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INVITED LECTURES

Petri Nets as a Source of Mathematical Structures

JOHN C. BAEZ
University of California, Riverside, USA

baez@math.ucr.edu

A Petri net has a set of places, drawn here as circles, and a set of transitions, drawn as squares:

@

Each transition goes from a finite formal sum of places to a finite formal sum of places. Petri nets are used
in computer science, chemistry and other disciplines to describe processes where finite collections of entities
of different kinds turn into other such collections [2]. Here we explore Petri nets as a source of interesting
categories, monoids, posets and other structures.

Mathematically, a Petri net P can be seen as a way of presenting a free “commutative monoidal category"
FP: that is, commutative monoid object in Cat, which can be seen as symmetric monoidal category of an
especially strict sort. We can then extract other structures from FP. First, we can turn any category into a
preorder, or by taking a skeleton, a poset. This process turns F'P into partially ordered commutative monoid
where x < y iff there is a morphism in F'P from the object x to the object y. The question of explicitly
computing this partial order for a finite Petri net is a famous problem in computer science: the “reachability
problem” [2, Sec. 25.1].

Next, given a partially ordered commutative monoid, its posets of downsets (ordered by inclusion) forms
a commutative quantale. This can be seen as model of a fragment of linear logic where there are two notions
of “and”: the cartesian & and a noncartesian ®. The interpretation of these in terms of “the logic of resources”
is especially vivid for commutative quantales arising from Petri nets.

Alternatively, we can take any partially ordered commutative monoid and construct a commutative
monoid by modding out by the smallest congruence containing <. This amounts to promoting inequalities
to equations. Thus, Petri nets give presentations of commutative monoids. Any presentation of commutative
monoids arises this way.

When we label the transitions of a finite Petri net with numbers, we can obtain further interesting
structures. If we use complex numbers we obtain commutative algebra of a special sort, which is the ring
of regular functions on an “affine toric variety”. Every affine toric variety arises this way. If we use positive
real numbers we obtain a system of ordinary differential equations called the “rate equation”, important in
chemistry [2, Chap. 2]. In some cases the steady states of this equation have an interesting relation to the
aforementioned toric variety [4]. Labeling the transitions of a Petri net with real numbers also gives an
operator on the Fock space of the Hilbert space having the species as an orthonormal basis; this connects
the category F'P to Feynman diagrams in quantum field theory [2, Sec. 6.3].

In a bit more detail, let CommMon be the category of commutative monoids and monoid homomorphisms.
Let J: Set — CommMon be the free commutative monoid functor, that is, the left adjoint of the forgetful



functor K: CommMon — Set. Let N: Set — Set be the composite K.J. Concretely, elements of N[S] can be
written as finite formal sums of elements of S.
While there are various definitions of “Petri net” in the literature, reviewed in [1], here we use this:

Definition. Define a Petri net to be a pair of functions of the following form:
T ——= N[9].
t

We call T the set of transitions, S the set of places, s the source function and ¢ the target function.

Definition. A Petri net morphism from the Petri net s,¢: T — N[S] to the Petri net s',¢': T — N[S’] is
a pair of functions (f: T — T',g: S — S’) such that the following diagrams commute:

T —— NI[S] T —— N[9]
fl J{N[g] fJ lN[g]
T — 5 N[S] T L NS,

Let Petri be the category of Petri nets and Petri net morphisms.

Definition. A commutative monoidal category is a commutative monoid object internal to Cat, or
equivalently, a strict symmetric monoidal category where all the symmetries S, : *®y — y @z are identity
morphisms. Let CMC be the category of commutative monoidal categories and symmetric strict monoidal
functors.

Theorem. There is a left adjoint functor
F': Petri — CMC
Proof. More details are provided in [3, Lem. 9|, and this is a special case of [5, Thm. 5.1]. O

Starting from the commutative monoidal category F'P we can construct a partially ordered commutative
monoid, or a commutative quantale, or a commutative monoid, by applying further left adjoints.
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On the Weak Pseudoradiality of CSC Spaces

HECTOR BARRIGA-ACOSTA ALAN Dow
University of North Carolina at Charlotte, Charlotte

hbarriga@uncc.edu adow@uncc.edu

Sequentially compact spaces are topological spaces in which the closure of any subset is generated by the
limit points of convergent (countable) sequences within the subset. The collection of points generated by
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limit points of such sequences from a set A is called the radial closure of A. If we extend this notion (that
is, by letting the sequences have any regular length) we call the spaces pseudoradial. A space is weakly
pseudoradial if the radial closure of every countable set is closed. In this talk we’ll see how elementary
submodels and convergent sequences interact, and how this interaction behaves in some forcing extension.
In this direction, we explore when compact sequentially compact spaces are weakly pseudoradial, and we’ll
show a model by a matrix forcing that gives an example of a compact sequentially compact space which is
NOT weakly pseudoradial.

On SSP = RC Conjecture

BOGDAN CHORNOMAZ
Vanderbilt University, Nashville, TN, USA

markyz.karabas@gmail.com

A set family F over a base set X of size n shatters Y C X iff for all Z C Y there is F € F such that
Y NF = Z. The family of sets shattered by F is denoted by Str(F). A famous Sauer-Shelah—Perles (SSP)
lemma then says that F shatters at least as many elements as it has, that is, |F| < | Str(F)|. It is perhaps
more known in its uniform version: If F does not shatter any (d + 1)-set, that is, if its VC-dimension is at

most d, then
n n
< ]
715 o)+ ()

The definition of shattering can be easily reformulated in terms of lattices, namely, for a lattice L and
F C L, F shatters y € L iff for all z <y there is f € F such that y A f = z. Again, Str(F) C L is the set
of all elements shattered by F. It is trivial to show that Str(F') is an order-ideal. We say that a lattice L
satisfies the SSP property if the conclusion of SSP lemma holds for it; that is, if |F| < | Str(F)| for every
FCL.

The SSP lemma thus states that every boolean lattice is SSP. In [3], Babai and Frankl generalized this
by proving that any lattice with a nonvanishing Mébius function (NMF) satisfies SSP. This includes, for
example, all geometric (atomic and semimodular) lattices. Their proof is very short, elegant, and obviously
non-sharp, that is, it is straightforward to construct a lattice satisfying SSP, but not NMF. It is then natural
to ask for a characterization of SSP lattices, if, indeed, there is one.

A bridge to our conjecture can be made by observing that a most simple example of a non-NMF lattice
is a three-element interval. Consecutively, any lattice containing a three-element interval is non-NMF as
well, and, as it turns out, also will not satisfy SSP. On top of it, such lattices have a very nice structural
local-to-global characterization by Bjorner [1]: They turn out to be precisely relatively-complemented (RC)
lattices. We thus have SSP=-RC, and, in [2], we conjectured that this is actually equality, that is, that every
relatively complemented lattice satisfies SSP.

This talk is based on a preprint of the same name where we are trying to prove the SSP = RC conjecture.
We are far from succeeding, and our main result in this description is as follows:

Theorem 1. In an RC lattice L every set F, whose antichain of minimal non-shattered elements has at
most three elements, satisfies SSP inequality, that is, |F| < | Str(F)|.

This is a rather modest result; the statement itself is more telling about our approach than of anything
else. But it is a modest result in the right direction: RC=SSP would follow if, as we hope, we manage to
change three to infinity. It is noteworthy that there are several simple approaches to the proof of the original
SSP lemma. Sauer used a simple inductive argument; Frankl, and then Bollobas and Radcliffe, used the
shifting technique; finally, the aforementioned result of Babai and Frankl uses the dimensionality argument in
linear algebra. All of these approaches found applications to different combinatorial problems, for example,
to dealing with Erdds matching conjecture, and to Frankl-Wilson and Ray-Chaudhuri-Wilson theorems. All
of these approaches turn out to be quite inapplicable to the conjecture at hand. Our motivation, apart from



the minimalistic beauty of the conjecture itself, is thus that should we prove it, the methods we develop
might prove useful outside of their immediate goal.
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Representations by Antichain Labelings

WESLEY FUSSNER
Mathematical Institute, University of Bern, Switzerland

wesley.fussner@unibe.ch

It is well known that each Heyting algebra is isomorphic to an algebra of monotone functions from a poset
(X, <) into the two-element totally ordered set {0,1}. This fact has deep consequences in intuitionistic
logic, where it connects algebraic semantics (Heyting algebras) to relational semantics (Kripke frames). In
that setting, X is thought of as a set of ‘possible worlds’ or ‘alternatives’ and the order < is thought of
as an ‘accessibility relation’ connecting these possible alternative states. The values 0 and 1 are thought
of as truth values in the two-element Boolean algebra. By replacing the two-element Boolean algebra by a
richer algebraic structure—such as a totally ordered MV-algebra—one obtains relational semantics that can
interpret more complicated non-classical logics as well as a more powerful representation theory, capable of
realizing many generalizations of Heyting algebras. However, here monotone functions are no longer sufficient
to obtain natural representations and must be replaced by a different family of maps.

The correct family of functions for this purpose are antichain labelings, and were first identified in a line
of papers by P. Jipsen and F. Montagna. An antichain labeling amounts to an assignment to each point x
in a poset (X, <) of a value in some ordered algebraic structure with least element 0 and greatest element
1. The defining characteristic of antichain labelings is that the points of (X, <) assigned to values outside
of {0,1} form an antichain, making this family of functions a concrete and easily-handled generalization of
monotone functions.

In this talk, we discuss representations of ordered algebraic structures as algebras of antichain labelings,
focusing in particular on (bounded, commutative, and integral) residuated lattices. We concentrate on
representations by antichain labelings that are valued in simple residuated lattices, directly generalizing
the classical representation of Heyting algebras using the two-element Boolean algebra. Our representation
theorems generalize previous representations of Jipsen and Montagna that were confined to the divisible
case. We also sketch some of the limitations of this kind of representation theory, and give some logical
applications to relational semantics and translations in the spirit of the Gédel-McKinsey-Tarski translation.
This talk discusses separate joint work with both P. Jipsen and W. Zuluaga Botero.
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A Journey into Menger-type Properties in Locales

OGHENETEGA IGHEDO! THEMBA DUBE! TILAHUN E. BAYIH?

University of South Africa, Pretoria
2Addis Ababa University, Ethiopia

ighedo@unisa.ac.za dubeta@unisa.ac.za tilahun.esayiyas@aau.edu.et

Following terminology in spaces, which was introduced in [1], we say a frame L is Menger if for every sequence
(Cn) of open coverings of L, there exists, for each n, a finite D,, € €,, such that (J,,.yDn is a covering of
L, by a covering of L we mean a collection of sublocales of L whose join (calculated in the sublocale lattice
S(L)) equals L. In the talk, I will characterize Menger locales and their weaker variants, and give some
localic results with no topological counterparts. Transference of some of these properties via localic maps
will also be discussed.
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Generalizing the Baker—Beynon Duality, from Max to Spec

SERAFINA LAPENTA
University of Salerno, Italy

slapenta@unisa.it

Let G be a lattice ordered Abelian group (henceforth, just £-group), the set of prime ideals (=prime convex
¢-subgroups) of G, endowed with the hull-kernel topology is called the spectrum of G and is denoted Spec G.
Spectra of ¢-groups have received much attention in the past. It is know that they are generalised spectral
spaces —i.e. Tp, sober, and with a basis of compact open sets— and recently, in [4], it was proved that
the above properties characterise the second-countable spectra of /-groups; in the same paper it was proved
that there cannot be any first order axiomatisation of the distributive lattices that are dual to spectra of
{-groups.

It was also observed that spectra of /-groups do not retain enough information to characterise the ¢-group
they come form; e.g., Z and R have the same spectrum (a single point). In this talk we will see how it is
possible to generalize the well known Baker—Beynon duality in such a way that allows to attach further
information on Spec so to be able to reconstruct the original ¢-group, up to isomorphism.

