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Outline

@ State Based Systems

© Coalgebras

© Modal logics

@ Neighbourhood systems and conclusion

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz



Systems

Can we get a general theory for all of the following Systems?

@ Deterministic @ Nondeterministic systems
> Black Boxes » Automata
* w/o errors > Kripke Structures
» Automata
* Moore, Mealy

» Objects

* Java, C++, ...
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Systems

Can we get a general theory for all of the following Systems?

@ Deterministic @ Nondeterministic systems

» Automata

» Black Boxes
» Kripke Structures

* w/o errors
@ Fuzzy Systems

» Probabilistics Systems
» Fuzzy Systems

» Automata

* Moore, Mealy

> Objects » Topologies
* Java, C++, ... » Neighbourhood systems
@ and more ...
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State Based

@ Behaviour
» depends on

* input
* internal state
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State Based

@ Behaviour @ Implementation concerns

» depends on » Observational equivalence
) b M

* input Minimization

* internal state

» visible only

* outputs

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 4 /69



State Based

@ Behaviour @ Implementation concerns
» depends on » Observational equivalence
* input » Minimization
* internal state ° Logics

> visible only » global logics

* outputs » local (modal) logic
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Black Boxes

@ Black box with two
buttons and a display...

] 42
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buttons and a display...

] 42

o Signature:

a : S—=DxS
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Black Boxes

@ Black box with two @ Peeking inside
buttons and a display...

o] 42

g

e Signature:
h S—D
t S$—=S
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Black Boxes

@ Black box with two @ Peeking inside
buttons and a display...

] 42

(W

o Signature:

@ Indistinguishability relation:
largest ~ with

h(s):h(s’s;st(s)wt(s’)
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Black Boxes

@ Black box with two @ Peeking inside
buttons and a display...

] 42

(W

o Signature:
@ Indistinguishability relation:
largest ~ with
S
ai s~s’
DxS h(s)=h(s"), t(s)~t(s')
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Observations are streams

[
_|
=0

e inside @ Observations are infinite streams
[42,33,42,33,..]]
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Observations are streams

@ The inside @ Observations are infinite streams

“—

[42,33,42,33,..]  [17,42,33,42,..]
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Observations are streams

e inside @ Observations are infinite streams

o T

=0

“—

[42,33,42,33,..] _ [17,42,33,42,..]

SN

[42,33,42,33,..] [33,42,33,,42,..]

i_/
[42,17,42,33,..] " [17,42,33,42, ..]

—

g
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Observations are streams

@ The inside @ Observations are infinite streams

op= .
[42,17,42,33,...] [17,42,33,42,..]
e i

[42,33,42,33,..]  [33,42,33,,42,..]

—

P@
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Streams are universal

D-streams = D¥ = D x D¥
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D-streams = D¥ = D x D¥
@ hd: D¥ - D
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Streams are universal

D-streams = D¥ = D x D¥
@ hd: D¥ - D
e t/: D¥ — D%
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o tl: D¥ — D%

For each Black Box S
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Streams are universal

D-streams = D¥ = D x D¥
@ hd: D¥ - D
o tl: D¥ — D%

For each Black Box S
e Unique map ¢ : S — D¥

Dw

D x D¥

(s) = [h(s), h(t(s)), h(t(t(s))), -]
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Streams are universal

D-streams = D¥ = D x D¥
@ hd: D¥ - D
o tl: D¥ — D%

For each Black Box S
e Unique map ¢ : S — D¥
>  is homomorphism

hd((s)) = h(s)
tl((s)) = ¢(t(s))

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz
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(s) = [h(s), h(t(s)), h(t(t(s))), -]
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Streams are coinductive

@ Indistinguishability relation

/

hd(s):hd(s;,s tl(s)~tl(s")
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Streams are coinductive

@ Indistinguishability relation

/

hd(s):hd(ss’;s tl(s)~tl(s")

@ Streams satisfy the rule of coinduction

s~ s

s=5s'

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 8 /69



Programming with streams

> ones = 1 : ones;
[1,1,1,1,...]
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Programming with streams

> ones = 1 : ones;
[1,1,1,1,...]

