdggg, VSUCC(Vd397)) = VplUS(Vmul(Vdggg, Vd397), Vd396) and Vmul(Vdggg, ’Ul) = Vd396) fof(’qu(cond(o
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Vvdggg,vd387: (leSS(Vd386,VphlS(Vd387,’U1)) = Vd386 < Vd387) fof(’ass(cond(241, 0), 0)7, &XiOHl)

Vvdsrs, vdsre: (greater(vdsrs, vdszg) = geq(vdsrs, vplus(vdsre, v1))) fof(’ass(cond(234, 0), 0)’, axiom)

Vvdzs, vdre: vplus(vdrg, vdzs) = vplus(vdzs, vdrg) fof(’ass(cond(61, 0), 0)’, axiom)

Vvdgs, vdgg: vplus(vsuce(vdgs), vdgg) = vsuce(vplus(vdgs, vdgg)) fof(’ass(cond(52, 0), 0)’, axiom)

Vvdsg: vplus(vy, vdsg) = vsuce(vdsg) fof(’ass(cond(43, 0), 0)’, axiom)

Vvdyg, vdar, vdys: vplus(vplus(vdyg, vdar), vdag) = vplus(vdyg, vplus(vdar, vdag)) fof("ass(cond(33, 0), 0)’, axiom)

Vvdyg, vdys: (vplus(vdaz, vsuce(vdas)) = vsucc(vplus(vdae, vdss)) and vplus(vdye, v1) = vsucce(vdya)) fof(’qu(cond(conseq
Vvday: (vdas # v1 = vdas = vsucc(vskolemg(vday))) fof(’ass(cond(20, 0), 0)’, axiom)

Vvdig: vsuce(vdig) # vdig fof(’ass(cond(12, 0), 0)’, axiom)

Vvdr, vds: (vdy # vdg = vsucce(vdy) # vsuee(vds)) fof(’ass(cond(6, 0), 0)’, axiom)

NUMS845+42.p qu(ind(267),imp(267))

Vvdaie: (vmul(vsuce(vdarr), vdars) = vplus(vmul(vdarr, vdaig), vdarg) = vmul(vsuce(vdarr), vsuce(vdyig)) = vplus(vmul(vd

Vvdyars: (vmul(vsuce(vdyrr), vdars) = vplus(vmul(vdair, vdars), vdars) = vplus(vplus(vimul(vdai1, vdais), vdyi1), vsuce(vdys
1),

vplus(vmul(vdyy1, vsuee(vdyrs)), vsuee(vdys))) fof(’ass(cond(conseq(263), 1), 0)’, axiom)

Vvdgz: (vmul(vsuee(vdars ), vdars) = vplus(vmul(vdgir, vdais), vdars) = vplus(vmul(vdyg, vdgss), vplus(vda 1, vsuce(vdass)
vplus(vplus(vmul(vdyai1, vdars), vdqr1), vsuce(vdyrs))) fof(’ass(cond(conseq(263), 1), 1)’, axiom)

VVd4131 (vmul(vsucc(vd411),Vd413) = VphlS(VIIlul(Vd411,Vd413),Vd413) = vplus(vmul(vd411,Vd413),vsucc(vplus(vd411,vd413]
vplus(vmul(vdai1, vdais), vplus(vdais, vsuce(vdas)))) fof(’ass(cond(conseq(263), 1), 2)’, axiom)

VVd413: (Vmul(VSUCC(Vd411),Vd413) == Vplus(vmul(vd411,Vd413),vd413) = VphlS(VInul(Vd411,Vd413),VplUS(VSHCC(Vd411),Vd413
vplus(vmul(vdyi1, vdais), vsuce(vplus(vdyy i, vdais)))) fof(’ass(cond(conseq(263), 1), 3)’, axiom)

Vvdyarz: (vmul(vsuce(vdyry), vdarz) = vplus(vmul(vdaiy, vdais), vdars) = vplus(vmul(vdyy, vdais), vplus(vdyss, vsuee(vdyyq)
vplus(vmul(vdsi1, vdais), vplus(vsucc(vdary), vdais))) fof(’ass(cond(conseq(263), 1), 4)’, axiom)

Vvdyars: (vmul(vsuce(vdyrr ), vdars) = vplus(vmul(vdarr, vdars), vdars) = vplus(vplus(vimul(vdai1, vdais), vdais), vsuce(vdars
vplus(vmul(vdas1, vdais), vplus(vdyis, vsuce(vdarr)))) fof(’ass(cond(conseq(263), 1), 5)’, axiom)

Vvdys: (vmul(vsuee(vdyays ), vdarz) = vplus(vmul(vdgir, vdais), vdars) = vplus(vmul(vsuee(vdgr ), vdars), vsuce(vdy)) =
vplus(vplus(vmul(vdai1, vdais), vdais), vsuce(vdyrr))) fof(’ass(cond(conseq(263), 1), 6)’, axiom)

Vvdygrs: (vimul(vsuce(vdyry ), vdars) = vplus(vmul(vdary, vdais), vdars) = vmul(vsuce(vdgry), vsuce(vdyrz)) = vplus(vmul(vs
vsuce(vmul(vdyi, v1)) = vplus(vmul(vdyiy, v1),v1) fof("holds(264, 412, 2)’, axiom)

VVdgg@7 Vd3972 (VI’HUI(VdggG, VSUCC(Vd397)) = VplllS(VIHlll(VdggG, Vd397), Vd396) and vmul(vd3967 Ul) = Vd396) fof(’qu(cond(o
Vvdrs, vdye: vplus(vdrg, vdrg) = vplus(vdyrs, vdrg) fof(’ass(cond(61, 0), 0)’, axiom)

Vvdsg: vplus(vy, vdsg) = vsuce(vdsg) fof(’ass(cond (43, 0), 0)’, axiom)

Vvdyg, vdar, vdys: vplus(vplus(vdyg, vdar), vdag) = vplus(vdyg, vplus(vdar, vdas)) fof("ass(cond(33, 0), 0)’, axiom)

Vvdya, vdas: (vplus(vdas, vsuce(vdys)) = vsuce(vplus(vdae, vdys)) and vplus(vdas, v1) = vsucc(vdas)) fof(’qu(cond(conseq
NUMS846+2.p holds(286,441,2)
vplus(vmul(vdyss, vplus(vdasz, vdase)), vdase) = vplus(vplus(vmul(vdyse, vdasr), vinul(vdyse, vdasg)), vdase) fof("holds(28(

vmul(vdyss, vsuce(vplus(vdysz, vdasg))) = vplus(vmul(vdyse, vplus(vdasy, vdasg)), vdase) fof("holds(286, 441, 1)’, axiom)
vmul(vdyse, vplus(vdasz, vsuce(vdasg))) = vmul(vdygs, vsuce(vplus(vdasy, vdasg))) fof("holds(286, 441, 0)’, axiom)
vmul(vdysg, vplus(vdysz, vdasg)) = vplus(vmul(vdyse, vdas7), vinul(vdyse, vdasg)) fof(’holds(285, 440, 0)’, axiom)
vplus(vmul(vd436, Vd437), Vd436) = VphlS(VIIlul(Vd4367 Vd437), Vmul(vd436, Ul)) fOf(’hOlClS(?Sé‘:7 438, 2)7, axiom)
vmul(vdyse, vsuce(vdysy)) = vplus(vmul(vdyase, vdasr), vdase) fof("holds(284, 438, 1)’, axiom)

vmul(vdysg, vplus(vdasz, v1)) = vmul(vdase, vsuce(vdysy)) fof("holds(284, 438, 0)’, axiom)