Baker—Beynon duality is a fundamental result in the theory of abelian lattice-ordered groups (¢-groups,
for short) and vector lattices. In [1, 2|, the category of finitely-presented vector lattices is proved to be
equivalent to the one of polyhedral cones and piecewise (homogeneous) linear maps among them —the case
of f-groups being slightly more complicated, as it involves polyhedral cones with rational vertices and maps
with integer coefficients.

In [3] the authors propose a general framework in which many dualities, including Baker-Beynon duality,
can be set. One starts with picking an arbitrary object in a category with some mild properties. The object



induces a contravariant adjunction with another category to be thought of as category of spaces. Then a
number of results, which are parametric on the arbitrary choice of the object, help characterise the fixed
points of the adjunction, i.e., the ones for which the adjunction restricts to a duality. Baker—-Beynon duality
can be obtained from this framework setting the fixed object to be R and restricting to finitely generated
objects. In this case the adjunction will fix only the Archimedean vector lattices (or ¢-groups), as they are
exactly the subdirect products of R. However, if one chooses a suitable ultrapower of R, many more objects
will be left fixed by the adjunction. The reason is to be found in the following result, which is an easy
consequence of quantifier elimination for vector lattices and divisible ordered groups, respectively.

Theorem 1. For every cardinal o there exists an ultrapower of R on an a-regular ultrafilter, in which all
linearly ordered vector lattices of cardinality smaller than o embed. The same is true for linearly ordered
groups.

In greater detail, let V be taken to be either the variety of £-groups or Riesz spaces, « is a fixed cardinal
and U denotes invariably the a-regular ultrapower of R —in the appropriate language— given by Theorem 1.
We denote by F; the free x-generated algebra in V. Following the general framework of [3], for any T C
and S C U”, we define the following operators:

Vu(T) ={xeU” | t(x) =0forall t € T}, Iy(S)={t e Fu | t(x) =0 for all z € S}.

The operators V;; and I;; form a Galois connection. Upon defining the appropriate notion of arrows
between spaces, Vi; and Iy can be lifted to a contravariant adjunction. A function f: U™ — U is called
definable if there exists a term ¢ in the language on V such that f(p) = t(p) for all p € U™. The definition
easily generalises to functions from S C U* into S’ C U”, with u and v cardinals. Let Gger be the category
of subsets of ", with x ranging among all cardinals, and definable maps among them.

The Galois connection induces functors between Gge and V as follows. For any subset S C U* and for
any algebra in V (assumed to be presented in the form F,/J),

We omit the definition of J and V on arrows, as it is more technical and not necessary in this context. By
[3, Corollary 4.8] the functors V and J form a contravariant adjunction.

The fixed points of the adjunction easily correspond to the fixed points of the compositions of the
operators Vi, and I;. Regarding the algebraic side, [3, Theorem 4.15] guarantees that the ideals .J for which
I 0 Vi (J) = J holds are exactly the ones that can be obtained as intersections of ideals of the form I, ({a})
for some a € U. Furthermore, [3, Theorem 4.15] implies that an ideal of F, has the form I;;({a}) if and
only if the quotient over it embeds in Y. Since both vector lattices and ¢-groups are subdirect products of
linearly ordered ones, an application of Theorem 1 proves that, up to the cardinality «, all the objects in
the algebraic side of the adjunction are left fixed.

As per the fixed points in Ggef, it is readily seen that they are the closed subspaces of U" under a
Zariski-like topology whose closed sets are the ones of type Vi (T), for T ranging among subsets of F.

Summing up, if V, denotes the full subcategory of V whose objects have cardinality smaller than «, we
obtain the following duality theorem.

Theorem 2. There is a dual equivalence between Vo and the full subcategory K given by the closed objects
mn Gdef.

In addition to describing the dual categories to the classes of all Riesz spaces and ¢-groups, Theorem 2
also enables the use of tools of non-standard analysis in the study of these structures from the dual, topo-
logical, point of view.

Indeed, it is easy to see that the topology on U” is not Ty, however it is sober and has a basis of compact
open sets. Moreover it is compact only because the origin point O belongs to all closed sets. For any
ultrapower U let U* be the largest Ty quotient of U* \ {O}. With these definitions, one of the main results
is the following.

Theorem 3. For any k, the space Z/{(’f is a generalized spectral space. Moreover for any ¢-group or Riesz
space A, there exists a cardinal k and an ultrapower U of R, such that Spec A is dense in a closed subspace
of UX. In particular, if A~ F, /J, then Spec A is dense in Vy(J).



Finally, the following representation theorem holds.

Theorem 4. Any {-group or Riesz space A ~ F,, /J is isomorphic to the algebra of definable maps from
Spec(A) to U, with operations defined pointwise.

Recall that definable maps are, in fact, piecewise linear functions in the case of ¢-groups and piecewise
linear functions with integer coefficients in the case of Riesz spaces. Hence, A is represented by restricting
to (the homeomorphic image of) Spec A the elements of the free object.

Bibliography
[1] Baker, K. A. (1968), Free vector lattices, Canadian Journal of Mathematics 20, 58—66.

[2] Beynon, W. M. (1975) Duality Theorems for Finitely Generated Vector Lattices, Proceedings of the London
Mathematical Society s3-31 (1), 114-128.

[3] Caramello, O., Marra, V. and Spada, L. (2021), General affine adjunctions, Nullstellensitze, and dualities, Journal
of Pure and Applied Algebra, 225(1).

[4] Wehrung, F. (2019), Spectral spaces of countable Abelian lattice-ordered groups, Transactions of the American
Mathematical Society, 371(3), 2133-2158.

Universal Models for Classes of Abelian Groups for Purity

MARCOS MAZARI-ARMIDA
Department of Mathematics, University of Colorado Boulder, USA

Marcos.MazariA@colorado.edu

The search for universal models began in the early twentieth century when Hausdorff showed that there is a
universal linear order of cardinality W,y if AL N, 11, i.e., a linear order U of cardinality N,,;1 such that
every linear order of cardinality N,, 11 embeds in U. In this talk, we will study universal models in classes of
abelian groups with respect to pure embeddings.

We will present a complete solution below X, to Problem 5.1 in page 181 of Abelian Groups by Laszlo
Fuchs, which asks to find the cardinals A such that there is a universal abelian p-group for purity of cardinality
A. The solution presented will use both model-theoretic and set-theoretic ideas. The talk will be mostly
based on [1], but we will mention a recent result which is joint work with Ivo Herzog.
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We enter the world of substructural logics by considering logical connectives that lack some familiar structural
properties of classical propositional logic such as commutativity (a -b — b - a), contraction (¢ — a - a), or
weakening (a - b — a). In terms of their algebraic models, this is a move from boolean algebras to more
general residuated structures. The absence of structural properties makes it possible for substructural logics



to model resource-awareness (e.g. an ability to count) and this expressiveness means that the algorithmic
complexity of deciding validity in certain substructural logics may be fantastically high, or even undecidable.

Lazi¢ and Schmitz [2] recently presented a rather general methodology for upper bounding the complexity
of decision problems in suitable transition systems through an analysis of the lengths of bad sequences of
transitions, and they identified a sufficient condition on ideal decompositions that yields sharper bounds.
This talk will examine such upper bounding arguments specialised to the case of substructural logics.

A sequence (a;)ien over a quasi-ordered set (X, =) is good if there exists ¢ < j such that a; < a; otherwise
it is bad; it is a well-quasi-ordering (wqo) if every infinite sequence is good. For example, (N?, <) with <
as the usual component-wise ordering is a wqo. Moreover if (X, <) is a wqo then so is (P;(X), <u) where
P;(X) denotes the finite powerset and U <y V iff for every u € U there exists v € V such that v < v (this
is known as the majoring ordering). An equivalent definition of a wqo = is that every descending chain (wrt
C) of <-downsets stabilises.

Our starting point is a formal proof system defined over the quasi-ordered set (X, <) of statements of
substructural logic. A concrete illustration from a proof theoretic perspective is the set of sequents where
the ordering is contractibility. The proof system C consists of a set of rules of the form S — x such that
SU{z} Cy X. Here C; denotes the finite subset relation. Read S — x as the rule that obtains the conclusion
2 from the set S of premises. If S = () then the rule is said to be axiom. We suppose that the proof system is
finitary in the sense that {x|S — « € C} is finite for every S C; X, and that its rules are compatible with <.
A proof of x from assumptions S (the existence of such a proof is denoted by S I ) is a finite tree rooted
at z with its leaves in S such that S, — y € C for every vertex y with children S,. We write S * z (k > 0)
to mean that there exists such a tree of height < k, and S F° = to mean z € S.

We want to obtain an upper bound on the algorithmic complexity of deciding @) - z (i.e. does x have a
proof with no assumptions?). This is the derivation problem for the logic; in terms of its algebraic models it
concerns the equational theory of the corresponding variety of algebras.

Consider Dy D D; 2 ... where each Dy, = {S|Vy = 2.8 ¥ y} C P;(X) consists of those sets from
which (no element above) x cannot be proved with height < k. From compatibility it follows that each Dy
is a <g-downset. Since (P;(X), =m) is a wqo it follows that the sequence stabilises in the sense that there
exists N such that Dy = Dy for M > N. It is then possible to decide the problem by checking @) € Dy since
the latter holds iff ) - . The dominant term in the algorithmic complexity of the derivation problem is the
value of N. Yet even in the case that (X, <) is (N?, <), it turns out that the value of N (as a function of the
size of x) cannot be bounded by any primitive recursive function. Nevertheless, following [2] a much more
modest double-exponential upper bound can be obtained in some cases by extracting a certain sequence
Dy D ... D Dyn_o with a further property on the ideals in their decompositions, namely that for every ideal
I C Dy with I € Dyo there exists an ideal J C Dy with J € Dy such that I is better behaved/less
infinitary than J.

The sufficient condition for the modest upper bound essentially translates to the proof system being closed
under the replacement of any premise y of a rule with any g’ > y. This property holds for multiplicative
(‘context-insensitive’) rules and fails for additive (‘context-sensitive’) rules. This is in keeping with the non-
primitive recursive complexity of the substructural logic FLe. [3] (the commutative Full Lambek calculus
with contraction) and 2EXPTIME-completeness [1] of its multiplicative fragment.

This talk is based on a collaboration with Adrian Puerto Aubel and Amir Akbar Tabatabai.
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The talk will start with an exposition of Graphical Linear Algebra [2], a diagrammatic calculus for linear
(a.k.a. additive) relations — those relations between vector spaces that are linear subspaces. The primitives
of the calculus are closely related to the algebraic structure present in abelian bicategories, in the sense of
Carboni and Walters [1].

The calculus is visually close to classical diagrammatic circuit notations in various application domains,
for example signal flow graphs in engineering and control theory [3, 4, 5, 6], allowing for sound and complete
calculi for diagrammatic reasoning. Further work [7, 8, 10] explored various extensions of the calculus in
order to increase expressivity in terms of the class of relations that can be denoted, including affine relations,
additive relations on the rig of natural numbers, and polyhedral relations. We will go through some of these
extensions and showcase some applications, including reasoning about non-passive electrical circuits [9].
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TUTORIALS

Varieties, Quasivarieties, and Maltsev Products
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There is considerable overlap between universal algebra and model theory. In universal algebra, we typically
focus on theories that are universal and either atomic or Horn. The classes defined by the former are called
varieties, those of the latter are quasivarieties. These are the classes that are closed under the most important
constructions in algebra: subalgebras, products, homomorphic images, direct limits, and free algebras.

In this series of lectures I will present some of the classical machinery related to these concepts. Following

that, I will introduce a topic of current interest, namely the Maltsev product, that allows one to combine
two well-understood varieties (or quasivarieties) and produce one that is far more general.