> fromn = n : from(n+l);
> ints = from O;
[0,1,2,3,...]
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Programming with streams

> ones = 1 : ones;
[1,1,1,1,...]

> fromn = n : from(n+l);
> ints = from O;
[0,1,2,3,...]

>add u v = h(w+h(v) : add t(w) t(v);
> add ones ints;

[1,2,3,4,...]
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Programming with streams

> ones = 1 : ones;
[1,1,1,1,...]

> fromn = n : from(n+l);
> ints = from O;
[0,1,2,3,...]

>add u v = h(w+h(v) : add t(w) t(v);
> add ones ints;

[1,2,3,4,...]

@ Claim: add ones ints = from1
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A Coinductive Proof

Generalize: add ones (fromn) ~ from(n + 1)
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A Coinductive Proof

Generalize: add ones (fromn) ~ from(n + 1)

hd(add ones (fromn)) = hd(ones) + hd(from n)
= 1+ hd(fromn)
= 14n
= hd(from(n+ 1))
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A Coinductive Proof

Generalize: add ones (fromn) ~ from(n + 1)

o
hd(add ones (fromn)) = hd(ones) + hd(from n)
= 1+ hd(fromn)
= 1+n
= hd(from(n+ 1))
2]
t/(add ones (fromn)) = add t/(ones) tl(from n)

= add ones from(n + 1)
~ from(n+ 2)
= tl/(from(n + 1))
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Local logic

What can be said about a state

e Formulas
¢ = true |[< d > ¢, for each d € D
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Local logic

What can be said about a state

@ Formulas
¢ = true |< d > ¢, for each d € D

@ semantics s

s = true
sE<d>¢ <= h(s)=dAt(s)E¢
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Local logic

What can be said about a state

@ Formulas
¢ = true |< d > ¢, for each d € D

@ semantics s

s = true
sE<d>¢ <= h(s)=dArt(s)E¢

@ logical equivalence

sxs = (skE¢ <= s E9)

@ completeness:

/
s~s «— s~¢
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Black Box with error
o Type
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Black Box with error
e Type

DxS+1

@ observational equivalence

s~s’

(a(s)=1 <= a(s’)=1)V(hd(s)=hd(s’), tI(s)~tI(s"))

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz



Black Box with error
e Type

DxS+1

@ observational equivalence

s~s’

(a(s)=1 <= a(s’)=1)V(hd(s)=hd(s’), tI(s)~tI(s"))

@ Observations

D¥ + D*
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Black Box with error
e Type

DxS+1

@ observational equivalence

s~s’

(a(s)=1 <= a(s’)=1)V(hd(s)=hd(s’), tI(s)~tI(s"))

@ Observations
D¥ + D*

@ ... form a black box with error:

() = {1 s=1]
(h(s), t(s)) s#[]

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 12 / 69



Black Box with error
e Type

DxS+1

@ observational equivalence

s~s’

(a(s)=1 <= a(s’)=1)V(hd(s)=hd(s’), tI(s)~tI(s"))

@ Observations
D¥ + D*

@ ... form a black box with error:

a(s) = {1 =1
(h(s), t(s)) s #I]
@ Logic - correct and complete:

¢ = true |< d > ¢ | error
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Automata (Acceptor)

@ S set of states, X alphabet
» TCS

» §:SxX—=S
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Automata (Acceptor)

@ S set of states, X alphabet

2
>7-g5 XTT
* x7:85—2 S
»:Sx¥—S 6l
a SZ

* §:5 > S
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Automata (Acceptor)

@ S set of states, X alphabet
» TCS
* x7:85—2
»§:5S5xX—S
*x §:5—S*

o Type
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Automata (Acceptor)

@ S set of states, X alphabet

» TCS >
* x7:5—=2 XTJ’SZ
> 6:SxT S 23
*x §:5— 8%
o Type

@ Homomorphisms ¢ : A — B

»ac Ty < ¢(a)e Tp
> p(64(a, €)) = 65 (p(a), e)
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Automata (Acceptor)

@ S set of states, X alphabet

» TCS 5 idh )
* x7:5 =2 XTAT TXTB
» 0:Sx¥—S A ) B
* 5:5— 5™ SAl lAB
o Type AT o BT