VVd418, Vd4192 Vmul(vd418, Vd419) = Vmul(vd419, Vd418) fOf(7&88(0011(1(2707 O), 0)7, axiom)
Vvdaoo: vmul(vy, vdage) = vdaoo fof(’ass(cond(253, 0), 0)’, axiom)
Vvdsgg, vdsgr: (vmul(vdsgg, vsuce(vdsgr)) = vplus(vimul(vdsgg, vdser), vdses) and vmul(vdsgg, v1) = vdses) fof("qu(cond(c

Vvdsse, vdssy: (less(vdsse, vplus(vdssy, v1)) = vdsge < vdssr) fof(’ass(cond (241, 0), 0)’, axiom)

Vvdsrs, vdsre: (greater(vdsys, vdsze) = geq(vdsrs, vplus(vdsre, v1))) fof(’ass(cond(234, 0), 0)’, axiom)

Vvdsgo: geq(vdsge, v1) fof(’ass(cond(228, 0), 0)’, axiom)

Vvdzs, vdre: vplus(vdrg, vdrs) = vplus(vdrs, vdrg) fof(’ass(cond(61, 0), 0)’, axiom)

Vvdgs, vdge: vplus(vsucc(vdes), vdgg) = vsucc(vplus(vdes, vdeg)) fof(’ass(cond(52, 0), 0)’, axiom)

Vvdsg: vplus(vy, vdsg) = vsuce(vdsg) fof(’ass(cond (43, 0), 0)’, axiom)

Vvdyg, vdar, vdas: vplus(vplus(vdag, vdar), vdas) = vplus(vdye, vplus(vdyr, vdss)) fof(’ass(cond(33, 0), 0)’, axiom)
Vvdya, vdas: (vplus(vdys, vsuce(vdys)) = vsuce(vplus(vdye, vdys)) and vplus(vdgs, v1) = vsuce(vdys)) fof(’qu(cond(conseq
Vvday: (vdag # v1 = vdag = vsucc(vskolems(vday))) fof(’ass(cond (20, 0), 0)’, axiom)

Vvdye: vsuce(vdie) # vdies fof(’ass(cond(12, 0), 0)’, axiom)

Vvdr, vds: (vds # vdg = vsucce(vdy) # vsuce(vds)) fof(’ass(cond(6, 0), 0)’, axiom)

NUMS847+2.p holds(286,441,3)
vplus(vplus(vmul(vdysg, vdasy), vimul(vdyse, vdasg)), vdase) = vplus(vinul(vdass, vdssr), vplus(vmul(vdass, vdasg), vdass))
vplus(vmul(vdyse, vplus(vdasy, vdasg)), vdase) = vplus(vplus(vmul(vdase, vdasz), vinul(vdase, vdasg)), vdase) fof("holds (28K
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vimul(vdyss, vsuce(vplus(vdysz, vdasg))) = vplus(vmul(vdyse, vplus(vdasy, vdasg)), vdase) fof("holds(286, 441, 1)’, axiom)
vmul(vdyss, vplus(vdasz, vsuce(vdasg))) = vmul(vdyge, vsucc(vplus(vdasr, vdasg))) fof("holds(286, 441, 0)’, axiom)
vmul(vdysg, vplus(vdysz, vdasg)) = vplus(vmul(vdyse, vdas7), vinul(vdyse, vdasg)) fof(’holds(285, 440, 0)’, axiom)
Vplus(vmul(vd436, Vd437), Vd436) = VphlS(VIIllll(Vd4367 Vd.437)7 VIIlU.l(Vd436, 1}1)) fOf(’hOldS(2847 438, 2)7, axiom)

vmul(vdyse, vsuce(vdysy)) = vplus(vmul(vdyase, vdasr), vdase) fof("holds(284, 438, 1)’, axiom)

vmul(vdyss, vplus(vdasz, v1)) = vmul(vdase, vsuce(vdasy)) fof("holds(284, 438, 0)’, axiom)

Vvdao: vmul(vy, vdage) = vdaoo fof(’ass(cond(253, 0), 0)’, axiom)

vvdggg, Vd3971 (Vmul(Vdggg, VSUCC(Vd397)) = VplUS(Vmul(Vdggg, Vd397), Vd396) and Vmul(Vdggg, ’Ul) = Vd396) fof(’qu(cond(o
VVdggg,Vdggr (less(vd3867Vplus(vd387,vl)) = Vd386 S Vd387) fOf(’aSS(COIld(241, 0), 0)’, axiom)

Vvdsrs, vdsre: (greater(vdsys, vdsrze) = geq(vdsrs, vplus(vdsye, v1))) fof(’ass(cond (234, 0), 0)’, axiom)

Vvdrs, vdre: vplus(vdrg, vdrg) = vplus(vdrs, vdrg) fof(’ass(cond(61, 0), 0)’, axiom)

Vvdgs, vdge: vplus(vsuce(vdgs), vdeg) = vsucc(vplus(vdgs, vdeg)) fof(’ass(cond(52, 0), 0)’, axiom)

Vvdsg: vplus(vy, vdsg) = vsucc(vdsg) fof(’ass(cond(43, 0), 0)’, axiom)

Vvdye, vdar, vdas: vplus(vplus(vdyg, vdar), vdag) = vplus(vdag, vplus(vdaz, vdas)) fof(’ass(cond(33, 0), 0)’, axiom)

Vvdya, vdys: (vplus(vdys, vsuce(vdys)) = vsuce(vplus(vdys, vdys)) and vplus(vdys, v1) = vsuce(vdys)) fof("qu(cond(conseq
Vvday: (vdag # v1 = vday = vsucc(vskolema(vday))) fof(’ass(cond (20, 0), 0)’, axiom)

Vvdig: vsuce(vdig) # vdig fof(’ass(cond(12, 0), 0)’, axiom)

NUMS848+2.p holds(286,441,4)

Vplus(vmul(vd436, Vd437), vplus(vmul(vd436, Vd439), Vd436)) = vplus(vmul(vd436, Vd437)7 Vmul(vd436, VSUCC(Vd439))) fOf(’hC
vplus(vplus(vmul(vdyss, vdas7), vimul(vdyse, vdase)), vdase) = vplus(vmul(vdyss, vdasz), vplus(vmul(vdase, vdase), vdase))
vplus(vmul(vdyse, vplus(vdasy, vdasg)), vdase) = vplus(vplus(vmul(vdase, vdasz), vinul(vdase, vdasg)), vdase) fof("holds (28t
vmul(vdyse, vsucce(vplus(vdysy, vdasg))) = vplus(vmul(vdase, vplus(vdasz, vdasg)), vdase) fof("holds(286, 441, 1)’, axiom)
vmul(vdyse, vplus(vdasz, vsuce(vdasg))) = vmul(vdygs, vsucc(vplus(vdasr, vdasg))) fof(*holds(286, 441, 0)’, axiom)
VIIllll(Vd.4367 VphlS(Vd4377 Vd439)) = VphlS (VIIIU].(V(214367 Vd.437)7 Vmul(vd436, Vd439)) fOf(’hOlClS(?S'{')7 440, 0) 7, axiom)
vplus(vmul(vdyss, vdasr), vdase) = vplus(vmul(vdyse, vdas7), vimul(vdyse, v1)) fof("holds(284, 438, 2)’, axiom)

vimul(vdysg, vsuce(vdysy)) = vplus(vmul(vdyse, vdasy), vdase) fof("holds(284, 438, 1), axiom)