My plan is to provide lots of examples and few proofs, although I can provide proofs in some supplemen-

tary material if there is interest.
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In these lectures I will discuss on three papers that I read and commented on in the last few years. Each
paper has something to teach us, and gives rise to a warning of sorts.

1 Brouwer and Cardinalities

On L. E. J. Brouwer’s first presentation of his foundational ideas to the rest of the world and the difficulties
we may have reading it.

2 Machine Learning and the Continuum Hypothesis

I will discuss a recent article about an independence result in Machine Learning and its connection with
some results of Kuratowski’s that characterize the cardinals X,, for n € w.

The warning here is about the way some people represent results in the media and that those represen-
tations are not always faithful.

3 When Linguists do Set Theory

About a claim made by linguists in the 1980’s: “Natural languages form proper classes.” This sounds
very exciting but an analysis of a proof of this by two linguists reveals a serious misunderstanding of the
way mathematics (and in particular Set Theory) works.

The implicit warning: “Do not try this at home.”

The Definable Content of (Co)homological Invariants

ARISTOTELIS PANAGIOTOPOULOS
Department of Mathematical Sciences, Carnegie Mellon University, PA, USA

apanagio@andrew.cmu.edu
Some of the best-known and most versatile invariants in mathematics arise as the (co)homology groups of
(co)chain complexes. Such invariants are computed by first associating to each object X a chain complex
Co(X):= 0P Co(X) «—2 C1(X) +—2 Ox(X) +—% -

of abelian groups that encode the relevant data regarding the object X. The n*" homology group of X is
then defined to be the quotient group of all “n-cycles” modulo all “n-boundaries”

H,(X) :=Z,(X)/Bn(X) :=ker(9,)/ ran(0p11)-

Overwhelmingly, the tendency is to regard the homology groups H,, as discrete objects. This is despite the
fact that the chain groups C,, (X) often carry a natural topology, and even one encoding data about X that is
not captured by the abstract group structure alone. Historically, there have been attempts to incorporate this
additional information in the groups H,,(X) by treating them as topological groups endowed with the induced
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quotient topology; see [4, p. 67]. However this approach was later abandoned since in most interesting cases
B, (X) is dense in Z,(X), rendering the quotient topology on H,,(X) trivial and hence rather unavailing.

On an entirely separate trajectory, interactions between logic and analysis in the later 20th century
gave birth to invariant descriptive set theory: a framework for measuring the Borel complexity of any
classification problem which can be formulated as a quotient X/F, where X is a Polish space and E is
an analytic equivalence relation on X. Of course, the original motivation was the problem of classifying
all unitary representation of any given group I' up to unitary equivalence—a problem which we now know
(using techniques from invariant descriptive set theory) that it cannot be classified using any reasonably
simple type of invariants, at least when T is not close to being abelian; see [5].

In this three part series we will provide an overview of a currently ongoing research program that is being
developed in joint work with J. Bergfalk and M. Lupini; see [1, 2]. Its goal is to employ various concepts
and tools from invariant descriptive set theory in order to enrich classical (co)homological invariants from
algebraic topology and homological algebra with a finer structure than the quotient topology. In particular,
we will show that many of these classical invariants can be naturally regarded as functors to the category of
groups with a Polish cover. The resulting definable invariants provide far stronger means of classification.

Part 1. Definable (co)homological invariants: background, motivation, and main results. In
this talk we will review some standard constructions from homological algebra and algebraic topology and we
will provide an overview of the Borel reduction hierarchy of classification problems. We will then introduce
the category of definable homomorphisms between groups with a Polish cover and illustrate how various
(co)homology theories give rise to functors that naturally take values in this category. The resulting definable
inwvariants provide far stronger means of classification. For example, we will provide an uncountable family
of topological spaces whose homology groups are isomorphic but not definably isomorphic. This additional
rigidity of the definable invariants is a consequence of certain “Ulam stability” phenomena for groups with a
Polish cover. A detailed discussion of such phenomena will be the topic of our next talk.

Part 2. An Ulam stability result for quotients of abelian, non-archimedean Polish groups.
Based on an earlier work of Shelah concerning the relationship of the continuum hypothesis to the cardinality
of the set of automorphisms of the Boolean algebra P(w)/fin, Veli¢kovic showed that if such an automorphism
admits a Borel lift P(w) — P(w), then it is of a certain “trivial” form; [8]. Similarly, Kanovei and Reeken
showed that if N, M are countable dense subgroups of the reals R, then every homomorphism R/N — R/M
with a Borel lift R — R, is of a certain “trivial” form; [6]. Kanovei and Reeken asked in |7] whether quotients
of the p-adic groups satisfy similar “Ulam stability” phenomena. In this talk, we will settle this question by
providing Ulam-stability phenomena for definable homomorphisms G/N — H/M when G, H are arbitrary
abelian non-archimedean Polish groups and N, M are Polishable subgroups. While this result is in the heart
of the definable (co)homology, this talk will be kept entirely independent of Part 1.

Part 3. Applications: definable Cech cohomology and homotopy classification. In this talk we
will illustrate how the framework we developed in Part 1 for enriching classical (co)homological invariants
with “definable content” applies to the classical Cech cohomology theory. As a consequence we will introduc-
ing a new invariant for locally compact metrizable spaces up to homotopy equivalence which we call “definable
cohomology.” Using the rigidity results from Part 2 we will show that definable cohomology provides a much
finer invariant for classifying such spaces. For example, in strong contrast to its classical counterpart, this
definable cohomology theory provides complete classification to homotopy classes of mapping telescopes of
d-tori, and for homotopy classes of maps from mapping telescopes of d-tori to spheres. The latter problem
was raised in the d = 1 case by Borsuk and Eilenberg in 1936; [3].
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This is a talk about the classical notion of continuous convergence viewed from a pointfree perspective. The
context is the category W of archimedean lattice-ordered groups with distinguished weak (order) unit. A
filter F on CX, the W-object of continuous functions on a Tychonoff space X, is said to converge continuously
to0 € CX if for each x € X and e > 0 there exists a neighborhood U of z and a set F' € F such that |f(z')| < e
for all 2/ € U and f € F. That is, F converges continuously to 0 if

ve>0 (| J{U e OX:aF e FVf e F (f7(~2,6) 2U) } = X).

In the latter form, continuous convergence translates directly into terms of RL, the W-object of frame
homomorphisms from the topology OR of the real numbers into a (completely regular) frame L.

Definition (c-convergence ). A filter F on RL is said to c-converges to 0, written F = 0, if

Ve >0 <\//\f(—€,5):T>.
g F

A filter F c-converges to an element g € G, written F 5 g, if (F — ) = 0.

Continuous convergence has very nice properties: it is Hausdorff, i.e., if ¥ % f and F 5 g then f = g,
it is a W-convergence, i.e., all W-operations and W-homomorphisms are c-continuous, and every c-Cauchy
filter on RL is convergent. It is also canonical in the following sense.

Definition (cW, R.). The category CW has objects of the form (G, =), where G is a W-object and = is
an admissible Hausdorff W-convergence. The CW-morphisms are the continuous W-homomorphisms. The
functor R, : Frm — CW assigns to a frame L the CW-object (RL, ).

Theorem. R, is adjoint, and its (left) adjoint is the functor K. : CW — Frm, which assigns to a CW -
object (G, =) its frame of x-closed W-kernels. This restricts to an equivalence between Frm and the full
subcategory of Cauchy complete CW -objects.

And this is the point. The classical (pointfree) Yosida adjunction of Madden and Vermmer is a blunt
instrument for studying the W-manifestations of frame properties; after all, the Madden frame of a W-
object is always wi-Lindeldf. By enriching W with convergences, we have enough algebraic structure to fully
articulate these manifestations.
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We extend Lawvere-Pitts prop-categories (aka. hyperdoctrines) to develop a general framework for provid-
ing “algebraic” semantics for nonclassical first-order logics. This framework includes a natural notion of
substitution, which allows first-order logics to be considered as structural closure operators just as proposi-
tional logics are in abstract algebraic logic. We then establish an extension of the homomorphism theorem
from universal algebra for generalized prop-categories and characterize two natural closure operators on the
prop-categorical semantics. The first closes a class of structures (which are interpreted as morphisms of
prop-categories) under the satisfaction of their common first-order theory and the second closes a class of
prop-categories under their associated first-order consequence. It turns out these closure operators have
characterizations that closely mirror Birkhoff’s characterization of the closure of a class of algebras under
the satisfaction of their common equational theory and Blok and Jonsson’s characterization of closure under
equational consequence, respectively. These “algebraic” characterizations of the first-order closure operators
are unique to the prop-categorical semantics and do not have analogs, for example, in the Tarskian semantics
for classical first-order logic. The prop-categories we consider are much more general than traditional intu-
itionistic prop-categories or triposes (i.e., topos representing indexed partially ordered sets). Nonetheless, to
our knowledge, our results are still new even when restricted to these special classes of prop-categories.

Quasi-Engel Varieties of Lattice-ordered Groups

MICHAEL DARNEL
Indiana University South Bend, USA

mrdarnel@gmail.com

We show that any ordered group satisfying the identity [:clfl, ...,xk"] = e must be weakly abelian and that
when z; # x1 for 2 < i < n, (-groups satisfying the identity [z7,...,z}] = e also satisfy the identity
(zVe)" < (zVe)? These results are used to study the structure of f-groups satisfying identities of the
form [x]fl,xgz,xlg?’] =e.

MV-topologies and MV-uniformities

Luz VicToRIA DE LA Pava C. MARBY ZULEY BorLaNos O.
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MV-topological spaces are fuzzy topological spaces in which FLukasiewicz t-norm and t-conorm play the role
of strong intersection and union of fuzzy sets. They were introduced by C. Russo in [7] with the aim of
extending Stone duality to semisimple MV-algebras. Many basic notions and results of general topology
have been succefully extended to MV-topologies in [7] and [1]. These and others results obtained so far,
as [2], indicate that MV-topological spaces constitute a pretty well-behaved fuzzy generalization of classical
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topological spaces.

Now, we define MV-uniformities and we show that each MV-uniformity generates an MV-topology. We
define an MV-uniformity for the fuzzy unite interval defined by B. Hutton in [3]. Besides, we define complete
regularity for MV-spaces and we show that each MV-topological space that is generated from an MV-
uniformity is completely regular. Definitions and results are inspired by [4, 5, 6].

Acknowledgements We would like thank to Universidad del Valle by the support through the Uni-
formidades en Espacios MV-topoldgicos Project, CI-71328. This talk is a preliminary report of an ongoing
investigation.
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Ten years ago, [6] changed the landscape of the foundations of mathematics, by introducing a novel conception
that tried to clarify some ambiguous notions in current set theoretic practice. In particular, he provided
a revolutionary interpretation for the practice of forcing: a multiverse of different set theoretic universes.
Such an idea immediately sparked an intense debate in the philosophy of set theory and the foundations of
mathematics. In the following years, several crucial contributions were made by [1], [2], [4], [5], [7], [9], [11],
[10], [13], [15], [17], [18], and [19], just to name a few. These contributions can be roughly divided in two
broad categories:

e the general debate between universism (the position that there is a single, determined universe of sets)
and pluralism (the position that there are several universes of sets, all of them equally interesting, i.e.
the multiverse);*

e the introduction of novel mathematical characterisations of the set theoretic multiverse.?

Indeed, while the general idea behind pluralism in the philosophy of mathematics is more or less the same
every time, the actual mathematical details can vary enormously from one characterisation to the other.
We have multiverses based upon different kinds of forcing® , multiverses with different background logics*,

IExamples of such papers are [8], [10] and [9].

2For example, [5], [13] and [16].