@ Homomorphisms ¢ : A — B

»ac Ty < ¢(a)e Tp
> p(64(a, €)) = 65 (p(a), e)
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Automata (Acceptor)

@ S set of states, X alphabet

» TCS A ® B
* x7:5 =2 O‘l lﬁ
»5:Sx¥Y =S 9 % AT (ida X po—) 2« BE
*x §:5— 8%
o Type

@ Homomorphisms ¢ : A — B

»ac Ty < ¢(a)e Tp
> p(64(a, €)) = 65 (p(a), e)
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Observations are languages

@ Observation at s:

L(s):={we X |d*(s,w) e T}
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Observations are languages

@ Observation at s:
L(s):={we X |d*(s,w) e T}

o s~s «— L(s)=L(s)
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Observations are languages

@ Observation at s:
L(s):={we X |d*(s,w) e T}

o s~s «— L(s)=L(5)

@ Indistinguishability relation ~

!

S~Ss

(s€ET <= s’€T) A Vaex. i(s,a) ~d(s’,a)
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Languages are universal

e P(X*) = Set of all languages with alphabeth *
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Languages are universal

e P(X*) = Set of all languages with alphabeth *
» 6 P(TF) x T = P(X*)

* §(L,e) :=Le={ueX*|e-uc L} derivative
* T={LeP(X*)|eel}
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» 6 P(TF) x T = P(X*)

* §(L,e) :=Le={ueX*|e-uc L} derivative
* T={LeP(X*)|eel}

@ For every ¥-automaton A there is a unique automata
homomorphism ¢ : A — P(X*)
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» 6 P(TF) x T = P(X*)

* §(L,e) :=Le={ueX*|e-uc L} derivative
* T={LeP(X*)|eel}

@ For every ¥-automaton A there is a unique automata
homomorphism ¢ : A — P(X*)
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H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 15 / 69



Languages are universal

e P(X*) = Set of all languages with alphabeth *
» 6 P(TF) x T = P(X*)

* §(L,e) :=Le={ueX*|e-uc L} derivative
* T={LeP(X*)|eel}

@ For every ¥-automaton A there is a unique automata
homomorphism ¢ : A — P(X*)

- p(s) = L(s)

o s~ s = os) = (s)
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Languages are coinductive

@ Indistinguishability relation

Ll
(e€L < cel)AVeexr . Lo~ L]
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Languages are coinductive

@ Indistinguishability relation

Ll
(e€L < cel)AVeexr . Lo~ L]

@ Languages satisfy
Rule of coinduction

L~

L=1
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Languages are coinductive

@ Indistinguishability relation

Ll
(e€L < cel)AVeexr . Lo~ L]

@ Languages satisfy
Rule of coinduction

L~
L=1

@ Can be used to prove language equalities, e.g.

> M=L-(L*-M)+M
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Object oriented programs

@ State encapsulated in objects
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Object oriented programs

@ State encapsulated in objects
» Mutators, Observers

class Account{
private int balance = 0;
public void trans(int z){balance+=z;}
public int show(){ return balance; }
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Object oriented programs

@ State encapsulated in objects
» Mutators, Observers

class Account{
private int balance = 0;
public void trans(int z){balance+=z;}
public int show(){ return balance; }

}

@ Do’'nt care whether

» acc.trans(z;).trans(z,) = acc.trans(z; + zo)
> not observable
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Object oriented programs

@ State encapsulated in objects
» Mutators, Observers

class Account{
private int balance = 0;
public void trans(int z){balance+=z;}
public int show(){ return balance; }

}
@ Do’'nt care whether

» acc.trans(z;).trans(z,) = acc.trans(z; + zo)
> not observable

@ Insist that
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Object oriented programs

@ State encapsulated in objects
» Mutators, Observers

class Account{
private int balance = 0;
public void trans(int z){balance+=z;}
public int show(){ return balance; }

}
@ Do’'nt care whether

» acc.trans(z;).trans(z,) = acc.trans(z; + zo)
> not observable

@ Insist that

» acc.trans(z).trans(zy).show() = acc.trans(z + z2).show()
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Moore-Automata

@ S set of states, X alphabet (input), D set of outputs
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Moore-Automata