Vvdsgg, vdsgr: (vmul(vdsgg, vsucce(vdsgr)) = vplus(vmul(vdsgs, vdser), vdses) and vmul(vdses, v1) = vdses) fof("qu(cond(c
vvdggg,vd387l (IESS(Vdgsﬁ,VplUS(Vd387,Ul)) = Vd386 § Vd387) fof(’ass(cond(241, 0), 0),, axiom)

Vvdzs, vdre: vplus(vdzg, vdzs) = vplus(vdrs, vdrg) fof(’ass(cond(61, 0), 0)’, axiom)

Vvdgs, vdge: vplus(vsuce(vdgs), vdgg) = vsuce(vplus(vdgs, vdgg)) fof(’ass(cond(52, 0), 0)’, axiom)

Vvdsg: vplus(vy, vdsg) = vsuce(vdsg) fof(’ass(cond (43, 0), 0)’, axiom)

Vvdyg, vdar, vdys: vplus(vplus(vdyg, vdar), vdag) = vplus(vdyg, vplus(vdar, vdas)) fof("ass(cond(33, 0), 0)’, axiom)

Vvdag, vdys: (vplus(vdaz, vsuce(vdas)) = vsucc(vplus(vdae, vdss)) and vplus(vdaz, v1) = vsucce(vdya)) fof(’qu(cond(conseq
Vvdas: (vdas # v1 = vdas = vsucc(vskolemg(vday))) fof(’ass(cond (20, 0), 0)’, axiom)

NUM849+2.p qu(ind(296),imp(296))

VVd454: (Vmul(vmul(vd44g, Vd449), Vd454) = VIIlul(Vd4487 Vmul(vd449, Vd454)) = Vmul(vmul(vd448, Vd44g), VSUCC(Vd454)) =
vmul(vdygs, vimul(vdyqg, vsuce(vdyss)))) fof(’qu(ind(296), imp(296))’, conjecture)

Vvdysy: (vimul(vmul(vdyss, vdaqg), vdas1) = vmul(vdags, vinul(vdagg, vdast)) = vmul(vdass, vplus(vmul(vdaag, vdas1 ), vdaag))

vmul(vdyys, vimul(vdygg, vsuce(vdyst)))) fof(’ass(cond(conseq(292), 1), 0)’, axiom)

Vvdysr: (vmul(vmul(vdygs, vdagg), vdys: ) = vmul(vdggs, vinul(vdygg, vdasi)) = vplus(vmul(vdgss, vinul(vdggg, vdys:)), vmul(
vmul(vdyss, vplus(vmul(vdagg, vdas: ), vdasg))) fof(’ass(cond(conseq(292), 1), 1)’, axiom)

Vvdysy: (vimul(vimul(vdygs, vdaqg), vdas1) = vmul(vdyys, vinul(vdagg, vdast)) = vplus(vmul(vimul(vdyys, vdaag), vdys ), viul(
vplus(vmul(vdyss, vimul(vdyqg, vdas1)), vimul(vdaas, vdaso))) fof(’ass(cond(conseq(292), 1), 2)’, axiom)

VVd451: (Vmul(vmul(vd448, Vd449), Vd451) = Vmul(vd448, VHllll(Vd4497 Vd451)) = Vmul(vmul(vd448, Vd449), VSUCC(Vd451)) =
vplus(vmul(vimul(vdyys, vdasg), vdgs1 ), vimul(vdays, vdaqo))) fof(’ass(cond(conseq(292), 1), 3)’, axiom)

vmul(vdygs, vdagag) = vmul(vdyys, vimul(vdgsg, v1)) fof("holds(293, 450, 1)’, axiom)

VVd432, Vd433, Vd4341 Vmul(vd432, VphlS(Vd433, Vd434)) = VphlS (Vmul(vd432, Vd433), vmul(vd432, Vd434)) fof(’ass(cond(281, (
VVd418, Vd4191 vmul(vd418, Vd419) = Vmul(vd419, Vd418) fof(’ass(cond(270, 0), 0)’, axiom)

Vvdaos, vdape: vmul(vsuce(vdyps), vdaog) = vplus(vmul(vdyaps, vdaog), vdaog) fof(’ass(cond(261, 0), 0)’, axiom)

VVdggg, Vd397: (Vmul(Vdggg, VSllCC(Vd397)) = VplUS(Vmul(Vdggg, Vd397), Vd396) and Vmul(Vdggg, ’U1) = Vd396) fof(’qu(cond(o
Vvdrs, vdre: vplus(vdrg, vdrg) = vplus(vdyrs, vdrg) fof(’ass(cond(61, 0), 0)’, axiom)

Vvdya, vdas: (vplus(vdys, vsuce(vdys)) = vsuce(vplus(vdye, vdys)) and vplus(vdgs, v1) = vsuce(vdys)) fof(’qu(cond(conseq
NUMS8524-2.p holds(conseq-conjunctl(conseq-conjunct2(conseq(304))),484,0)

greater(vmul(vdysy, vdagg ), vinul(vdasg, vdaeo)) fof("holds(conseq_conjunct1(conseq_conjunct2(conseq(304))), 484, 0)’, con

greater(vdysy, vdaso) fof("holds(conseq_conjunct1(conseq(304)), 483, 0)’, axiom)

less(vdyso, vdas1) fof("holds(antec(304), 482, 0)’, axiom)

VVd4767 Vd4772 (Vd476 = Vd477 = Vmul(vd475, Vd469) = vmul(vd477, Vd469)) fof(’ass(cond(303, 0), 0)7, axiom)

Vvdaro, vdarr: (greater(vdyro, vdar1) = greater(vplus(vmul(vdyrr, vdage), vinul(vskolemg (vdyrg, vdar1), vdaeg)), vinul(vdyry, v
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Vvdaro, vdarr: (greater(vdyro, vdar1) = vmul(vplus(vdarr, vskolemg(vdyro, vdarr)), vdage) = vplus(vmul(vdars, vdagg), vimul(s

VVd470, Vd471: (greater(vd470, Vd471) = Vmul(vd470, Vd469) = Vmul(vplus (Vd4717 VSkOlemg (Vd470, Vd471)), Vd469)) fof(’ass(<
Vvdaro, vdarr: (greater(vdaro, vdarz1) = vdazo = vplus(vdyri, vskolemg(vdyzo, vdaz1))) fof(’ass(cond(302, 0), 3)’, axiom)
VVd444, Vd4457 Vd446: Vmul(vmul(vd444, Vd445), Vd446) = VIIllll(Vd4447 Vmul(vd445, Vd446)) fOf(7aSS(COHd(29O7 0), O)’7 axiom)
Vvdyse, vdass, vdase: vimul(vdyss, vplus(vdass, vdass)) = vplus(vmul(vdyss, vdyss), vimul(vdyss, vdasa)) fof(’ass(cond (281, C
Vvdais, vdare: vimul(vdyig, vdaig) = vmul(vdyaig, vdais) fof(’ass(cond (270, 0), 0)’, axiom)

Vvdaos, vdage: vmul(vsuce(vdaps), vdaog) = vplus(vmul(vdyps, vdaog), vdaog) fof(’ass(cond(261, 0), 0)’, axiom)

Vvdage, vdaar: (less(vdage, vdagr) = greater(vdaaz, vdass)) fof(’ass(cond (147, 0), 0)’, axiom)