3For example, [13] is based upon set-generic forcing, while [18] on Robinson infinite forcing.
4[17] and [4] are the prime examples.
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multiverses that try to accommodate the highest number of different universes®, etc. Even though all these
different set theoretic multiverses share the same, general, philosophical idea, they differ wildly from the
mathematical perspective. There are some proposal of assessing all these differences®, but this research
field is still in its infancy. In this paper, I propose a novel, more general, framework for the set theoretic
multiverse: the Universal Multiverse.

Drawing from the ideas of Universal Logic”, this new framework is not a new set theoretic multiverse.
Instead, it is a general theory of the multiverse, that investigates the various set theoretic multiverses from
a common and abstract point of view. This means highlighting the common features of all multiverses,
studying them as mathematical structures without any other metaphysical and ontological connotation.

The first step to carry out this program is to define a method of comparing and categorising all the
different multiverses. A multiverse can be characterised in several ways: the most common one is to describe
it as a set of universes. For example, Steel’s set generic multiverse is the set of all set-generic extensions of
a core universe, Friedman’s Hyperuniverse is the set of all countable transitive models of ZF'C, etc..

Generalising on this idea, a general theory of the set theoretic multiverse is the theory of the Multiverse
Operator, MIt;. This theory is analogous to Tarski’s theory of the consequence operator as introduced in
[14]. A multiverse operator is a function defined on the powerset of a set S of sentences. This set S is the
set of all possible set theoretic axioms, so each set theory T is a subset of P(S). A multiverse operator maps
each theory T with the set of all universes, M, that are part of the multiverse generated from T

Mlt; : T — M.

For example, the operator Mltgeneric applied to the set of sentences MV (the multiverse theory from
[13]), written Mtgeperic(MV'), will map to Steel’s set generic multiverse. Another example is the oper-
ator Mlt,ogic, that maps ZFC' to the set of all outer models of V' (not only the set-generic ones).® In this
way we can define in very general terms what a set theoretic multiverse is: it is an ordered couple (T, Mlt;),
where T is a set of axioms and MIt; is a multiverse operator.

The general theory of the multiverse that I propose is the study of the multiverse operator in general,
without considering the special feature of each of them (e.g. the difference between Mt generic and Mityiogic)-
From this very abstract and general perspective, I claim that the general structure (S, Mlit) forms a Tarski
structure. That is, it obeys the following axioms:

1. T C Mit(T);
2. TCU = MIt(T) C MIt(U);
3. MIt(MIt(T)) € MIKT).

In this paper, I will expand on the meaning of these axioms for the multiverse operator, with particular
attention on their philosophical justification and why they were chosen.
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Satisfiability Degrees in BCK-algebras
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It is a fascinating result of Gustafson that the probability two elements commute in a finite non-Abelian
group is no greater than 5/8. Inspired by this, we investigate the satisfiability degree of some equations in
finite BCK-algebras; that is, given a finite BCK-algebra and an equation in the language of BCK-algebras,
what is the probability that elements chosen uniformly randomly with replacement satisfy that equation?

Specifically we consider the equations for commutativity, double negation, and positive implicativity. For
each of these equations we give an upper bound on the probability and show it is sharp. As corollaries, we
will see that none of these three equations has a satisfiability gap. For commutativity and double negation
we give sharp lower bounds as well, and for positive implicativity we give sharp lower bounds for the classes
of linear BCK-algebras and BCK-algebras with unique atom.
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Idempotent residuated structures lie on the other side of the spectrum compared to lattice-ordered groups
and cancellative residuated lattices and thus are of independent interest. Moreover, idempotent elements in
residuated lattices play an important role in understanding the overall structure of the algebra (for example in
the structure of BL-algebras, or in creating localizations via double-division conuclei). We focus our attention
on totally-ordered residuated lattices that are also idempotent, and on the variety that they generate.

A central and recurring theme in the talk will be the importance of the two inverse operations, z\1 and
1/z, in the study of idempotent residuated chains. For example, they are crucial in proving the congruence
extension property (CEP) by controlling the behavior of conjugation, which is present in congruence gener-
ation in non-commutative residuated lattices. We show that the elements of an idempotent residuated chain
that are inverses form a skeleton, which can be characterized abstractly by the quasi-involutive identity.
(In the commutative case, the inverses form an involutive structure that is an odd Sugihara monoid). We
define a closure operator whose image is precisely these inverse elements and show that it is a nucleus, thus
guaranteeing that the quasi-involutive skeleton is itself a residuated lattice, but also transparently (via the
induced partition) breaking up the whole chain into an ordinal sum of topped chains over the skeleton. (In
addition to this, we also present a second construction of idempotent residuated chains: nested sums).

We prove that if we retain the total-lattice order, the inverses and the constant 1, then the divisions
and multiplication are definable in the resulting reduct, and we further characterise abstractly these reducts.
This observation, together with the flow diagrams that describe the precise action of the inverse operations,
paves the way for showing that idempotent residuated chains are equivalent to enhanced monoidal preorders.
The latter are enhancements of the preorder defined by Gil-Férez, Jipsen and Metcalfe, by including the
sign of each element and also the appropriate inverses that need to exist in order to obtain the equivalence.
We show that we can move back and forth between the order information in the preorders and the action
of the inverses in the flow diagram and this yields a transparent understanding of the subalgebras (and
subalgebra generation) that is crucial in investigating the amalgamation property. This understanding
of subalgebras allows us to locate a failure of the amalgamation for idempotent residuated chains (even
though amalgamation holds in the commutative case), which exhibits a forbidden behavior of the inverses,
and also to carve out precisely the natural class where this behavior does not occur. We further obtain an
equational characterization of the avoidance of the bad behavior, which we call rigidity. Finally, we prove the
strong amalgamation property for rigid idempotent residuated chains and, by making use of the previously
established CEP, we also obtain the strong amalgamation for the variety of rigid semilinear residuated lattices
that they generate. This entails the epimorphism surjectivity of this variety and also interpolation and Beth
definability properties for the associated substructural logic.

Quantum Monadic Algebras

JOHN HARDING
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We introduce quantum monadic and quantum cylindric algebras. These are adaptations to the quantum
setting of the monadic algebras of Halmos, and cylindric algebras of Henkin, Monk and Tarski, that are
used in algebraic treatments of classical and intuitionistic predicate logic. Primary examples in the quantum
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setting come from von Neumann algebras, subfactors, commuting squares of subfactors, and a version of
a quantum cylindric set algebra related to Weaver’s quantum predicate logic. Here we develop the basic
properties of these quantum monadic and cylindric algebras and a rudimentary type of Kripke frames for
them.

Computational Complexity of Checking Semigroup Properties
in Partial Bijection Semigroups and Inverse Semigroups

TREVOR JACK
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trevor. jack@colorado.edu

We will compare and contrast the computational complexities of checking partial bijection semigroups and
inverse semigroups for various properties. We prove that the decision problems for checking the following
properties are NL-complete for partial bijection semigroups and ACY for inverse semigroups: (1) nilpotence,
(2) R- and L-triviality, and (3) idempotent centrality. We describe algorithms that require at most logarith-
mic space to compute the following: (1) the left and right identities in a transformation semigroup and (2)
whether a partial bijection semigroup has a zero element. We finally prove that checking membership of an
idempotent in an inverse semigroup is a PSPACE-complete problem.

On Partially Ordered Algebras and Preclones

PETER JIPSEN
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This talk reports on joint work with Reinhard Pdschel and Erkko Lehtonen. Partially ordered algebras are
relational structures with a partial order and fundamental operations that are order-preserving or order-
reversing in each argument. These two attributes are usually denoted by the signum + and — respectively
for each argument. In general, the clone of operations of a partially ordered algebra may contain operations
that are neither order-preserving nor order-reversing in some argument. We define S-preclones, based on a
monoid S of signa, suitable for studying partially ordered algebras and more general relational structures.
(Abstract) preclones are also known as operads, and we show that the notion of S-preclone admits a Pol-Inv
Galois connection that extends the standard one from clones. If S is a group then the Galois connection
gives a bijective correspondence between all S-preclones and S-relational clones on a finite set. We prove
that the lattice of S-preclones on a finite set is atomic and coatomic, and for the case when S = {4+, —} we
obtain a full description of the maximal S-preclones and minimal S-preclones on a two-element set.

Natural Deduction in Quantum Logic

ANDRE KORNELL
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The study of quantum logic was initiated by Birkhoff and von Neumann [1], who gave a semantics for the
set P of propositional formulas in the connectives A, V, and —. A large variety of sound deductive systems
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have been proposed for this semantics [9], and this contribution proposes another [8]. Whether a sound and
complete deductive system exists appears to be an open problem [4].

The proposed deductive system is a sequent calculus called NOM. Its primitive connectives are A, —,
and —, which satisfy the following familiar logical rules:

A I'+B I'HAAB I'HAAB

I'FAAB IFA I'FB (1)
I, A-B I'FASB I'A+B T,-A+B TF-A
TFA-> B T,AF B TFB T,AF B (2)

The antecedent of each sequent is a finite sequence of formulas, and the succedent of each sequent consists
of exactly one formula.

The structural rules of NOM are weaker than those of classical logic, and in this sense, NOM is a sub-
structural logic. However, NOM is not formally a substructural logic because the cut rule is not admissible
in its standard formulation [11]. Instead, NOM includes the following basic structural rules:

r-A TI''AFB 'A T+B
[LAF A I'+B LA+ B (3)

The second of these rules is the cut rule, and the third of these is its inverse, which we call the paste rule.
The exchange rule is also not admissible in its standard formulation. Instead, NOM includes a conditional
exchange rule, which is in some sense characteristic of the system:

A B-A T,AB-C T,B,A-B
T,B,AFC (4)

The rules of NOM are the seven given logical rules and the four given structural rules.
This deductive system is sound for the semantics of Birkhoff and von Neumann in the sense that

FA implies [A]=T

for each A € P and each interpretation [-]: P — C. Here, C is the ortholattice of closed subspaces of
Hilbert space, and T is it maximum element, i.e., Hilbert space itself. An expression of the form AV B is
treated as an abbreviation of =(=A A =B). The deductive system NOM satisfies the deduction theorem by
fiat, and this addresses a prominent critique of previous deductive systems [6].

The basic soundness result of the previous paragraph extends to arbitrary sequents. The most natural
formulation of this extended soundness result is in terms of physical notions. The closed subspaces of Hilbert
space, which interpret our formulas, model observables that take values in the set {true,false}.

Theorem 1. Let Ay,..., A, B be a sequent of formulas in P that is derivable in NOM. Let [-]: P — C
be an interpretation. In any physical system that is modelled by Hilbert space, if [A1], ..., [An] are measured
to be true in that order, then a measurement of [B] is certain to find that it is true.

In principle, an observable might be measurable by multiple procedures that can be distinguished by how
they transform the physical system. Theorem 1 refers only to those procedures that produce minimal
decoherence in the physical system. These are the procedures that transform the physical system by p —
[A]p[A] + [-A]p[-A]. Here, p is a density matrix, and [A] and [-A] are projection operators.

The notation NOM refers to orthomodularity. This system is sound and complete for orthomodular
lattices in the sense that for each formula A € P, the sequent - A is derivable in NOM if and only if
[A] = T for every interpretation [-]: P — L, where L is any orthomodular lattice. Indeed, the familiar
adjunction between the Sasaki projection and the Sasaki arrow is at the heart of the logical rules for — [2].
However, it must be emphasized that neither orthomodularity nor the Sasaki connectives appear in any way
in the statement of Theorem 1.