@ S set of states, X alphabet (input), D set of outputs
» 0:SxXY =S,
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Moore-Automata

@ S set of states, X alphabet (input), D set of outputs

» §:SxX—S,
»v:S—=D
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Moore-Automata

@ S set of states, X alphabet (input), D set of outputs
» 0:SxXY =S,
»v:5S—=D
@ in state s word w = e1 - & - ... - e, gives output y(d*(s, w))

» observations at s: D — labelled, > — branching tree:
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D-labelled 2-branching trees

e Automaton of all a¥ — branching D — labeled trees: D*"
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D-labelled 2-branching trees

e Automaton of all a¥ — branching D — labeled trees: D*"

@ Each node uniquely determined by its “address’ w € ©*
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e Automaton of all a¥ — branching D — labeled trees: D*"

@ Each node uniquely determined by its “address’ w € ©*

o Tree representsamap t:2* — D
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@ Each node uniquely determined by its “address’ w € ©*
o Tree representsamap t:2* — D

e D> = set of all such trees has automaton structure
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D-labelled 2-branching trees

e Automaton of all a¥ — branching D — labeled trees: D*"

@ Each node uniquely determined by its “address’ w € ©*
o Tree representsamap t:2* — D

e D> = set of all such trees has automaton structure
> () = t(e)
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D-labelled 2-branching trees

e Automaton of all a¥ — branching D — labeled trees: D*"

@ Each node uniquely determined by its “address’ w € ©*
o Tree representsamap t:2* — D

e D> = set of all such trees has automaton structure

> (1) = t(e)
» 0(t,e)(w) = t(e- w) for each w € *
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Moore-Automata

@ Morphism between automata preserve v and ¢
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@ Morphism between automata preserve v and ¢

o ¢v:A— B with
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Moore-Automata

@ Morphism between automata preserve v and ¢
o ¢v:A— B with
> 7E(e(a)) =14(a)
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Moore-Automata

@ Morphism between automata preserve v and ¢

o ¢v:A— B with

> 7E(p(a)) =1"(a)
» 6B(p(a), e) = p(6%(a, €))
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Moore-Automata

@ Morphism between automata preserve v and ¢
o ¢v:A— B with

> 7E(p(a)) =1"(a)
» 6B(p(a), e) = p(6%(a, €))

e Unique for automaton of trees B = D*":
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Moore-Automata

@ Morphism between automata preserve v and ¢
o ¢v:A— B with

> 7E(p(a)) =1"(a)
» 6B(p(a), e) = p(6%(a, €))

e Unique for automaton of trees B = D*":

> p(a)(e) = v(7(a)) =(a)
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Moore-Automata

Morphism between automata preserve v and 9
@ : A— B with

> 1%(p(a)) = v4(a)

> 0%(p(a), ) = p(0%(a, €))
Unique for automaton of trees B = D*":

> ¢(a)(e) = (7(a)) = (a)
> p(a)(e- w) = d(p(a), )(w) = ¢(d(a, ))(w)

Indistinguishability: largest relation ~ with

s~s'

v(s)=7(s") A VaeXx. o(s,a) ~d(s',a)
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Moore-Automata

Morphism between automata preserve v and 9
@ : A— B with

> 1%(p(a)) = v4(a)

> 0%(p(a), ) = p(0%(a, €))
Unique for automaton of trees B = D*":

> ¢(a)(e) = (7(a)) = (a)
> p(a)(e- w) = d(p(a), )(w) = ¢(d(a, ))(w)

Indistinguishability: largest relation ~ with

s~s'

v(s)=7(s") A VaeXx. o(s,a) ~d(s',a)

o s~s <= p(s) = ()
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Nondeterminism

@ Transition relation R C S x S with state properties,
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Nondeterminism

@ Transition relation R C S x S with state properties,
@ labeling / : S — P(Prop)

OS
/ \
€e o€
| |
Prop : €,C, B Ce o3
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Nondeterminism

@ Transition relation R C S x S with state properties,
e labeling / : S — IP(Prop)

AN 1

€eo

Q)
°
Q)