Vvdaps, vdagg: (greater(vdaps, vdagg) = less(vdagg, vdaos)) fof(’ass(cond (140, 0), 0)’, axiom)

Vvdaos, vdags: (vdags = vdagy or greater(vdags, vdags) or less(vdags, vdags)) fof(’ass(cond(goal(130), 0), 0)’, axiom)
Vvdagsz, vdaps: (vdags # vdaogs or —less(vdags, vdaps)) fof("ass(cond(goal(130), 0), 1)’, axiom)

Vvdaos, vdags: (— greater(vdags, vdags) or —less(vdags, vdaos)) fof(’ass(cond(goal(130), 0), 2)’, axiom)

Vvdaos, vdaos: (vdaos # vdags or —greater(vdaos, vdaos)) fof(’ass(cond(goal(130), 0), 3)’, axiom)

Vleg& leggi (IESS(legg, legg) <~ E'VdQOll legg = VplllS(legg7 Vd201)) fof(’def(cond(conseq(axiom(3)), ].2), ].)’7 axio
Vlegg, Vd1942 (greater(vd194, Vd193) <~ 3Vd196! Vd194 = VphlS(legg, Vd196)) fof(’def(cond(conseq(axiom(?))), 11), 1)7, a

NUMS858+1.p Basic upper bound replace maximum

This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is

to prove that the minimal solutions of a certain constraint model are preserved if the applications of the ” maximum”

function in it are replaced by "upper bounds” only.

Va: lesseq(z, x) fof(lesseq_ref, axiom)

Ve, y, z: ((lesseq(z,y) and lesseq(y, z)) = lesseq(z, z)) fof(lesseq_trans, axiom)

Va,y: ((lesseq(z,y) and lesseq(y,z)) = = =vy) fof(lesseq_antisymmetric, axiom)

Va,y: (lesseq(z,y) or lesseq(y, x)) fof(lesseq_total, axiom)

Va,y, z: (lesseq(z,y) <= lesseq(z 4+ z,2z 4+ y)) fof(sum_monotone;, axiom)

Va,y: (lesseq(x,y) <= lesseq(summation(z), summation(y))) fof(summation_monotone, axiom)

Va,y: (max(x,y) = x or —lesseq(y, z)) fof(max, axiom)

Ve, y: (max(x,y) =y or —lesseq(x,y)) fof(maxs, axiom)

Vo, y,z: (ub(x,y,z) <= (lesseq(z, z) and lesseq(y, 2))) fof(ub, axiom)

Va,y,n: (model.max(z,y,n) <= n = max(z,y)) fof(model_max;, axiom)

V,y,n: (model_ub(z,y,n) <= ub(z,y,n)) fof(model_uby, axiom)

Vz,y,n: (minsol_model max(x,y,n) <= (model_max(z,y,n) and Vz: (model_.max(xz,y,z) = lesseq(n, z)))) fof(minsol
Va,y,n: (minsol_-model_ub(z,y,n) <= (model_ub(z,y,n) and Vz: (model_ub(z,y, z) = lesseq(n, z))) fof(minsol_mode
V,y, z: (minsol_model_ub(x,y, z) <= minsol_.model max(z,y, z)) fof(max_is_uby, conjecture)

(
(
(
(

NUMS858=1.p Basic upper bound replace maximum

This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is
to prove that the minimal solutions of a certain constraint model are preserved if the applications of the " maximum”
function in it are replaced by "upper bounds” only.

summation: $int — $int tff(summation_type, type)

ub: ($int x $int x $int) — $o tff(ub_type, type)

model_max: ($int x $int x $int) — $o tff(model_max_type, type)

model_ub: ($int x $int x $int) — $o tff(model_ub_type, type)

minsol_model_max: ($int x $int x $int) — $o tff(minsol_model_max_type, type)

minsol_model_ub: ($int x $int x $int) — $o tff(minsol_model_ub_type, type)

max: ($int x $int) — $int tff(max_type, type)

Va: $int, y: $int: ($lesseq(x,y) <= $lesseq(summation(z), summation(y))) tff(summation_monotone, axiom)
Va: $int, y: $int: (max(x,y) = z or — $lesseq(y, )) tff(max; , axiom)

Va: $int, y: $int: (max(z,y) =y or = $lesseq(x, y)) tff(maxz, axiom)

Va: $int, y: $int, z: $int: (ub(z,y, 2) <= ($lesseq(z, z) and S$lesseq(y, 2))) tff(ub, axiom)

Va: $int, y: $int, n: $int: (model max(x,y,n) <= n = max(z,y)) tff(model_max;, axiom)

Va: $int, y: $int, n: $int: (model ub(z,y,n) < ub(z,y,n)) tff(model _uby, axiom)

Va: $int, y: $int, n: $int: (minsol.model-max(z,y,n) <= (model.max(x,y,n) and Vz: $int: (model.max(z,y,z) =
$lesseq(n, 2)))) tff(minsol_model_max, axiom)

Va: $int,y: $int,n: $int: (minsol.model_ub(z,y,n) <= (model_ub(z,y,n) and Vz: $int: (model_ub(z,y,z) =
$lesseq(n, 2)))) tff(minsol_model_ub, axiom)

Va: $int, y: $int, z: $int: (minsol_model ub(z,y, z) <= minsol model max(x,y, z)) tff(max_is_uby, conjecture)

NUMS859+1.p Basic upper bound replace maximum with less-or-equal
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This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is
to prove that the minimal solutions of a certain constraint model are preserved if the applications of the ” maximum”
function in it are replaced by "upper bounds” only.

Va: lesseq(z, x) fof(lesseq_ref, axiom)

Va,y, z: ((lesseq(z,y) and lesseq(y, z)) = lesseq(z, z)) fof(lesseq_trans, axiom)

Va,y: ((lesseq(z,y) and lesseq(y,z)) = = =vy) fof(lesseq_antisymmetric, axiom)

Va,y: (lesseq(z,y) or lesseq(y, x)) fof(lesseq_total, axiom)

Va,y, z: (lesseq(x,y) <= lesseq(z 4+ z,2z 4+ y)) fof(sum_monotone;, axiom)

Vi, y: (lesseq(x,y) <= lesseq(summation(z), summation(y))) fof(summation_monotone, axiom)

Va,y: (max(x,y) = x or —lesseq(y, )) fof(max;, axiom)

Va,y: (max(x,y) =y or —lesseq(x,y)) fof(maxs, axiom)

Vo, y,z: (ub(x,y,z) <= (lesseq(z, z) and lesseq(y, 2))) fof(ub, axiom)

Va,y,n: (model-max(z,y,n) <= lesseq(max(z,y),n)) fof(model_maxs, axiom)

Va,y,n: (model_ub(z,y,n) <= Fz: (ub(z,y, z) and lesseq(z, n))) fof(model_uby, axiom)

Va,y,n: (minsol_model max(x,y,n) <= (model_-max(z,y,n) and Vz: (model . max(xz,y,z) = lesseq(n, z)))) fof(minsol
Va,y,n: (minsol_-model_ub(z,y,n) <= (model_ub(z,y,n) and Vz: (model_ub(z,y, z) = lesseq(n, z))) fof(minsol_mode
V,y, z: (minsol_model_ub(x,y, z) <= minsol_.model max(z,y, z)) fof(max_is_uby, conjecture)