Theorem 1 provides an additional argument for the position that the Sasaki arrow is the canonical
implication connective of quantum logic [5]. This argument makes two assumptions. First, we assume that a
sequent of physical propositions may be naturally interpreted as indicated in Theorem 1. The soundness of
the structural rules of NOM is then experimentally falsifiable. Second, we assume that physical propositions
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admit the connectives A, —, and — in a way that preserves their essential meaning as expressed in the logical
rules of NOM. It follows that the implication connective is the Sasaki arrow:

Theorem 2. Let A and B be formulas of NOM, and let T be a finite sequence of such formulas. Then, the
sequents 'HF A — B and '+ =(AA—(AA B)) are interderivable in NOM.

The notation NOM also refers to natural deduction. This system is defined as a calculus of sequents,
but its rules make it suitable for natural deduction [10, sec. 4]. It is routine to show that NOM is equivalent
to a natural deduction system in the style of Fitch [3].

The preprint [8] also includes two extensions of NOM to a system of quantum predicate logic: the first
is sound for quantum sets in the sense of [12], and the second is sound for quantum sets in the sense of [7].
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Dualities from Double Categories of Relations
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The purpose of this note is to show how various duality theorems for so-called subordinations can be ob-
tained from a “master theorem” that extends Priestley duality to double categories of relations. We write
DL, BA, Pri, Stone for the categories of bounded distributive lattices, Boolean algebras, Priestley and Stone
spaces, respectively. The notion of a B-relation for a concrete order-enriched category B (satisfying mild
conditions) induces a double category [6, 8] of B-relations R as follows [7].

e R has as objects B-relations R : A & B with A, B € B. A B-relation R can be tabulated in B, that
is, represented as a ‘span of projections’ (R — A, R — B). The span must be jointly mono. Moreover,
relations are weakening, that is 2’ < zRy <y’ = 2'Ry’.

e Apairof maps (f: X - X',g:Y = Y’)in Bis an arrow R — R in R if xRy = f(z)R'g(y).
An arrow (f,g) : R — R’ is also called a square and we draw f, g vertically and R, R’ horizontally.
Relations are ordered since (id,id) : R — R’ is a square iff R C R’.

e Vertical composition in R is inherited from B. Horizontal composition is composition of relations.
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Master Theorem [7]. The dual equivalence between Pri and DL extends to Pri-relations and DL-relations.
The dual of a DL-relation < : A & Bis R: X & Y where X, Y are the Priestley spaces of prime filters of
A, B, respectively, and

tRy < <[z]Cy,

that is, xRy iff a € = and a < b implies b € y. The dual of a Pristley-relation R: X & YV is <: A % B,
where A, B are the DLs of upper clopens of XY, respectively, and

a<b < R[a] Cb,

that is, a < b iff x € a and xRy implies y € b.

Remark. This duality does not flip relations but the order between relations. From the double theoretic
point view relations are better understood as objects in R rather than arrows.

We are interested in restricting this duality to endo-relations, that is, to categories where, on the one
hand, objects are of the kind (X, R) with X a Priestley space and R a relation on X and where, on the other
hand, objects are of the kind (B, <) with B a distributive lattice and < is a relation on B. The latter ones
are known as proximities or subordinations in the literature, see eg [1].

A subordination < on a distributive lattice (or a Boolean algebra) B is a DL-relation B ¢+ B. The
(order-enriched) category SubDL of subordination algebras is the (vertical) subcategory of the double
category of DL-relations with subordination algebras (B, <) as objects and arrows f : B — B’ witha <b =
f(a) <" f(b). The category of BA-based subordinations SubBA further restricts to Boolean algebras B.

We now go through a list of corollaries to the master theorem.

Corollary. The category of Priestley spaces with closed weakening relations is dually equivalent to SubDL.
The next corollary is a variation of [3, Thm.9] and [5, Thm.3|, see [1, Remark 2.23].
Corollary. The category SubBA is dually equivalent to the category of Stone spaces with closed relations.

The next examples exploit that duality of relations reverses the order between relations. For example,
reflexive is dual to below identity, transitive is dual to interpolative.

Corollary. The category of Stone spaces with reflexive closed relations is dually equivalent to the category
of BA-based subordinations below identity.

Corollary. The category of Stone spaces with transitive closed relations is dually equivalent to the category
of BA-based interpolative subordinations.

Corollary. The category of Stone spaces with reflexive and transitive closed relations (aka preorders, quasi-
orders) is dually equivalent to the category of BA-based interpolative subordinations below identity.

A descriptive general frame (X, R) is a Stone space with a closed relation R such that R~! preserves
clopens. It is easy to see that the inverse image of R preserves clopens iff, for all clopens b, the downsets
{a | a < b} of the dual relation have a maximal element (given by R~![b]). Such a relation is called <
modally definable, see [1, Def.2.9,Lem.4.3]. We now obtain [1, Thm.4.5(1)| as another corollary.

Corollary. The category of BA-based modally definable subordination algebras is dually equivalent to the
category of DGF’s with relational morphisms.

The constraints stemming from the order of relations and the constraint of preservation of clopens/modal
definability can be combined in a modular fashion:

Corollary. The category of reflexive DGF’s with relational morphisms is dually equivalent to the category
of modally definable BA-based subordinations below identity.

Corollary. The category of transitive DGF’s with relational morphisms is dually equivalent to the category
of modally definable BA-based interpolative subordinations.

Corollary. The category of reflexive and transitive DGF’s with relational morphisms is dually equivalent to
the category of modally definable BA-based interpolative subordinations below identity.

We phrased the results in terms of the more widely considered BA-based subordinations but all of our
proofs are obtained by restricting more general results about (DL-based) subordination algebras.
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A join-semilattice is said to be conjunctive if it has a top element 1 and it satisfies the following first-order
condition: for any two distinct elements a, b, there is an element ¢ such that either a Ve # 1 =bV e or
aVec=1%bVec Itisknown that this is equivalent to the condition that every principal ideal is an
intersection of maximal ideals. Conjunctivity is closely related to the property of subfitness in frames.

In the rest of this abstract, L will always denote a conjunctive join semilattice. L may fail to be distributive

and may even fail to have any prime ideals whatsoever. Nonetheless, there is a satisfactory representation
theory.
Theorem 1. Let Max L denote the set of maximal ideals of L in the topology generated by the sets a :=
{meMaxL|a¢gm},ac L. Then MaxL is a compact Ty space and a +— @ is an isomorphism of L with a
join-closed subbase for X. Moreover, if X is a compact T1-space and L is a join-closed subbase for X, then
Max L is naturally homeomorphic with X .

With some additional assumptions, the representation is functorial.
Theorem 2. The following are equivalent:
o All the maximal ideals of L are prime;
o L is 1-V-distributive, i.e., for alla € L, {x € L|xVa =1} is a filter;
e {G|aeL} isabase (not merely a subbase) for Max L.
There are examples of L that satisfy these conditions and yet fail to be distributive.

Our paper [1] presents the results above and much more, including a simplification and extension of
the theory of Yosida frames, due to Martinez and Zenk. Recently, we have been investigating colimits in
the category of join-semilattices with special attention on understanding what properties of join-semilattices
(e.g., distributive, conjunctive) are preserved by colimits. In particular, when is the pushout of a pair of
conjunctive join-semilattices over a shared ideal conjunctive? Some of the problems that arise seem to be
very difficult.

In our BLAST 2022 talk, we shall provide an overview of the findings of [1] and describe our work in
progress on colimits.
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An ortholattice is an algebraic structure A = (A4;A,V,—,0,1) of similarity type (2,2,1,0,0) such that
(A;A,V,0,1) is a bounded lattice and —: A — A is an orthocomplementation, i.e., a complementation
operator that is an order-reversing involution. An orthoframe is a relational structure (X; 1) such that X
is a set and 1L.C X? is irreflexive and symmetric, i.e., an orthogonality relation. For any U C X, defining
Ut ={z e X :WyecU=21y]} ={z€ X :z L U} and then composing * with itself induces a
closure operator ~+: p(X) — p(X) in which the L-stable sets are elements of {U € p(X) : U = U++}.
Goldblatt in [3] proved that every ortholattice is isomorphic to the algebra of clopen L-stable subsets of
a Stone space X endowed with an orthogonality relation. Bimbo in [1] added a topology to the class of
orthoframes used by Goldblatt and extended his topological representation of ortholattices to a full duality
between homomorphisms and continuous frame morphisms.

An orthomodular lattice is an ortholattice satisfying a < b = b = a V (b A —a). Orthomodular lattices
are well-known to arise via the lattice C(H) of closed linear subspaces of an infinite-dimensional separable
Hilbert space H over the complex numbers, and provide an algebraic foundation for orthomodular quantum
logic. Goldblatt in [4] proved that the condition of orthomodularity in C(H) cannot be characterized by any
first-order properties of the relation of orthogonality between vectors in a pre-Hilbert space H. This result
raised the natural question as to whether there exists an elementary (first-order definable) class of relational
structures that can capture the condition of orthomodularity? This question was answered in the affirmative
by Hartonas in [5] who introduced an elementary subclass of partially ordered quasi-orthoframes, known as
orthomodular frames, and proved them to characterize orthomodular quantum logic.

In this talk, we describe a class of ordered relational topological spaces, which we call orthomodular
spaces, whose construction involves adding a topology to the class of orthomodular frames along the lines of
[1]. We then use these spaces to study the duality theory of orthomodular lattices. Time permitting, we will
explore the possibility of casting this duality in a choice-free setting using spectral spaces along the general
lines of McDonald and Yamamoto in [6].
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Choice-free De Vries Duality
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De Vries [2] generalized Stone duality between Boolean algebras and Stone spaces to a duality between
compact Hausdorff spaces and complete compingent algebras, which are complete Boolean algebras enriched
with a subordination relation. Just like Stone duality or Isbell’s pointfree duality between compact regular
frames and compact Hausdorff frames [3]|, de Vries duality relies on the Boolean Prime Ideal Theorem, a
nonconstructive principle that follows from the Axiom of Choice.

In this talk based on [4], T will present a choice-free approach to de Vries Duality that generalizes the
recent choice-free Stone Duality developed by Bezhanishvili and Holliday [1]. I will define a category of
ordered topological spaces called de Vries spaces and show that it is dual to the category of complete
compingent algebras. I will also discuss connections with Isbell Duality and with the Vietoris functor on
compact Hausdorff spaces before concluding with some consequences of this duality in a choice-free setting.
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We show that every finite nilpotent Mal’cev algebra has a supernilpotent reduct, that is, a reduct that is a
direct product of Mal’cev algebras of prime power order.

Recall that every finite supernilpotent Mal’cev algebra is finitely based by work of Vaughan—Lee (1983)
and Freese and McKenzie (1987). In his paper Vaughan-Lee also points out a particular nilpotent loop of
size 12, which is not supernilpotent and hence not covered by their techniques. Using its supernilpotent
reduct, we can now show that this loop is still finitely based and also that its subpower membership problem
can be solved in polynomial time.

This is joint work with Michael Kompatscher and Patrick Wynne.
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The Big NU Obstacle Theorem of Davey, Heindorf, and McKenzie from [1] characterizes dualizability of
algebras that generate congruence distributive varieties and implies the following theorem.

Theorem. Let A be a finite algebra such that typ(A) C {3,4}. Then A is dualizable if and only if it has a
near-unanimity term.

The existence of an extension of the Big NU Obstacle Theorem to the setting of congruence modular
varieties is currently unknown, but some progress has been made. M. Moore has shown in [5] that in the
setting that A is finite and typ(A) C {2, 3,4}, if A is dualizable, then A has a parallelogram term. However,
the unmodified converse is known not to hold. Instead, in [3|, Kearnes and Szendrei have shown in this
setting that if A has a parallelogram term and satisfies the split centralizer condition, then A is dualizable.
It is currently unknown if every finite dualizable algebra that generates a residually small variety omitting
types 1 and 5 satisfies the split centralizer condition. If this were the case, then the following extension of
the Big NU Obstacle Theorem would hold:

Conjecture. Let A be a finite algebra such that V(A) is residually small and typ(A) C {2,3,4}. Then A is
dualizable if and only if it satisfies the split centralizer condition and has a parallelogram term.