\
/

Prop:€,C,B Ce

°
=
A
°
°
oV

C
C
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Nondeterminism

@ Transition relation R C S x S with state properties,
o labeling / : S — PP(Prop)

oS o
PN |
€e o€ '£3
| | PN
Prop:€,C,B Ce o B Ce o3

— 5= P(S)
I : S — P(Prop) }
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Nondeterminism

@ Transition relation R C S x S with state properties,
o labeling / : S — PP(Prop)

/

O\ |
€e o€ '£3
| | O
Prop:€,C,B Ce e 3 Ce o3
O O
— S = P(S)

} a:S — P(S) x P(Prop)

I S — P(Prop)
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Homomorphisms

@ Homomorphism

P(Prop) . P(Prop)

14 . M

A——— B

| J

P(A) —5—PB(B)
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Homomorphisms

@ Homomorphism

A

a)

P(Prop) x P(A)

idxPy

P(Prop) x P(B)
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Observations

e Set — branching, P(AP)-labelled trees
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Observations

e Set — branching, P(AP)-labelled trees

» too many to form one Kripke structure
> may restrict to finitely branching

@ Observational equivalence still definable

> largest relation ~ with
» s~s = I(s)=1(s') and

S ~ S

v

t
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e Set — branching, P(AP)-labelled trees

» too many to form one Kripke structure
» may restrict to finitely branching
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> largest relation ~ with
» s~s = I(s)=1(s") and
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Observations

e Set — branching, P(AP)-labelled trees

» too many to form one Kripke structure
» may restrict to finitely branching

@ Observational equivalence still definable

> largest relation ~ with
» s~s = I(s)=1(s") and

...and symmetrically

s~s'
s'~s A I(s)=I(s") A Vt.s—t = Ft’.s' =t/ At~t!
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Modal Kripke Logic

@ Formulae

¢ = peAP
| true|=d|¢1V 2
| 0609
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| true|=d|¢1V 2
| 0609

@ Semantics

> skEp:i< pel(s)
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Modal Kripke Logic

@ Formulae

¢ = peAP
| true|=d|¢1V 2
| 0609

@ Semantics
> sEpi<= pel(s)
> sEO¢p: < Vi(s—t) = tEo
> O¢ <= 0O-¢
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Modal Kripke Logic

@ Formulae
¢ = peAP sE00B
| true|=d |1V 2 "
| O |0o ‘
@ Semantics
> sEpi<= pel(s) o<
> sEO¢p: < Vi(s—t) = tEo /\\
> O¢ <= 0O-¢
Ce °
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Modal Kripke Logic

@ Formulae
¢ = peAP
aoB
| true| 661V 6o sp00
| O¢|0s o®
@ Semantics / \
> sEpi pells) €e o€
> sEO¢p: < Vi(s—t) = tEo
> Qo <= -O-¢ \ l
Ce o3
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Modal Kripke Logic

@ Formulae
¢ = peAP
aoB
| true| 661V 6o spE00
| Oo|0¢ o®
@ Semantics / \
> sEpi pells) €e o€
> sEO¢p: < Vi(s—t) = tEo
> O¢ <= 0O-¢ \ l
@ Logical equivalence Ce o3

st <= (skE¢ < tFE¢) for all formulae¢
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Hennessy-Milner Theorem

@ Adequacy: s~t — s=xt
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@ Adequacy: s~t = s=t

. ?
@ Expressiveness: s~t — s~ t
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Hennessy-Milner Theorem

@ Adequacy: s~t = s=t
. ?
@ Expressiveness: s~t — s~ t
» needs bounded nondeterminism

SO

510 So0 . Sp0
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Hennessy-Milner Theorem

@ Adequacy: s~t = s=t
. ?
@ Expressiveness: s~t — s~ t

» needs bounded nondeterminism

SO
510 So0 e Sp0
Theorem (Hennessy,Milner)
If K is image — finite then s <t <= s~ t.
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Probabilistic systems

Probabilistic System

O<——0
Bl
N=
Blw
O————>0

wInN
[ay
W=
Nl =
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Probabilistic systems

Probabilistic System
e f:5xS—[0,1]

O<——0
Bl
N=
Blw
O————>0
wIN
—
W=
Nl =
O=<——20
=
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Probabilistic systems