NUMS859=1.p Basic upper bound replace maximum with less-or-equal

This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is
to prove that the minimal solutions of a certain constraint model are preserved if the applications of the "maximum”
function in it are replaced by "upper bounds” only.

summation: $int — $int tff(summation_type, type)

ub: ($int x $int x $int) — $o tff(ub_type, type)

model_max: ($int x $int x $int) — $o  tff(model-max_type, type)

model_ub: ($int x $int x $int) — $o tff(model_ub_type, type)

minsol_model_max: ($int x $int x $int) — $o tff(minsol_model_max _type, type)

minsol_model_ub: ($int x $int x $int) — $o tff(minsol_model_ub_type, type)

max: ($int x $int) — $int tff(max_type, type)

Va: $int, y: $int: ($lesseq(z,y) <= $lesseq(summation(z), summation(y))) tff(summation_monotone, axiom)
Va: $int, y: $int: (max(x,y) = z or - $lesseq(y, x)) tff(max; , axiom)

Va: $int, y: $int: (max(z,y) = y or — $lesseq(x, y)) tff(maxs, axiom)

Va: $int, y: $int, z: $int: (ub(x,y, z) <= ($lesseq(z, z) and $lesseq(y, 2))) tff(ub, axiom)

Va: $int, y: $int, n: $int: (model_max(z,y,n) <= $lesseq(max(z,y),n)) tff(model_maxs, axiom)

Va: $int, y: $int, n: $int: (model_ub(x,y,n) <= Jz: $int: (ub(x,y, z) and $lesseq(z,n))) tff(model_ubs, axiom)
Va: $int, y: $int, n: $int: (minsol-model max(z,y,n) <= (model.max(x,y,n) and Vz: $int: (model max(z,y,z) =

$lesseq(n, 2)))) tff(minsol_model_max, axiom)

Va: $int,y: $int, n: $int: (minsol.model ub(x,y,n) <= (model.ub(x,y,n) and Vz: $int: (model.ub(zx,y,z) =
$lesseq(n, 2)))) tff(minsol_model_ub, axiom)

Va: $int, y: $int, z: $int: (minsol-model_ub(z,y, z) <= minsol_-model_max(x,y, z)) tff(max_is_uby, conjecture)

NUMB860+1.p Upper bound replace maximum embedded in a context (1)

This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is

to prove that the minimal solutions of a certain constraint model are preserved if the applications of the ” maximum”

function in it are replaced by ”upper bounds” only.

Va: lesseq(z, x) fof(lesseq-ref, axiom)

Va,y, z: ((lesseq(z,y) and lesseq(y, z)) = lesseq(z, z)) fof(lesseq_trans, axiom)

Va,y: ((lesseq(x,y) and lesseq(y, z)) = x =y) fof(lesseq_antisymmetric, axiom)

Va,y: (lesseq(z,y) or lesseq(y, x)) fof(lesseq_total, axiom)

Va,y, z: (lesseq(x,y) <= lesseq(z 4+ z,2 +y)) fof(sum_monotone;, axiom)

Va,y: (lesseq(x,y) <= lesseq(summation(z), summation(y))) fof(summation_monotone, axiom)

Va,y: (max(x,y) = x or —lesseq(y, z)) fof(max, axiom)

Ve, y: (max(x,y) =y or —lesseq(x,y)) fof(maxo, axiom)

Va,y, z: (ub(z,y,z) <= (lesseq(x, z) and lesseq(y, 2))) fof(ub, axiom)

YV, y,n: (model max(x,y,n) <= lesseq(summation(max(z,y)),n)) fof(model_maxs, axiom)

Vz,y,n: (model_ub(z,y,n) <= Jz: (ub(z,y, z) and lesseq(summation(z),n))) fof(model_ubs, axiom)

Va,y,n: (minsol.model max(z,y,n) <= (model.max(z,y,n) and Vz: (model-max(z,y, 2) = lesseq(n, z)))) fof(minsol_
Vz,y,n: (minsol.model_ub(z, y,n) <= (model_ub(x,y,n) and Vz: (model-ub(z,y, z) = lesseq(n, 2)))) fof(minsol_mode
YV, y, z: (minsol_model_ub(x,y, z) <= minsol_model max(z,y, z)) fof(max_is_uby, conjecture)

NUMS860=1.p Upper bound replace maximum embedded in a context (1)
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This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is
to prove that the minimal solutions of a certain constraint model are preserved if the applications of the ” maximum”
function in it are replaced by "upper bounds” only.

summation: $int — $int tff(summation_type, type)

ub: ($int x $int x $int) — $o  tf(ub_type, type)

model max: ($int x $int x $int) — $o  tff(model-max_type, type)

model_ub: ($int x $int x $int) — $o tff(model_ub_type, type)

minsol_model_max: ($int x $int x $int) — $o tff(minsol_model_max_type, type)

minsol-model_ub: ($int x $int x $int) — $o  tff(minsol model-ub_type, type)

max: ($int x $int) — $int tff(max_type, type)

Va: $int, y: $int: ($lesseq(x,y) <= $lesseq(summation(z), summation(y))) tff(summation_monotone, axiom)
Va: $int, y: $int: (max(x,y) = x or — $lesseq(y, )) tff(maxy , axiom)

Va: $int, y: $int: (max(z,y) = y or — $lesseq(x, y)) tff(maxs, axiom)

Va: $int, y: $int, z: $int: (ub(z,y, 2) <= ($lesseq(z, z) and S$lesseq(y, 2))) tff(ub, axiom)

Va: $int, y: $int, n: $int: (model_max(z,y,n) <= $lesseq(summation(max(z,y)),n)) tff(model_maxs, axiom)
Va: $int, y: $int, n: $int: (model_ub(x,y,n) <= Iz: $int: (ub(z,y, z) and $lesseq(summation(z),n))) tff(model_ubg, axios
Va: $int, y: $int, n: $int: (minsol_.model max(z,y,n) <= (model . max(z,y,n) and Vz: $int: (model max(x,y,z) =
$lesseq(n, 2)))) tff(minsol_model_max, axiom)

Va: $int,y: $int, n: $int: (minsol.model_ub(x,y,n) <= (model.ub(z,y,n) and Vz: $int: (model-ub(z,y,z) =
$lesseq(n, 2)))) tff(minsol_model_ub, axiom)

Va: $int, y: $int, z: $int: (minsol_model_ub(z,y, z) <= minsol_model_max(z,y, z)) tff(max_is_uby, conjecture)

NUMS861+1.p Upper bound replace maximum embedded in a context (2)

This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is
to prove that the minimal solutions of a certain constraint model are preserved if the applications of the ” maximum”
function in it are replaced by "upper bounds” only.

