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Equations in the signature {V,-, 1}

Residuated Lattices

A (commutative) residuated lattice is a structure
R ={R,-,V,A,\,/, 1}, such that

e (R,V,A) is a lattice

e (R,-,1) is a (commutative) monoid

o Forall z,y,z € R
ry<z <= y<a\z < z<z/y,

where < is the lattice order.

We denote the variety of (commutative) residuated lattices by
(CRL) RL.
If (r) is a a rule (axiom), then (C)RL; := (C)RL + (r).
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X,2,2,Y = C
(K2) z < a? XzZy=c 9
X Y=C Fw]
(k9) <1 X zy=cVW
XY =C X DY =C o
(kb) 22 <z X, 71, 25,Y = C Hnete
For n # m,
g ]
(k™) a" < g™ X, Z1,... 20, Y = C on
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Some known results

e [van Alten 2005]
CRL + (k) has the finite embedability property (FEP).
o FL. + [k] is dedidable.
o CRL + (k') + T, has the FEP for any set of
{V,-, 1}-equations I'. [Galatos & Jipsen 2013]
e [Chvalovsky & Horé¢ik 2016]
FL. is undecidable.
o RL + (k) is undecidable for 1 <n < m.
o For any variety V, if Wz € V then V is undecidable.
e [Urquhart 1999]
FL.., although decidable, does not admit a primitive
recursive decision procedure.
o The decidability of FL, + k'] is not primitive
recursive for 1 <n < m.
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Equations in the signature {V,-, 1}

How do general equations in the signature {V,-, 1} effect
decidability?

o We will take an algebraic, rather than proof-theoretic,
approach via the theory of residuated lattices.
e We will only inspect {V,-, 1}-equations in CRL.
o Undecidability results for many {V, -, 1}-equations in
RL are consequences of [Chvalovsky & Horéik 2016].

6 /29
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Linearization

or <y <= zVy=y
erVy<z <= x<zandy<z
o For any n > 1 and m > 0,

(V2) 2" < 2™ <= x1 2 < (21 V.o V)", (Yo, .. zp)

n
— ai an . J—
—\/ T ~-a:n".g a; =m
i=1

Thus, any equation s = ¢ in the signature {V,-,1} is
equivalent to some conjunction of simple rules, i.e. linear
inequations of the form:

wlxng\/{x?lxzn t(ai)iey € A},

for some finite set A C N™.
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Equations in the signature {V,-, 1}

Observations

When does a simple rule entail a knotted rule?

CRL, = (k') = CRL, has the FEP.

n

Definition

We say a simple rule (d) is a d-rule iff for all knotted rules (k]"),
CRLq I~ (ky').

We denote the set of d-rules by D.
Example:

xSxQ\/l
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Characterization of D

Consider the cancelative monoid (N, +). By adjoining bounds
1, T, we form the residuated lattice M:

//T\\\G

My [ (2" <2™) <= My [ (Vo) ne < mz
<~ n=m.

Therefore, My satisfies no knotted rules.

My E (1) = (1) € D.
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d-rules

Let (d) be an n-variable d-rule given by x; - - -z, < t.
e No single-variable substitution instance of (d) can yield a
knotted rule.

e Le., for every valuation o : {x;}I | = My,
My ): O‘(H?:l xz) < O‘(t) = My € CRL,.
Hence,
o (d) is ad-rule <= My = (d) <= no single-variable
substitution instance of (d) yields a knotted rule.

10 /29
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Definition
Define the collection D, C D by

(d)eDy <= (Vn#m>1)CRLy FEz" <2 V1,
and define D, C D, by
k
(d) € D, <= CRLyEz" <\ 2",
=1

1=
for some k > 1 and n,c¢; > 0, for each i =1, ..., k.

Examples:

Dy : z < 23va? z < 2?vaz?v1 zy < xy2\/a;2y3\/a:2y

D, : z < z3vz? Ty < xy2\/x2y3\/x2y
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Approach

@ As in Lincoln & Mitchell et. al. (1992) and Urquhart
(1999), we will use counter machines (CM) for our
undecidable problem.

@ Given a CM M, we construct another machine M’ and a
commutative idempotent semi-ring Ay = (Arpgr, V, -+, L, 1).
o We interpret machine instruction as relations on A ;.
o We define a relation <,;s on A, such that M halts on
input C iff §(C) <ap gy for terms 0(C), g5 € Anp.