Probabilistic System
e f:S5xS—[0,1]

oVscS. Y siw|s—s}=1

O<——0
Bl
N=
Blw
O————>0
wIN
—
W=
Nl =
O=<——20
=
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Probabilistic systems

Probabilistic System

0 o F:SxS—[0,1]
7 3 w
o VSES Zs/es{W|5—>Sl}:1
o 2 o
3 1
‘i /\1 7
O%O?O@ .
3
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Monoid labeled systems

M any commutative monoid

Monoid labeled system

o
my my
[¢] (e]
me
m3 ‘ my
ms
(¢] o my
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Monoid labeled systems

M any commutative monoid

Monoid labeled system
o ef:SxS—>M

(¢] (¢]
me
" ‘ ‘
ms
(¢] (o]
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Monoid labeled systems

M any commutative monoid

Monoid labeled system
o ef:SxS5S—->M

7 W o VseS. > csf(s,s) exists
(¢] (¢]
me
m‘ ‘
ms
(¢] (o]
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Monoid labeled systems

M any commutative monoid

Monoid labeled system
o e f:S5xS—->M

7 & o VseS. ZS’GS f(S, Sl) exists

ms

3
o<—o0
3
(=}
oO<——o0
3
5
n
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Lattice labeled systems

L any complete lattice

Lattice labeled system J
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Lattice labeled systems

L any complete lattice

Lattice labeled system

/\ ef:SxS—-M
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Lattice labeled systems

L any complete lattice

Lattice labeled system

/\ ef:SxS—-M
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Lattice labeled systems

L any complete lattice

o Lattice labeled system
/ \ ef:SxS—-M J
o p o 5
/3‘ \/4
o ls o @
£5
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Systems to coalgebras

Name Structure Coalgebra
h:S—D

Black Box £ S S

Acceptor

Bank Account

Transition System

Probabilistic system

topological space

F-coalgebra
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Transition System
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topological space

F-coalgebra
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Bank Account

Transition System
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Systems to coalgebras

Name Structure Coalgebra
Black Box h:S=D S—+DxS
t:5—>S5

TCS 5
Acceptor 5 SxT S S—2xS

Bank Account

Transition System

Probabilistic system

topological space

F-coalgebra
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Systems to coalgebras

Name Structure Coalgebra
Black Box h:S=D S—+DxS
t:5—>S5

TCS 5
Acceptor 5 SxT S S—2xS

Bank Account

show : S — Z
trans : S xZ — S

Transition System

Probabilistic system

topological space

F-coalgebra
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trans : S x7Z — S

Name Structure Coalgebra
Black Box h:S=D S—+DxS
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TCS 5
Acceptor 5 SxT S S—2xS
Bank Account show : 5 — 7 S 7ZxS%

Transition System

Probabilistic system

topological space

F-coalgebra
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Systems to coalgebras

trans : S x7Z — S

Name Structure Coalgebra
Black Box h:S=D S—+DxS
t:5—>S5

TCS 5
Acceptor 5 SxT S S—2xS
Bank Account show : 5 — 7 S 7ZxS%

Transition System

|2 Prop — P(S)
RCSxS

Probabilistic system

topological space

F-coalgebra
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Systems to coalgebras

trans : S x7Z — S

Name Structure Coalgebra
Black Box h:S=D S—+DxS
t:5—>S5

TCS 5
Acceptor 5 SxT S S—2xS
Bank Account show : 5 — 7 S 7ZxS%

Transition System

|2 Prop — P(S)
RCSxS

S — P(Prop) x P(S)

Probabilistic system

topological space

F-coalgebra
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Systems to coalgebras

Name Structure Coalgebra
Black Box h:S=D S—+DxS
t:5—>S5

TCS 5
Acceptor 5 SxT S S—2xS
Bank Account show : 5 — 7 S 7ZxS%

trans : S X Z — S
|2 Prop — P(S)
RCSxS
p:SxS—1]0,1]
Zyexp(x7y):1

Transition System S — P(Prop) x P(S)

Probabilistic system

topological space
F-coalgebra
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Transition System
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TCS 5
Acceptor 5 SxT S S—2xS
Bank Account show : 5 — 7 S 7ZxS%