Va: lesseq(z, x) fof(lesseq.ref, axiom)

Ve, y, z: ((lesseq(z,y) and lesseq(y, z)) = lesseq(z, z)) fof(lesseq-trans, axiom)

Va,y: ((lesseq(z,y) and lesseq(y,z)) = = =vy) fof(lesseq_antisymmetric, axiom)

Va,y: (lesseq(z,y) or lesseq(y, x)) fof(lesseq_total, axiom)

Va,y, z: (lesseq(x,y) <= lesseq(z 4+ z,2z 4+ y)) fof(sum_monotone;, axiom)

Vi, y: (lesseq(x,y) <= lesseq(summation(z), summation(y))) fof(summation_monotone, axiom)
Va,y: (max(x,y) = x or —lesseq(y, z)) fof(max;, axiom)

Va,y: (max(x,y) =y or —lesseq(x,y)) fof(maxs, axiom)

Vo, y,z: (ub(x,y,z) <= (lesseq(z, z) and lesseq(y, 2))) fof(ub, axiom)

V,y,n: (model.max(x,y,n) <= lesseq(c + max(z,y),n)) fof(model_max,, axiom)

Vz,y,n: (model_ub(z,y,n) <= Jz: (ub(z,y, 2) and lesseq(c + z,n))) fof(model_uby, axiom)

Vz,y,n: (minsol_model max(x,y,n) <= (model_-max(z,y,n) and Vz: (model.max(xz,y,z) = lesseq(n, z)))) fof(minsol
Vz,y,n: (minsol_-model_ub(z,y,n) <= (model_ub(z,y,n) and Vz: (model_ub(z,y, z) = lesseq(n, z))) fof(minsol_mode
Va,y, z: (minsol_.model_ub(x,y, z) <= minsol_.model max(z,y, z)) fof(max_is_uby, conjecture)

NUMS861=1.p Upper bound replace maximum embedded in a context (2)

This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is
to prove that the minimal solutions of a certain constraint model are preserved if the applications of the " maximum”
function in it are replaced by "upper bounds” only.

c: $int tff(c_type, type)

summation: $int — $int tff(summation_type, type)

ub: ($int x $int x $int) — $o tff(ub_type, type)

model_max: ($int x $int x $int) — $o  tff(model-max_type, type)

model_ub: ($int x $int x $int) — $o  tff(model_ub_type, type)

minsol_model_max: ($int x $int x $int) — $o tff(minsol_model_max_type, type)

minsol_model_ub: ($int x $int x $int) — $o tff(minsol_model_ub_type, type)

max: ($int x $int) — $int tff(max_type, type)

Va: $int, y: $int: ($lesseq(x,y) <= $lesseq(summation(z), summation(y))) tff(summation_monotone, axiom)
Va: $int, y: $int: (max(x,y) = z or — $lesseq(y, z)) tff(max, axiom)

Va: $int, y: $int: (max(z,y) = y or — $lesseq(x, y)) tff(maxs, axiom)

Va: $int, y: $int, z: $int: (ub(x,y, 2z) <= ($lesseq(z, z) and $lesseq(y, 2))) tff(ub, axiom)

Va: $int, y: $int, n: $int: (model_max(z,y,n) <= $lesseq($sum(c, max(z,y)),n)) tff(model_max,, axiom)

Va: $int, y: $int, n: $int: (model_ub(x,y,n) <= Jz: $int: (ub(z,y, z) and $lesseq($sum(c, z),n))) tff(model_uby, axiom)
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Va: $int, y: $int, n: $int: (minsol_.model max(z,y,n) <= (model.max(x,y,n) and Vz: $int: (model . max(z,y,z) =
$lesseq(n, 2)))) tff(minsol_model_max, axiom)

Va: $int,y: $int,n: $int: (minsol.model_ub(x,y,n) <= (model-ub(z,y,n) and Vz: $int: (model-ub(z,y,z) =
$lesseq(n, 2)))) tff(minsol_model_ub, axiom)

Va: $int, y: $int, z: $int: (minsol_.model_ub(x,y, z) <= minsol_model_max(z,y, z)) tff(max_is_uby, conjecture)

NUMS862+1.p Upper bound replace maximum embedded in a context (1)-+(2)

This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is

to prove that the minimal solutions of a certain constraint model are preserved if the applications of the " maximum”

function in it are replaced by "upper bounds” only.

Va: lesseq(x, x) fof(lesseq_ref, axiom)

Ve, y, z: ((lesseq(z,y) and lesseq(y, z)) = lesseq(z, z)) fof(lesseq_trans, axiom)

Va,y: ((lesseq(x,y) and lesseq(y, z)) = x =) fof(lesseq-antisymmetric, axiom)

Va,y: (lesseq(x,y) or lesseq(y, x)) fof(lesseq-total, axiom)

Vi,y, z: (lesseq(z,y) < lesseq(z + x,z +y)) fof(sum_monotone;, axiom)

Va,y: (lesseq(x,y) <= lesseq(summation(z), summation(y))) fof(summation_monotone, axiom)

Va,y: (max(x,y) = x or —lesseq(y, z)) fof(max; , axiom)

Vo, y: (max(x,y) =y or —lesseq(x,y)) fof(maxs, axiom)

V,y,z: (ub(x,y,z) <= (lesseq(z, z) and lesseq(y, 2))) fof(ub, axiom)

V,y,n: (model.max(z,y,n) <= lesseq(c + summation(max(z,y)),n)) fof(model_maxs, axiom)

V,y,n: (model_ub(z,y,n) <= Jz: (ub(z,y, z) and lesseq(c + summation(z),n))) fof(model_ubs, axiom)

YV, y,n: (minsol_.model max(z,y,n) <= (model.max(x,y,n) and Vz: (model . max(z,y,z) = lesseq(n,z)))) fof(minsol -
Vz,y,n: (minsol_model_ub(z,y,n) <= (model_ub(x,y,n) and Vz: (model_ub(z,y, z) = lesseq(n, 2)))) fof(minsol_mode
Va,y, z: (minsol.model_ub(z,y, z) <= minsol_-model-max(z,y, z)) fof(max_is_uby, conjecture)

NUMS862=1.p Upper bound replace maximum embedded in a context (1)-+(2)

This is an abstraction of a problem to show equivalence of two given constraint models. More precisely, the task is
to prove that the minimal solutions of a certain constraint model are preserved if the applications of the ” maximum”
function in it are replaced by ”upper bounds” only.

c: $int tff(c_type, type)

summation: $int — $int tff(summation_type, type)

ub: ($int x $int x $int) — $o  tf(ub_type, type)

model_max: ($int x $int x $int) — $o tff(model_max_type, type)

model_ub: ($int x $int x $int) — $o tff(model_ub_type, type)

minsol_model_max: ($int x $int x $int) — $o tff(minsol_model_max_type, type)

minsol-model_ub: ($int x $int x $int) — $o  tff(minsol model_ub_type, type)

max: ($int x $int) — $int tff(max_type, type)

Va: $int, y: $int: ($lesseq(z,y) <= S$lesseq(summation(z), summation(y))) tff(summation_monotone, axiom)
Va: $int, y: $int: (max(x,y) = z or — $lesseq(y, )) tff(max; , axiom)

Va: $int, y: $int: (max(z,y) = y or — $lesseq(x, y)) tff(maxs, axiom)

Va: $int, y: $int, z: $int: (ub(z,y, 2) < ($lesseq(z, z) and S$lesseq(y, 2))) tff(ub, axiom)

Va: $int, y: $int, n: $int: (model . max(z,y,n) <= $lesseq($sum(c, summation(max(z,y))),n)) tff(model_maxs, axiom)
Va: $int, y: $int, n: $int: (model_ub(x,y,n) <= Tz: $int: (ub(x,y, z) and $lesseq($sum(c, summation(z)), n))) tff(model_
Va: $int, y: $int, n: $int: (minsol_.model max(z,y,n) <= (model.max(x,y,n) and Vz: $int: (model . max(z,y,z) =
$lesseq(n, 2)))) tff(minsol_model_max, axiom)

Va: $int,y: $int,n: $int: (minsol-model_ub(x,y,n) <= (model.ub(z,y,n) and Vz: $int: (model-ub(z,y,z) =
$lesseq(n, 2)))) tff(minsol_model_ub, axiom)

Va: $int, y: $int, z: $int: (minsol_model_ub(z,y,z) <= minsol_model max(z,y, z)) tff(max_is_uby, conjecture)

NUMS863A1.p A property of cardinal numbers.