In this talk, we will describe the split centralizer condition and a connection to neutrabelian algebras that
was proven by Kearnes, Szendrei, and myself in [4]. We will also give a brief overview of a method, inspired
by the work of Idziak in [2], that may leverage neutrabelian algebras to finally verify the above conjecture.

Bibliography

[1] Davey, B. A., Heindorf, L., and McKenzie, R. (1995), Near Unanimity: An Obstacle to General Duality Theory.
Algebra Universalis 33, no. 3, 428-439.

[2] Idziak, P. (1994), Congruence Labelling for Dualizable Algebras. Manuscript.

[3] Kearnes, K. A. and Szendrei, A. (2016), Dualizable Algebras with Parallelogram Terms. Algebra Universalis T6,
no. 4, 497-539.

[4] Kearnes, K. A., Meredith, C., and Szendrei, A. (2021), Neutrabelian Algebras. Algebra Universalis 82, no. 13.
https://doi.org/10.1007,/s00012-020-00705-2

[5] Moore, M. (2016), Naturally Dualizable Algebras Omitting Types 1 and 5 Have a Cube Term. Algebra Universalis
75, 221-230.

[6] Birkhoff, G. and von Neumann, J. (1936), The Logic of Quantum Mechanics. Annals of Mathematics 37, 823-843.

Putting Cats Together:
Completions of Mereological Models

IMANOL M0z0 CAROLLO
Department of Applied Economics, University of the Basque Country UPV /EHU, Spain

imanol .mozo@ehu.eus

In logic and philosophy, mereology (from the Greek term yepoc) is the theory of parthood relations, that is,
the study of parts, the wholes that they form and their relation. The idea of mereological composition is a
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commonplace in philosophical literature. Intuitively, we think of a composition of a collection of parts as
“what you get when you put those parts together”. When a more substantial and precise definition is needed,
literature offers several alternatives, namely, the notions of fusion and sum (using the non-standard but
useful in our case terminology in [1]). The very existence of compositions is a disputed topic in philosophical
research. Universalism is the thesis that claims that mereological compositions of any nonempty collection
of parts of a whole exist. As many other mereological principles, universalism, although widely accepted,
is not completely unquestioned. One of the main objections to closure principles like universalism is that
they may enlarge the collection of objects that are allowed in the domain of a theory. However there are
reasons to believe that universalism does not actually require a further ontological commitment. After all,
a composition may not be more than the parts that it is composed from. In words of David Lewis in ([4,
81-82]),

To be sure, if we accept mereology, we are committed to the existence of all manner of mereological
fusions. But given a prior commitment to cats, say, a commitment to cat-fusions is not a further
commitment. The fusion is nothing over and above the cats that compose it. It just is them.
They just are it. Take them together or take them separately, the cats are the same portion of
Reality either way. Commit yourself to their existence all together or one at a time, it’s the same
commitment either way.

The main goal of this talk is to analyze this argument from a mathematical point of view. We will discuss
how models of mereological theories can be extended into models that satisfy universalism.

Mereological theories are usually formalized in first order predicate logic with identity and a distinguished
binary predicate constant, <, meant to represent the parthood relation. Even though there are interesting
exceptions, the usual starting point is to consider that parthood relations are reflexive, antisymmetric and
transitive. In other words, parthood relations < are partial orders. We call this theory Core Mereology and
its models are posets.

Let P be a poset and A C P. We say that an element x € P is a fusion of A if, for any y € P, z oy
if and only if there exists z € A such that z o y, with = o y denoting the fact that x and y have a common
lower bound, in other words, that z and y overlap. We say that an element = € P is a sum of A if it is
an upper bound of A and for any y < z there exists z € A such that z o y. Fusion and sums are the two
most common definitions of composition of parts considered in formal mereology (see Hovda’s work in [3]
for a profound study of these formal definitions, some variants, and the consequences of their use in the
statement of mereological formal theories). For an arbitrary poset, neither existence nor uniqueness of sums
and fusions are guaranteed. We will say that a poset is fusion-complete (resp. sum-complete) if every subset
has a fusion (resp. sum) in P.

For the aim of this talk, we first need to discuss what is the convenient definition of a mereological
completion of a poset P. We will argue that it should be an extension of P into a fusion- or sum-complete
poset M which preserves the main features of P as a model of Core Mereology: the extension should be
an order-embedding that preserves and reflects the overlap relation and either fusions or sums. Further, in
order to be as economical as possible, every element of M should be a composition of a subset of P. We
will show that the following definitions are sufficient to satisfy the requirements above: a sum-completion of
a poset P a pair (M, e) where M is a sum-complete poset and e: P — M is a sum-dense order-embedding;
a fusion-completion of a poset P is a pair (M, e) where M is a fusion-complete poset and e: P — M is an
overlap-reflecting, fusion-preserving and fusion-dense order-embedding.

Strong Supplementation is a commonly assumed mereological principle:

yLar—Iz(z<y A zxz).

Models of Core Mereology + Strong Supplementation are known in lattice theory as separative posets. We
will use a construction used in the context of forcing techniques and Boolean-valued models in set theory
[2] to show that, assuming strong supplementation, there is a unique (up to isomorphism) fusion-completion
and a unique sum-completion. Furthermore, both coincide. This result is a strong argument in favor of
Lewis’s idea.

In the general case of an arbitrary poset P, we will show that there always exist fusion- and sum-
completions, but, unfortunately, they need no to be unique. However, assuming a weaker supplementation
principle, there is a sum-completion o: P — S(P) of P such that for any other sum-completion e: P — M
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there exists an onto monotone map g: M — S(P) such that goe = ¢. In other words, S(P) is a quotient of
any other sum-completion of P.

Finally, we will present a construction of a fusion-completion a: P — H(P) valid for atomic posets P.
Further, we will show that if e: P — M is a fusion-completion of P such that e is a dense map, that is,
for each element of M there an element in P mapped below it, then there is an injective fusion-preserving
monotone map g: H(P) — M such that goa =e.
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The Mal’tsev product of two classes of algebras consists of those algebras that have a homomorphic image
in the second class where, for each idempotent in the image, the preimage lies in the first class. We present
conditions for the Mal’tsev product of two varieties to be a variety.

1 Background

Let V and W be varieties of the same similarity type 7:  — N. The Mal’tsev product ¥V o W of V and W
consists of all algebras A of type 7 with a congruence 6, such that A/6 belongs to W and every congruence
class of # that is a subalgebra of A belongs to V. Each algebra A of type 7 has a smallest congruence ¢ (called
the W-replica congruence) such that the corresponding quotient algebra belongs to WW. The congruence 6 in
the definition of the Mal’tsev product may be taken to be the W-replica congruence g of A. (See [3].) Thus
the definition of the Mal’tsev product of varieties becomes

VoW ={A|(VacA) (afo< A = aoe V). (1)

By results of Mal’tsev [3, Ths. 1, 2], it is known that the Mal’tsev product VoW is closed under the formation
of subalgebras and of direct products. However in general, it is not closed under homomorphic images. We
are interested in sufficient conditions for the Mal’tsev product ¥V o W to be a variety.

2 The Results

Definition 1. [4, Def. 2.1] Let ¥V and W be varieties of type 7, and let ¥ be an equational base for V. We
define the following set " of identities:

YW= {u(ry, .. r) = 0(r, T |
(u=v) €x,
Vi=1,....,.n—1, WEmr =r1,
VweQ, Wkw(r,...,r) =7}

Theorem 2. [/, Lem. 2.2] Let V and W be varieties of type T, and let X be an equational base for V. Then
the variety H(V o W) generated by the Mal’tsev product V o W is defined by the identities V.
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Theorem 3. [/, Th. 3.3] Let V and W be varieties of type T, and let W be idempotent. If there exist terms
f(x,y) and g(x,y) such that

(a) V= f(z,y) =2 and VI=g(z,y) =y,
(b) W= flz,y) = g(z,y),
then the Mal’tsev product V o W 1is a variety.

Corollary 4. [2, Th. 6.3] If V is a strongly irreqular variety with no nullary operations and S, is the variety
of the same type as V, equualent to the variety of semilattices, then V o S, is a variety.

If ¢ is a term of type 7 and W satisfies the identities
w(t,...,t) =t, (2)

for all w € Q (as in Definition 1), then we say that ¢ is a term idempotent of W.

Theorem 5. [5, Thm. 4.1] Let V and W be varieties of the same type, and let W be term idempotent. If
there exist terms f(x,y,2) and g(z,y, z) such that

(a) VI f(z,y,y) =2 and V = g(z,2,y) =y,

() WE flz,z,y) = g(z,2,y),

(c) f(z,z,y) is a term idempotent of W,
then the Mal’tsev product V o W is a variety.

Theorem 5 has a number of interesting consequences and applications. It is a common generalization of
Theorem 3 and of the following theorem of Bergman.

Theorem 6. [1, Cor. 2.8] If V and W are idempotent subvarieties of a congruence permutable variety, then
VoW is a variety.
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Not every finite representable Tarskian Relation Algebra (RA) is representable over a finite base. However,
this Finite Base Property (FBP) does hold for some of its reduct languages. As conjectured for some time,
we have recently shown that the FBP is in fact neither weaker nor stronger than the finite axiomatisability
(FA) of the representation class. Furthermore, while the FA is known to hold or fail for the majority of
the RA reducts and many well known tools are available to prove or disprove it, the FBP remains largely
unknown with results especially sparse on the positive side. We conjecture that the FBP holds if and only if
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the language contains neither composition and negation nor composition and meet. We then prove the left
to right implication of the conjecture. We conclude by showing some cases on the right to left implication
and outline a possible proof for the general case.

Presenting Quantitative Inequational Theories
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It came to the attention of myself and the coauthors of [1] that a number of process calculi can be obtained
by algebraically presenting the branching structure of the transition systems they specify. Labelled transition
systems, for example, branch into sets of transitions, terms in the free semilattice generated by the transitions.
Interpreting equational theories in the category of sets has undesirable limitations, and we would like to have
more examples of presentations in other categories.

In this brief article, I discuss monad presentations in the category of partially ordered sets and monotone
maps. I focus on quantitative monads, namely free modules over ordered semirings, and give sufficient
conditions for one of these to lift a monad on the category of sets. I also give a description of ordered
semirings that are useful for specifying unguarded recursive calls. Examples include ordered probability
theory and ordered semilattices.

Monad presentations Intuitively, a monad is a free-object construction that takes some desirable prop-
erties as input and outputs the initial object satisfying those properties. Classically, the objects of interest
are algebras, the properties of interest are equations, and the free-object is the initial algebra satisfying said
equations.

Fix an endofunctor S : C — C on a category C. An (S-)algebra is a pair (X, a) consisting of an object
X of C and an arrow «a : SX — X. A homomorphism h: (X,a) — (Y, ) is an arrow h: X — Y in C such
that S(h) o = B oh. Algc(S) denotes the category of S-algebras and homomorphisms.

For the most unrestricted view of properties that an algebra can satisfy, we simply consider full subcat-
egories of Alg(S). The following notion of monad presentation is inspired by [6].

Definition 1. Let T be a full subcategory of Alg-(S). A T-presented monad is a triple (M, 7, p) consisting
of the following ingredients: (i) An endofunctor M : C — C, (ii) a natural transformation n : Id = M, and
(iii) a natural transformation p : SM = M such that

(a) (MX,px) €T for any object X of C, and

(b) for any S-algebra (Y, ) and any arrow f: X — Y in C, there is a unique S-algebra homomorphism
[P (MX, px) — (Y, ) such that f%on=f.