@ Following Chvalovsky & Horéik (2016), we use the theory
of residuated frames [Galatos & Jipsen 2013] to encode the
halting problem for M as a decision problem in CRLq, for
a given (d)e D,
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Counter Machines

A k-CM M = (Rg, Q, P) is a finite state automaton where:
e k>1, Ry ={ry,...,r} is a set of registers (or bins)
capable of containing a nonzero number.
o |r| represents the contents of a register r € Ry.
o () is a finite set of states with a designated final state qp.
o P is a finite set of instructions of the form:
(increment) g 4+ rq’, (decrement) ¢ — rq’, (zero-test) qOrq’.
o There are no instructions of the form ¢z ---.
o A configuration C € Conf(M) := Q x N¥ is a tuple
(g;m1,...,nk), where n; = |r;| for each i =1, ..., k.
o M has a designated final (or halting) configuration C.
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Counter machines cont.

We interpret instructions by their effect on configurations:

q+riq’

(g;n1y ooy njyeyng) ——— {(¢sny,n + 1,0, n)
P
<Q;n1>"-7ni+17"'>nk> u) <q/;n1>“-ania"'7nk>
q0r;q’

(g;n1y .oy 0,y —— {¢5n1,...,0, ., n).

We define the M-computation relation ~-,; on Conf(M) to be

the transitive closure of [J 5,
peP
We say a configuration C' € Conf(M) terminates if C' ~pr Cp

Theorem

There exists a 2-CM M such that membership in set of
terminating configurations of M is undecidable.

15/29



Approach

The algebra A,

Let M = (Ry,Q, P) be a k-CM, and let Z = {21, ..., 21, ¢} be a
set of (k + 1)-many fresh states.



Approach

The algebra A,

Let M = (Ry,Q, P) be a k-CM, and let Z = {21, ..., 21, ¢} be a
set of (k + 1)-many fresh states.
A
Let Ay = (A, V, -, L, 1) to be the commutative idempotent
semiring generated by Ry UQ U Z U {L, 1}, where




Approach

The algebra A,

Let M = (Ry,Q, P) be a k-CM, and let Z = {21, ..., 21, ¢} be a
set of (k + 1)-many fresh states.

A
Let Ay = (A, V, -, L, 1) to be the commutative idempotent
semiring generated by Ry UQ U Z U {L, 1}, where

o (Ap,V, 1) is a V-semilattice with bottom element L (i.e.

it is a commutative idempotent monoid with the additive
identity L), and




Approach

The algebra A,

Let M = (Ry,Q, P) be a k-CM, and let Z = {21, ..., 21, ¢} be a
set of (k + 1)-many fresh states.

A
Let Ay = (A, V, -, L, 1) to be the commutative idempotent
semiring generated by Ry UQ U Z U {L, 1}, where

o (Ap,V, 1) is a V-semilattice with bottom element L (i.e.
it is a commutative idempotent monoid with the additive
identity L), and

o (A, -, 1) is a commutative monoid with the multiplicative
identity 1.

16 / 29



Approach

The algebra A,

Let M = (Ry,Q, P) be a k-CM, and let Z = {21, ..., 21, ¢} be a
set of (k + 1)-many fresh states.

A
Let Ay = (A, V, -, L, 1) to be the commutative idempotent
semiring generated by Ry UQ U Z U {L, 1}, where

o (Ap,V, 1) is a V-semilattice with bottom element L (i.e.
it is a commutative idempotent monoid with the additive
identity L), and

o (A, -, 1) is a commutative monoid with the multiplicative
identity 1.

Note that x(y V z) = zy V zz for all x,y,z € Ayy.

16 / 29
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Instructions in A,

A
Let 6 : Conf(M) — Apr be the map defined by

0. n "
(@1, ., ng) = qryt ook

A
Define Ry := {r{*---ri* € Ay i nq,...,ng € N}

v

Our goal is to construct a relation <j,; such that
Increment and decrement instructions can naturally be
simulated, for all x € R;, by

p: q+rid = qz <4 drz
p: q—rid = qu-:c<‘7\4 qz.
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The zero-test cannot be simulated in a similar “linear” fashion.
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Zero-test instructions in A,

The zero-test cannot be simulated in a similar “linear” fashion.
Following [Lincoln & Mitchell, 1992], we utilize right-V and
zero-test states ¢ € Z as follows,

p: q0ryd = qr <b, ¢z V zizx
q=z — zixy <3 4re
g=qr = 0(Cp) <% ar

for all i € {1,....,k}, z € R, and y € (R3 \ {r:})*.

We need gz V zjx <pr qf = qx <y qf and z;x <pr qy.