—A—=—A"— & —B—=—B— & A’ disjoint B’, then —A U B— < —A’ U B'—.

include(’Axioms/SET008"0.ax’)

is_function: ($i — $0) — ($i — $i) — ($1 — $0) — $o thf(is_function_type, type)

is_function = (Az: $i — $o, f: $i — $i, y: $i — $o: Ve: $i: ((zQe) = (yQ(fQe)))) thf(is_function, definition)
injection: ($i — $0) — ($i — $i) — ($1 — $0) — %o thf(injection_type, type)

injection = (Az: $i — $o, f: $i — $i,y: $1 — $o: (is_function@z@fQy and Ve;: $i, ea: $i: ((xQe; and x@ey and (fQeq) =
(fQes)) = e1 =e2))) thf(injection, definition)

surjection: ($i — $0) — (81 — $i) — ($i — $0) — %o thf(surjection_type, type)

surjection = (Az: $i — $o, f: $1 — $i,y: $1 — $o: (is_function@z@ fQy and Vep: $i: ((yQe;) = Tey: $i: (xQes and (fQes) =
e1)))) thf(surjection, definition)

bijection: ($i — $0) — ($i — $i) — ($1 — $0) — %o thf(bijection_type, type)
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bijection = (Az: $i — $o, f: $i — $i,y: $1 — $o: (injection@z@ fQy and surjectionQx@ fQy)) thf(bijection, definition)
equinumerous: ($i — $o0) — ($i — $0) — %o thf(equinumerous_type, type)

equinumerous = (Az: $i — $o,y: $1 — $o: If: $i — $i: (bijection@zQ fQy)) thf(equinumerous, definition)

embedding: ($i — $0) — (81 — $0) — $o  thf(embedding_type, type)

embedding = (A\x: $i — $o,y: $1 — $o: If: $i — $i: (injection@zQ fQy)) thf(embedding, definition)

Va: $1 — $0, ap: $i — $o0,b: $i — $o, bp: $i — $o: ((equinumerous@a@ap and equinumerous@b@bp and (intersection@ap@bp)
emptyset) = (embedding@(union@a@b)@(union@ap@bp))) thf(prove, conjecture)

NUMS864=1.p Sum idempotent element

Jz: $int: $sum(z,z) = = tff(sum_idempotent_element, conjecture)

NUMS865=1.p Associativity of sum
Va: $int, y: $int, z: $int, 21: $int, zo: $int, z3: $int, z4: $int: (($sum(x,y) = z1 and $sum(zy, z) = 29 and $sum(y, z) =
zg and $sum(x, z3) = z4) = 22 = 24) tff(associative_sum_forall, conjecture)

NUMB866=1.p Prove sum with 0 is the identity
Va: $int: $sum(x,0) = x tff(prove_sum _0_identity, conjecture)

NUMS867=1.p Prove sum with 0 is the identity
Va: $int: $sum(0, z) = x tff(prove_sum_0_identity_rev, conjecture)

NUMS868=1.p Sum X and X is Y

Va: $int, y: $int: $sum(z, z) =y tff(anti_sum _x _x_y, conjecture)

NUMS869=1.p Sum X and Y is X

Va: $int, y: $int: $sum(z,y) = = tff(anti_sum _x_y_x, conjecture)

NUMS870=1.p Sum is not a function

Jz: $int, y: $int, z1: $int, z9: $int: (Ssum(x,y) = 21 and $sum(x,y) = 22 and 21 # 22) tff(anti_unique_sum, conjecture)
NUMS871=1.p Sum is not associativity

Jx: $int, y: $int, z: $int, z1: $int, zo: $int, z3: $int, z4: $int: ($sum(x,y) = z1 and $sum(zy, z) = 22 and $sum(z,x) =

zg and Ssum(zs, y) = z4 and 22 # z4) tff(anti_associativity sum, conjecture)

NUMS872=1.p Sum something and 0 is not something
Jz: $int: $sum(zx,0) # tff(anti_sum_identity, , conjecture)

NUMS873=1.p Sum something and 0 is another thing

Jz: $int, y: $int: ($sum(z,0) = y and y # ) tff(anti_sum_identity,, conjecture)
NUMS874=1.p Sum idempotence

Va: $int: $sum(x,z) =« tff(anti_sum_idempotence, conjecture)

NUMS875=1.p Sum not idempotence
Va: $int: $sum(x, z) # x tff(anti_not_sum_idempotence, conjecture)

NUMS876=1.p X minus X equals 0
Va: $int: $difference(z, z) =0 tff(x_minus_x_equals,,, conjecture)

NUMS877=1.p Difference identity

Va: $int, y: $int: ($difference(z,y) =0 = x =1y) tff(diff _identity, conjecture)

NUMS878=1.p Product idempotent element

Jz: $int: $product(z,z) = = tff(product_idempotent_element, conjecture)

NUMS879=1.p Product X and X is not Y

Va: $int, y: $int: $product(z,z) =y tff(anti_product_x_x_y, conjecture)

NUMS880=1.p Product of X and Y is not X

Va: $int, y: $int: $product(z,y) = x tff(anti_product _x_y_x, conjecture)

NUMS881=1.p Product is not a function

Jz: $int, y: $int, z1: $int, 20: $int: ($product(z, y) = 21 and $product(z,y) = 29 and 21 # 29) tff(anti_unique_product, conj
NUMS882=1.p Product is not associative

Jz: $int, y: $int, z: $int, z1: $int, zo: $int, z3: $int, z4: $int: ($product(z,y) = 21 and $product(zy, z) = 22 and $product(z, z) =
zg and $product(zs, y) = z4 and 22 # z4) tff(anti_associativity _product, conjecture)

NUMS883=1.p Product of something and 1 is not that something

Jz: $int: $product(x,1) # x tff(anti_product_identity, conjecture)

NUMS884=1.p Not product identity
Jz: $int, y: $int: ($product(z,1) =y and y # x) tff(anti_product_identity,, conjecture)
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NUMS885=1.p Product idempotence

Va: $int: $product(z, z) = tff(anti_product_idempotence, conjecture)
NUMS886=1.p Product non-idempotence
Va: $int: $product(z, z) # = tff(anti_not_product_idempotence, conjecture)

NUMS887=1.p Product with 0 is identity
Va: $int: $product(x,0) = x tff(anti_product_0_identity, conjecture)

NUMS888=1.p Product with 0 is identity
Va: $int: $product(0,z) = x tff(anti_product_0_identity rev, conjecture)

NUMS889=1.p--Xis X

Va: $int: Suminus($uminus(z)) = x tff(uminus_uminus, conjecture)

NUM890=1.p Sum of X and - X is 0

Va: $int: $sum(x, Suminus(z)) =0 tff(sum_uminus_tog, conjecture)

NUMS891=1.p X = - X means X is 0

Va: $int: (z = $uminus(z) <= z =0) tff(uminus_equal, conjecture)

NUMB892=1.p Definition of lesseq in terms of less and equality

Va: $int, y: $int: ($lesseq(x,y) < ($less(z,y) or x = y)) tff(less_lesseq, conjecture)