Quantitative theories Discrete processes that branch with observable quantities are popular in the au-
tomata theory and process algebra literature [5, 2, 7]. In the cited works, formal calculi are used for specifying
and reasoning about behaviours of such processes. Algebraically reasoning about behaviour inevitably relies
on an algebraic characterisation of the branching structures of processes.

Quantitative branching is often depicted by decorating transitions with numbers, vectors, or other quan-
tities. Generally, quantities appear as elements of a (positive) semiring P = (P,0,1,+,-), a set P equipped
with constants 0,1 and binary operations +,- such that (P,0,+) is a commutative monoid, (P, 1,-) is a
monoid, Or =0, r(s +t) =rs+rt, and (s +t)r = sr +tr for all v, s,t € P [8].

Definition 2. A P-module is a monoid (X, 0, +) equipped with an action P x X — X, written (r,z) — rz,
such that 0x = 0, la = z, (rs)x = r(sx), and (r + s)z =rxz + sz for z € X and r, s € P.
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Abstractly, P-modules are algebras for S = P x Id+ {+} x Id? that satisfy a handful of equations, where
Id is the identity on Sets. They form a full subcategory PMod of Algs.(S). The free P-module on X
consists of finitely supported 6 : X — P, where the support of 6 is supp(0) = {x € X | 0(x) # 0}.

Definition 3. The free P-module functor O, : Sets — Sets is given by

O0,X ={0: X — P |supp(h) is finite} Oy (h)(0)(y) = h*0(y) := Z 0(z)
h(z)=y

for any set X and any h: X — Y. The PMod-presented monad is the triple (O,,,d, p), defined

1 z=y

p(0) =0 p(r,0) =rf p(+,01,02) = 6, + 0,
0 z#y

dx(z) =6, = My. {

where 0(z) = 0, and 76 and 6; + 0 are evaluated pointwise.

Example 4. Consider 2 = ({0, 1},0, 1, max, min). 2Mod is equivalent to the category of join semilattices
with bottom. In particular, O, is naturally isomorphic to the finitary powerset functor P,,.

Example 5. Consider Rt = (R>0,0,1,+, x). RMod is equivalent to the category of positive cones of finite
dimensional real-valued metric spaces and linear maps with nonnegative entries.

Ordered quantitative theories A notable example of the power of algebraic presentation for the purposes
of reasoning about behaviour is Stark and Smolka’s algebra of probabilistic actions [5], which is used to study
processes that branch probabilistically, with weights from the semiring R*. An important feature of their
calculus is its interpretation of recursive specifications as least fixed-points.

Recently [9], I made that the observation that the existence of these least fixed-points is a property of the
inequational theory obtained from the theory of R™-modules. Where Pos is the category of partially ordered
sets (posets) and monotone maps, an inequational theory is a set of inequalities that describes a category of
S-algebras for a functor S : Pos — Pos, or ordered algebras.

Definition 6. An ordered semiring (with bottom) P = (P,<,0,1,+,-) is a semiring (P,0,1,+,) where
(P, <) is aposet, (Vr € R) 0 < r, and +, - are monotone. An ordered P-module is a P-module (X, 0, +) such
that r < s and x < y implies rx + z < sy + z for any r,s € P and z,y,z € X.

Abstractly, an ordered P-module is an algebra for S = (P, <) x Id 4 ({+},=) x Id? satisfying a set of
inequations, where Id is the identity functor on Pos now. We also write PMod for the full subcategory of
Algp,.(S) consisting of ordered P-modules.

If the reader is anything like myself, they might expect me to say that O, constructs the free ordered P-
module on a poset (X, <). This is not always the case. For example, turn the semiring 2 from Example 4 into
an ordered semiring by taking 0 < 1. Then an ordered 2-module consists of the same data as a semilattice
with bottom, in the sense of order theory [10]. The free ordered semilattice on a poset (X, <) is carried by
the finitely generated downwards-closed subsets of (X, <), which is not equal to P, X in general!

In many cases, quotienting the set O,X by a certain preorder suffices. Call a subset U C X upwards
closed if x € U and x < y means y € U. The heavier-higher order is the preorder C on O, X defined so that
¢1 C 02 if and only if for any upwards-closed U C X, Y, 01(x) < D, oy 02() (see for e.g. [11]). We write
91 = 92 if 01 C 92 C 01, [91] = {92 ‘ 91 = 92}, and OL\(X7 S) = (OWX/E, E)

Say that a semiring is cancellative if (Vr,s,t) v+ s < r + t implies s < ¢, difference ordered if r < s
implies (3t) ¢t +t = s, and idempotent if r + r = r. Our main result states that the free ordered P-module
is (02, [p]) when P is made of cancellative difference ordered and idempotent semirings.

Theorem 7. Suppose P = [[,.; P, where P; is either cancellative and difference ordered, or idempotent,
for each i € I. Then (O)),[0),[p]) is the PMod-presented monad.

In fact, if P is cancellative, like in Example 5, then C is a partial order. Consequently, if P is cancellative
and difference ordered, (O, [d], [p]) lifts the monad (O, 4, p) on Sets.

A negative answer to this question would consist of an example of an ordered semiring P and a monotone
map f : (X,<) — (¥, <) into a P-module (Y, <, 3) such that the inductively defined homomorphism f# :
0O,X — Y is not monotone with respect to the heavier-higher order.
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Distribution theories Finally, I would like to mention sufficient conditions for ensuring that recursive
specifications of probabilistic branching have least fixed-points, like in [5, 2]. Call an ordered semiring P
division if (Vr > 0)(3s) rs = sr = 1. Call amap A : (0,X)" — (O, X)" stochastic affine if A = [a;;] + )
for some square P-matrix [a;;], e (0,X)", and 6;(X) + >ojai; =1

Theorem 8. If P is cancellative, difference ordered, and divisive, then every stochastic affine map has a
least fized-point with respect to the heavier-higher order.
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Augmented Quasigroups and Heyting Algebras
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Lambek and others have long remarked on the analogies between quasigroup divisions and residuations.
Now, as a result of a recent study [7] of fusion algebras in algebraic combinatorics and quantum theory (e.g.,
anyons), the concept of an augmented quasigroup in a compact closed category emerges as a precise
unifying framework for quasigroups, Heyting algebras, and related structures.
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1 Compact Closed Categories

Recall that a symmetric monoidal or tensor category (V,®,1) is said to be compact closed [1, 4] if it has:
(a) a contravariant duality functor *: V. — V;
(b) a natural transformation evs: A ® A* — 1 of evaluation, and
(¢) a natural transformation coevg: 1 — A* ® A of coevaluation

such that [A%A@)A*@A%A} and [A*&A*@)A@A*%A*]

reduce respectively to the identities 14 and 14~ for objects A of V. Typical examples of compact closed
categories are provided by finite-dimensional vector spaces, finite multisets, and relations on sets.For objects
Ay, As, A3 in a compact closed category (V,®,1), we have the natural isomorphisms

DAy Ay Az V(A2 ® Ay, Ag) — V (A, A3 ® A7),
T13: A3® Ay ® A1 -+ A1 ® Ay ® Azjaz3 R as ® ar — a1 ® as Q az,
Tog: A1 ® A3 @ Ay = A1 ® Aa ® Asgj a1 ® ag ® as — a1 ® az ® as,
and then define
Ti5: V(A1 ® Ay ® A3,1) —» V(A3 @ A2 ® A1,1);60 — 71360 and
Tos: V(A1 ® Ay ® A3,1) > V(A ® A3 ® Az, 1);0 — 1930
for morphisms

0: A1 ® A2 ® A3 — 1 in 'V (using “algebraic” or “diagrammatic” notation).

2 Augmented Magmas and Augmented Quasigroups

An augmented magma [7, Def’n. 3.6] has a multiplication (structure) p: A® A — A*; a comultiplication
A: A— A® A, and an augmentation €: A — 1, such that the diagram

A @ AR A A0 o AR A® A

E®€J lT@)eVA

1 AR A",

eva

coevaQ@u

commutes. Here, 7: A*® A — A® A* swaps factors. Let (4, u, A, €) be an augmented magma in (V,®,1).
(a) The V-morphism p = N¢£}A®A,1Tf3¢A7A®A71: A® A — A* is called the right division (structure) on
the augmented magma (A, p, A, ¢).

(b) The V-morphism A = H¢Z}A®A,1T§3¢A,A®A,1: A® A — A* is called the left division (structure) on
the augmented magma (A, u, A, €).

(¢) The structure (A, u, p, A, A, £) is an (augmented) quasigroup [7, Def’n. 4.1] if (A, p, A, &) and (A4, \, A ¢)
are augmented magmas.

3 Set-valued Functions and Structures in the Relation Category

We focus on the compact closed category (Rel, ®, T) of relations on sets. Recall that the tensor product
® here is the Cartesian product, with a singleton T (say {0 }) as the tensor unit. Composition is the relation
product. Let A be a set with a “set-valued” function A x A — 24: (x,) — z o y.

(a) Theset {(z®y,2) | z,y,2 € A, z € x oy} is the multiplication relation pu: A®@ A — A*.

(b) The comultiplication A: A — A® A is the diagonal {(z,z @ x) | x € A}.
(c) Define augmentation ¢: A — T as the relation {(z,0) | x € A}.

This defines (A, u, A,¢) in (Rel,®, T). A hypermagma [5, Defn. 6.1(a)] (A,©) is a set A equipped with a
function A x A — 24 { };(z,y) =~ zoy.
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Proposition. A set A with A x A — 24; (z,y) = x oy is a hypermagma iff the structure (A, p, A, €) is an
augmented magma in (Rel, ®, T).

The proposition shows that the categorical augmented magma concept captures the set-theoretical non-
emptiness condition for the set-valued product of a hypermagma.

Now, on a set A, take three hypermagma structures (4,¢), (A, ), and (A, X\). Then (4,0, £, 1) is a
Marty quasigroup if and only if the conditions

zeExOoYy & zTE€E2zAKY & YETANZ

hold for elements z,y, z of A. (Compare [6] for the associative case.)
A residuated magma is a partially ordered algebra (A4, <,-,/,\) such that (A, <) is a poset, and -, /,\
satisfy the residuation property

ry<z & z<z/ly < y<aza\z (1)
[2]. For example, in a Heyting algebra (A, A, —), consider
zANy<z & zz<y—z & y<z—o=z (2)

as a residuation [3, §1.1.10]. Define the up-sets ta = {z € A | a < x} and the down-sets la = {x € A |z < a}
for elements a of A. Then the specifications

zoy="T(x-y), zAy=1,(z/y) and zXxz=](z\2)
yield a Marty quasigroup (A4, ¢, £, X\).
Theorem ([7, Th. 4.6]). Marty quasigroups are equivalent to augmented quasigroups in (Rel,®, T).

Corollary ([7, Cor. 4.7]). Quasigroups are equivalent to augmented quasigroups in (Rel,®, T) for which all
the structure actually lies in (Set, x, T).
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Central Extensions, Presentations and Hochschild—Serre
in Varieties with a Difference Term
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There is a cohomology theory for arbitrary varieties characterizing extensions realizing affine datum. The
theory is replete with semidirect products, derivations, stabilizing automorphism groups and admits an ad-
ditional parameter controlling the equational theories of extensions. In varieties with a difference term,
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the second-cohomology with trivial actions characterize central extensions. In this setting, we establish a
low-dimensional Hochschild—Serre exact sequence and discuss applications to lifting homomorphisms and
characterizations of the second-cohomology group by datum derived from the commutator in free presen-
tations. Varieties with a difference term cover many classical and non-classical algebras; by specialization,
we recover the classical and motivating results from group theory and somewhat more recent results for
subvarieties of modules expanded by multilinear maps such as Loday-type algebras.