18 /29
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The relation <, on Af,

We define the set A?M C Ay by,

uEA?V[ = u=\Vqr, m>21,¢€QUZ x; € R}
i=1
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Approach

The relation <, on Af,

We define the set A‘]QW C Ay by,

u € A?M — u= 4\/1qi93i, m=>1,q€QUZ xRy
1=
We construct the computation relation <;; on A?M by
o Let I" be the V-closure over A?\/[ of

U<pU U<q
peP qeZ
o Define <7 be the transitive closure of I' U {(q¢, g5)}.

Proposition (Lincoln & Mitchell 1992)

For all configurations C' € Conf(M),

C -~y Cp <= 0(C) <y qf-
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Residuated frames

Definition [Galatos & Jipsen 2013]

A residuated frame is a structure W = (W, W' N, o, \, /, 1),
s.t.

e (Wo,1) is a monoid and W' is a set.
e N CW x W/, called the Galois relation, and
o \:WxW — W' and J: W x W — W’ such that

e N is a nuclear, i.e. for all u,v € W and w € W,
(uov) Nwiff u N (w Jv) iff v N (u\ w).
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Definition [Galatos & Jipsen 2013]

A residuated frame is a structure W = (W, W' N, o, \, /, 1),
s.t.

e (Wo,1) is a monoid and W' is a set.
e N CW x W/, called the Galois relation, and
o \:WxW — W' and J: W x W — W’ such that

e N is a nuclear, i.e. for all u,v € W and w € W,
(uov) Nwiff u N (w Jv) iff v N (u\ w).

Define * : P(W) — P(W') and < : P(W') — P(W) via
Xt ={ye W' :Vze X, xNy} and
Yi={xeW:VyeY, xNy}, foreach X CW and Y C W'.
Then (‘> <) is a Galois connection.
So X Y5 X™9 is a closure operator on P(WW).
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Residuated frames cont.

Fact [Galatos & Jipsen 2013]
W= (W[P(W)], Uyy, 0, 095, \s /v ({11)),

XUy Y=9n(XUY)and X oy, Y =qn(X oY),

is a residuated lattice.

Define the relation N C Ay X Ay by u N v <= uv <ps q;.
Then N is nuclear with \\ = / since A is commutative.

Wi = (Aum, Anr, N, -\, {1}) is a residuated frame and
W, €CRL
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As a consequence of this construction,

u<yqr <= CRLE| & 0(x) =u<q|,
xePUZ

N
N
N
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As a consequence of this construction,

u<yqr <= CRLE| & 0(x) =u<q|,
xePUZ

where we view R U Q U Z as variables in the CRL, and

p: q+rid = 0(p): g < g

p: q—rqd = 0p: qi < ¢
p: qOrid = O(p): ¢ < ¢Vz

q =z = 0(q) ziry <oz

&z < qp

q=qr = 0(@): = =< gqy,

for each i € {1,...,k} and j # 1.

N
N
N
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The effect of d-rules on the encoding

For (d)e D.
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The effect of d-rules on the encoding

For (d)e D.
Then, in general,

u <y qr = CR£d|:< &G(x) éugqf>.
rePUZ
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Reductions

Let (d)e D,.
e Let M = (R2,Q, P) be a 2-CM with an undecidable halting
problem.

e Construct a special 3-CM Mg = (R3, Qk, Px) such that:
o There is a map (-) g : Conf(M) — Conf (Mg ), where
C~y Cp <= Ckg ~my, (Cr)k
(Note, in A?\/[K we obtain D ~ . (Cp)k iff 0(D) < 4y,
for every D € Conf(M)).
o Mg can “detect” instances of (d) over <z .

e Construct a new relation <q(p,) with enough instances of
(d) so that:
o For all u € AS’V[K, u <nmy qf W u <qarg) gf, and

o W(;EMK) = (d).
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In this way, we can show for each (d)e€ D, there exists a
machine My such that

u <qMg) Uf = CRLq E ( & O(x) = u< Qf> ,
rePUZ

and if (d)€ Q.,
u <q(My) 4f == CRLgFu-0 < gy,

for a term 6 < 1 that encodes the machine instructions.

V)
N
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Questions

e For (d)e D, \ D, is the equational theory of CRLq4
(un)decidable?
e For (d)e \Dy:
o Is the quasi-equational theory of CRLy (un)decidable?
o Is the equational theory of CRLy (un)decidable?
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Questions

e For (d)e D, \ D, is the equational theory of CRLq4
(un)decidable?
e For (d)e \Dy:
o Is the quasi-equational theory of CRLq4 (un)decidable?
o Is the equational theory of CRLy (un)decidable?

How does a rule (r) such as

x§$2v1

effect decidability in CRL.?
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Thank You!
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