NUM893=1.p Sum and difference

Ja: $int, y: $int, z: $int: ($sum(z,y) = z <= ($difference(z,y) = « and $difference(z, z) = y)) tff(sum_same_as_differenc
NUMS894=1.p If Z is less than X + 1 then Z is less than or equal to X

Va: $int, z: $int: ($less(z, $sum(z,1)) = S$lesseq(z, x)) tff(less_successor, conjecture)

NUMS895=1.p Sum and difference

Va: $int, y: $int, z: $int: ($sum(z,y) = z = $difference(z, z) = y) tff(sum_difference, conjecture)

NUMS896=1.p Sum implies both less

Va: $int, y: $int, 2: $int: ($sum(z,y) = 2 = ($less(z, z) and $less(y, 2))) tff(anti_sum_larger, conjecture)

NUMS897=1.p Sum less than difference

Va: $int, y: $int, 21: $int, 2o: $int: ($sum(x,y) = 21 and $difference(z, y) = 22 and $less(z1, 22)) tff(anti_sum_diff_less;, conj
NUMB898=1.p Sum and difference and less

Va: $int, y: $int, 21: $int, 2o: $int: ($sum(x,y) = 21 and $difference(z,y) = 22 and $less(22, 21)) tff(anti_sum _diff lessy, conj
NUMS899=1.p Difference less than sum

Va: $int, y: $int, 21: $int, 2o: $int: (($sum(z,y) = 21 and $difference(z, y) = 22) = $less(29, 21)) tff(anti_x_sum_y_greater
NUM900=1.p Difference greater 0 implies less

Va: $int, y: $int, z: $int: (($difference(x,y) = z and $less(0, z)) = $less(y,x)) tff(difference_greater, conjecture)

NUM901=1.p Difference something and itself is 0/1
Va: $rat: $difference(z, z) = 0/1 tff(rat_difference_problem, 5, conjecture)

NUMO902=1.p Difference is 0/1 implies equal
Va: $rat, y: $rat: ($difference(z,y) =0/1 = x =y) tff(rat_difference_problem, 5, conjecture)

NUM903=1.p - - something is something

Va: $rat: Suminus($uminus(z)) = z tff(rat_uminus_problem,, conjecture)
NUM904=1.p Sum something and - something is 0/1

Va: $rat: $sum(x, fuminus(z)) = 0/1 tff(rat_uminus_problemg, conjecture)
NUM905=1.p X is - X only for 0

Va: $rat: (x = $uminus(z) < x =0/1) tff(rat_uminus_problemg, conjecture)

NUM906=1.p Definition of lesseq in terms of less and equality
Va: $rat, y: $rat: ($lesseq(z,y) <= ($less(x,y) or z = y)) tff(rat_combined_problem,, conjecture)

NUM907=1.p Sum and difference
Va: $rat, y: $rat, z: $rat: ($sum(z,y) = z <= ($difference(z,y) = « and $difference(z, z) = y)) tff(rat_combined_problen

NUM908=1.p Difference everything and iteself is 0.0
Va: $real: $difference(z, z) = 0.9 tff(real_difference_problem, 5, conjecture)

NUM909=1.p Difference is 0.0 implies equality
Va: $real, y: $real: ($difference(z,y) = 0.0 = z=1y) tff(real_difference_problem, 5, conjecture)
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NUM910=1.p - - something is something

Va: $real: Suminus($uminus(z)) = = tff(real_uminus_problem-, conjecture)
NUM911=1.p Sum something and - something is 0.0

Va: $real: $sum(x, $uminus(z)) = 0.9 tff(real_uminus_problemg, conjecture)
NUM912=1.p X is - X only for 0.0

Va: $real: (z = $uminus(z) < = =0.9) tff(real_uminus_problemy, conjecture)

NUM913=1.p Definition of lesseq in terms of less and equality
Va: $real, y: $real: ($lesseq(z,y) < ($less(z,y) or z = y)) tff(real_combined _problem,, conjecture)

NUM914=1.p Sum and difference
Jz: $real, y: $real, z: $real: ($sum(x,y) = 2 < ($difference(z,y) = x and $difference(z,z) = y)) tff(real_combined _prob

NUM915=1.p Every sum right exists

Vu: $int, v: $int: Jw: $int: $sum(u, w) = v tff(co1, conjecture)
NUM916=1.p Every sum left exists

Vu: $int, v: $int: Jw: $int: $sum(w,u) = v tff(coq, conjecture)
NUM917=1.p Every difference right exists

Vu: $int, v: $int: Jw: $int: $difference(u, w) = v tff(coq, conjecture)
NUM918=1.p Every difference left exists

Vu: $int, v: $int: Jw: $int: $difference(w, u) = v tff(coq, conjecture)

NUM919=1.p No number inbetween
Vu: $int: Jou: $int: ($less(v, u) and — Jw: $int: ($less(v, w) and $less(w, u))) tff(coq, conjecture)

NUM920=1.p No such positive number
= Ju: $int: ($less(0,w) and Vo: $int: ($less(v,u) = $less($sum(v,1),u))) tff(co1, conjecture)

NUM921=1.p Increasing function property
f: $int — $int tff(f_type, type)
Vu: $int: $greater(f(u),u) = Vou: $int: $less($difference(v, f(v)),0) tff(coq, conjecture)

NUM922=1.p Universal predicate
p: $int — $o tff(p_type, type)
(p(0) and Vu: $int: (p(u) = p($sum(u,1))) and Vo: $int: (p(v) = p($difference(v,1)))) = Vw: $int: p(w) tff(coy, conjec

NUM927=1.p The Collatz Conjecture

f(X) = 3X + 1 if X is odd, X/2 if X is even. Prove this is cyclic. e.g., 3,10,5,16,8,4,2,1,4,2,1

f: $int — $int tff(f_type, type)

iterate_f: ($int x $int) — $int tff(iterate_f_type, type)

Va: $int: ($remainder_t(z,2) =1 = f(z) = $sum($product(3, ), 1)) tff(f_odd, axiom)

Va: $int: ($remainder_t(z,2) =0 = f(z) = $quotient_t(x,2)) tff(f_even, axiom)

Vi: $int, 2: $int: (1 = 1 = iterate_f(i,x) = f(z)) tff(iterate_f_base, axiom)

Vi: $int, x: $int: ($greater(i, 1) = iterate_f(i, z) = iterate_f($difference(s, 1), f(x))) tff(iterate_f, axiom)
Va: $int: ($greatereq(z,1) = Ji: $int: iterate_f(i,x) = 1) tff(iterates_to , conjecture)

NUM927=2.p Related to the Collatz Conjecture

There are two sequences of different length that lead to the same value.

f: $int — $int tf(f_type, type)

iterate_f: ($int x $int) — $int tff(iterate_f_type, type)

Va: $int: ($remainder_t(z,2) =1 = f(z) = $sum($product(3,x), 1)) tff(f_odd, axiom)

Va: $int: ($remainder_t(z,2) =0 = f(z) = $quotient_t(x, 2)) tff(f_even, axiom)

Vi: $int, x: $int: (1 =1 = iterate_{(i,z) = f(x)) tff(iterate_f_base, axiom)

Vi: $int, : $int: ($greater(i, 1) = iterate_f(i, x) = iterate_f($difference(, 1), f(x))) tff(iterate_f, axiom)

Va: $int: ($greatereq(z,1) = Jiy: $int, io: $int: ($greatereq(ii, 1) and $greater(is, i1) and iterate_f(i1, z) = iterate_f(iq, )))