Minimum Proper Extensions in Lattices of Subalgebras
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An element b in a lattice L is called strictly meet-irreducible (smi) if there is ¢ > b in L such that ¢ < y or
¢ =y for every y > b in L. Let I and A be algebras (in the sense of Universal Algebra) with I a subalgebra
of A, and let S(I, A) be the lattice of all subalgebras of A that contain I. If B is smi in S(I, A) with unique
cover C, then we call B < C a minimum proper extension (mpe) in S(I, A). We consider the problem of
identifying all the mpe’s in lattices of the form S(I, A). After giving a few general results, we solve the
problem for S(Z,R), where Z and R represent the additive groups of integers and real numbers, respectively.
If time allows, we will also discuss how this work relates to the problem of identifying atoms in the lattice
of hull operators on various categories of Abelian lattice-ordered groups.

On the Number of Clonoids Between Finite Modules

PATRICK WYNNE PETER MAYR
University of Colorado Boulder, USA
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A clonoid from an algebra A to an algebra B is a set of functions from powers of A into B that is closed with
respect to precomposition with term functions of A and closed with respect to postcomposition with term
functions of B. We investigate clonoids between finite modules. These structures arise in the description of
nilpotent Mal’cev algebras. We show that if the two modules have orders that are not coprime then there
are infinitely many clonoids between them. On the other hand, if the modules are of coprime order then the
number of clonoids from A to B depends on the structure of A. We classify modules over commutative rings
for which the clonoids are generated by their unary functions.

Generalized Ultraproducts for Positive Logic
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We present a generalization of the ultraproduct construction suitable for positive logic in the sense of [1].
While the classical notion of ultraproducts involves ultrafilters in the powerset Boolean algebra of some
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index set, the generalized notion of (prime) filter products is dependent on (prime) filters, respectively, in
the Heyting algebra of up-sets of an index set, which is now equipped with a partial order. In the present
abstract, we first define this new notion, and then proceed to present counterparts of classical theorems on
ultraproducts, such as Los’s Theorem, the YL.o§-Suszko Theorem, and the Keisler—Shellac Theorem.

Definition 1.

1. A wellfounded forest is a poset in which every principal down-set is a wellorder.

2. Let (I, <) be a wellfounded forest, F' a filter in Up(I, <), and (h;; : M; — M, |i < j € I) be a direct
system of homomorphisms between structures of a common signature. Define the set [ A; to be

{ae [[Mi: 31 € FVi < j eI hi(a(i)) = a(j)}.
iel
The relation defined by (a =p b iff [a = b] € F) is a congruence of [[n M;. We call [[ M,/ =F a
filter product of {M; : i € I} and a prime (filter) product, when F is a prime filter of Up(I, <).
Remark 2.

1. Ultraproducts can be regarded as a special kind of prime filter products whose index sets are equipped
with the diagonal binary relation.

2. This definition of prime filter products can be motivated in a sheaf-theoretic manner. Sheaf-theoretically,
an ultraproduct [],, M; is the stalk at D of a sheaf obtained by composing the topological embedding
of I into the Stone space of P(I) with the sheaf associating each finite subset I’ C I with the direct
product [];.;, M;. Naturally generalizing this, one can think of the stalk at D of a sheaf obtained by
composing the topological embedding of a poset I into the Priestley space of the Up(I), where F is a
prime filter of Up(7), with the sheaf

I' {ae [ Mi | Vi < j € I'hijlali)) = a(j)}-
iel’
One can easily check that this stalk is nothing but the prime filter product [], M;.
To state our results, we need to define the following fragment of first-order logic studied in positive logic.
Definition 3 ([1]).

1. A positive existential (or 37) formula is a first-order formula obtained by existentially quantifying,
finitely many times, disjunctions of conjuctions of atomic formulae. We assume that a first-order
language always contains as a 0-ary predicate |, the contradiction.

2. A basic h-inductive formula is a first-order formula obtained by universally quantifying, finitely many
times, a conditional between 3* formulae. An h-inductive (or V3 ) formula is a conjunction of basic
h-inductive formulae.

Then we have the following analogue of Lo$’s Theorem.

Theorem 4. Given a direct system (h;; : M; — M;) of homomorphisms indexed by a wellfounded forest I
and a filter F in Up(I), for every positive primitive formula ¢(T) (that is, a 3T formula with no nontrivial
disjunctions) and a tuple a of elements of the filter product || M;,

[[M Eé@ < [¢@)] e F.
F

If F is prime, the displayed biconditional is true of all 3% formulae.
One can also characterize the definability of a class of structures by V3 sentences a la L.os-Suszko.

Theorem 5. A class K of algebras is axiomatized by V;‘ sentences if and only if K is closed under ultraroots
and prime products.

We conclude this abstract by stating a counterpart of the Keisler-Shelah Theorem. First, we can show
the following:
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Theorem 6. Let K a quasivariety of finite type, with a finite nontrivial member. Then the following condi-
tions are equivalent:

1. The nontrivial members of K satisfy the same existential positive sentences.
2. Any two nontrivial members of K have isomorphic prime powers.

In view of this, we conjecture the following. Here, a positively existentially closed model of T is a structure
M | T such that for every homomorphism h : M — M’ into another model M’ of T, every 3T formula
@(T), and every tuple @ in M, M’ = ¢(h(a)) implies M = ¢(a).

Conjecture 1. Let T be a V§ theory and x be a large enough cardinal such that 2% = k¥ with additional
set-theoretic assumptions. The following are equivalent.

1. Positively existentially closed models of T have the same 3T theory.

2. Positively existentially closed models of T of cardinality less than k have isomorphic prime powers.
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Directed Partial Orders and Birkhoff-Pierce Problem
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The so-called Birkhoff-Pierce problem ([1] ) was raised by G. Birkhoff and R. Pierce in 1956: “Can the
field C of complex numbers be made into a lattice-ordered field?” This problem has a history more than 65
years and is still open today. M. Henriksen listed Birkhoff-Pierce problem in [3] as the top 2 problems of
lattice-ordered rings and the reviewer of [3] commented that Birkhoff-Pierce problem is the most famous old
question about lattice-ordered rings.

Birkhoff and Pierce prove in [1] that C does not admit any such orderings as an algebra over the real
number field R. L. Fuchs generalized in 1963 (|2, problem 31, p.212|) Birkhoff-Pierce problem as to describe
the directed partial orders of C, R and the division ring H of the quaternions. In 1976, R. Wilson surprisingly
proved in [10] that there are infinitely many lattice orderings on R, partly answered the Fuchs’ problem over
R. In 1986, N. Schwartz proved in [8] that algebraic number fields admitting no total order do not allow a
lattice order. The most important progress is due to N. Schwartz and Y. Yang, who in 2011 proved in [9]
that C admits directed partial orders. However, Birkhoff-Pierce problem is still open since Schwartz and
Yang further proved that none of those orders in [9] are lattice ones. Since 2017, J. Ma, L. Wu and the third
author of the present article classified in a series papers all directed partial orders over an imaginary quadratic
extension of a non-archimedean o-field in [4], [5], [6]. In [4], they use the notion admissible semigroup to
classify directed partial orders with 1 > 0, while they use the notion special convex set to classify directed
partial orders with 1 ¥ 0 [5, 6]. In 2020, Z. Xu and the third author of the present article use the new
concept doubly convez set in [11] to uniformly classify all directed partial orders over F'(i) without dividing
them into two cases as 1 > 0 and 1 % 0.

Bibliography
[1] G. Birkhoff, R. S. Pierce, Lattice-ordered rings, An. Acad. Brasil. Ci. 28 (1956), 41-69.
[2] L. Fuchs, Partially ordered algebraic systems, Dover Publication, Inc. (2014).

[3] M.Henriksen, Old and new unsolved problems in lattice-ordered rings that need not be f-rings. Ordered algebraic
structures, 118C17, Dev. Math., 7, Kluwer Acad. Publ., Dordrecht, 2002. Princeton, NJ, 2017. xxi+849 pp.

39



[4] J. Ma, L. Wu, Y. Zhang, Directed partial orders on generalized complex numbers and quaternions, Order,
2017(3)34, 37-44.

[6] J. Ma, L. Wu, Y. Zhang, Directed Partial Orders on F(i) with 1 > 0£—Order, Vol. 35, 2018, 461-466.

[6] J. Ma, L. Wu, Y. Zhang, Directed partial orders on the field of generalized complex numbers with 1 % 0, Positivity,
2019(24)3,1001-1007.

[7] W.Rump, Y. Yang, Non-archimedean directed fields K (i) with o-subfield and i> = —1, J. Algebra 400 (2014) 1-7.
[8] N. Schwartz, Lattice-ordered fields, Order, 3, 1986, 1795C194.

[9] N. Schwartz, Y. Yang, Fields with directed partial orders, J. Algebra 336(2011), 342-348. (2011) 342-348.

[10] R.R.Wilson, Lattice orderings on the real field, Pacific Journal of Mathematics, 63(1976), 571-578.

[11] Z.P.Xu, Y.H.Zhang, Directed partial orders on non-archimedean o-fields, Positivity, 24(2020), 1279-1291.

[12] Y.Yang, On the existence of directed rings and algebras with negative squares, J. Algebra 295(2006), 452-457.
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Following [2]|, a nonempty set T equipped with three binary associative operations -, I, and L satisfying
the following axioms:

(xdy)dz=z4(yt 2), (T1)
(ckFy)dz=zF (y2), (T2)
(zdy)Fz=zkF (y+ 2), (T3)
(zdy)dz=a4(y L 2), (T4)
(xLy)dz=a L (y-2), (T5)
(xdy) Lz=a L (yt+ 2), (T6)
(xby) Lz=aF (y L 2), (T7)
(xlykFz=zF(ytk2) (T8)

for all x,y,z € T, is called a trioid. In [2], Loday and Ronco described the free trioid of rank 1. The free
trioid of an arbitrary rank was given in [4]. Recall this construction.

Let X be an arbitrary nonempty set, and let F[X] be the free semigroup on X. The length of an
arbitrary word w € F[X] is denoted by ¢,. For any n,k € N and L C {1,2,...,n}, L # &, we let
L+Fk={m+k|me L}. Define operations -, -, and L on the set

F={(w,L)|weF[X], LC{1,2,...,0,}, L+ )}

by
(w,L) 4 (u,R) = (wu, L), (w,L)F (u,R) = (wu, R+ £y,),

(w,L) L (u,R) = (wu, LU (R+4y))

for all (w,L),(u,R) € F. By [4, Lemma 7.1 and Theorem 7.1], (F,-,F, L) is the free trioid on X. It is
denoted by FT(X).

Recall that a dimonoid [1] is a nonempty set T equipped with two binary associative operations - and +
satisfying the axioms (7'1)—(7'3). A dimonoid (T, H,F) is called a rectangular dimonoid [3] if both semigroups
(T,) and (T,}F) are rectangular bands. If p is a congruence on a trioid (7, H,+, L) such that two operations
of (T,,F, L)/p coincide and (T, H,t, L)/p is a rectangular dimonoid, we say that p is a rectangular dimonoid
congruence.

We characterize the least rectangular dimonoid congruences on the free trioid FT'(X).
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On Automorphisms of the Category of Free g-Dimonoids
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The problem of studying the automorphism group of the category of free algebras in a certain variety
was raised by Plotkin in his papers on universal algebraic geometry (see, e.g., [1]). Now there are many
papers devoted to describing automorphisms of the category of free finitely generated universal algebras in
some varieties: groups, (inverse) semigroups, associative algebras, modules and semimodules, Lie algebras,
commutative dimonoids and other algebras.

A nonempty set D with two binary associative operations 4 and I is called a g-dimonoid [2] if

(xdy)dz=z4(yk2), (xdy)Fz=azt(yk 2)

for all z,y,z € D. In [3] the Plotkin’s problem was considered for the variety of commutative g-dimonoids.
Here we study the similar problem for the category of free g-dimonoids.
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