Transition System

|2 Prop — P(S)
RCSxS

S — P(Prop) x P(S)

Probabilistic system

p:SxS—1]0,1]
Zyexp(x7y) =1

S = Dy(S)

topological space

T CP(S)

S = Fil(S)
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Systems to coalgebras

trans : S x7Z — S

Name Structure Coalgebra
Black Box h:S=D S—+DxS
t:5—>S5

TCS 5
Acceptor 5 SxT S S—2xS
Bank Account show : 5 — 7 S 7ZxS%

Transition System

|2 Prop — P(S)
RCSxS

S — P(Prop) x P(S)

p:SxS—1]0,1]

Probabilistic system S —>D,(S
g 2yex Pxy) =1 ©)

topological space T CP(S) S = TFil(S)

F-coalgebra S— F(S)
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Relevant Properties of Set

@ epi-regular mono factorization o
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Relevant Properties of Set

@ epi-regular mono factorization

o E — M-property

@ currying-uncurrying )

AxB-—C~A— CB

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 30 / 69



Relevant Properties of Set

@ epi-regular mono factorization

o E — M-property

@ currying-uncurrying ]

@ Axiom of choice

AxB-—C~A— CB

eoe =id
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The notion of F-coalgebra

o Type (signature) F:
> F:Set — Set

aA

F(A)

~>
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The notion of F-coalgebra

o Type (signature) F:
> F:Set — Set

o F-Coalgebra A
» a:A— F(A) aAl
F(A)
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The notion of F-coalgebra

o Type (signature) F:
> F:Set — Set

o F-Coalgebra
» a:A— F(A)

A

T<—>

(o]

-

ap

F(B)
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The notion of F-coalgebra

o Type (signature) F:
> F:Set — Set

o F-Coalgebra
» a: A= F(A) oA

ap

) F(B)

-

T<—>

@ Homomorphism
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The notion of F-coalgebra

o Type (signature) F:
> F:Set — Set

o F-Coalgebra A B
» a:A— F(A) O‘Al . las
©
@ Homomorphism F(A) F(B)

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz

August 8, 2013

31/ 69



The notion of F-coalgebra

o Type (signature) F:
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o F-Coalgebra
©
» a:A— F(A) A——=B
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The notion of F-coalgebra

o Type (signature) F:
> F:Set — Set

o F-Coalgebra A 4 B C
» o A— F(A) CXA\L l/aB \LQB
@ Homomorphism F(A) Fe F(B) dd F(C)
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The notion of F-coalgebra

e Type (signature) F: Yoy
» F:Set — Set
¢ U
@ F-Coalgebra A B ¢
» a:A— F(A) aAl las las
_ Fe Fy
@ Homomorphism F(A) F(B) F(C)
F(yop)
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The notion of F-coalgebra

o Type (signature) F:

» F:Set — Set
o F-Coalgebra oy
» a: A= F(A) /\
@ P
@ Homomorphism A B ¢

o Category: Setr
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Homomorphism theorem

e ¢ : A — B homomorphism.

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz



Homomorphism theorem

e ¢ : A — B homomorphism.

FA

~5 >

oy

-
Q

Fe

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz




Homomorphism theorem

e ¢: A — B homomorphism. z
@ Set has epi-mono-factorization AT 2 gt B
FA FB

Fe
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Homomorphism theorem

[}
e ¢ : A — B homomorphism.
@ Set has epi-mono-factorization A S¢ L B
@ F preserves epis and monos N
o)
FA FS G FB
Fe
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Homomorphism theorem

©
e ¢ : A — B homomorphism.
@ Set has epi-mono-factorization A S¢ L B
@ F preserves epis and monos
a = a
@ diagonal yields structure ¥
FA FS ¢ FB
Fe
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Homomorphism theorem
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Homomorphism theorem

e ¢ : A — B homomorphism.

@ Set has epi-mono-factorization

o F preserves epis and monos i

@ diagonal yields structure A/—\ B
o

Setr has epi-mono-factorization
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Homomorphism theorem

e ¢ : A — B homomorphism.
@ Set has epi-mono-factorization

. ®
@ F preserves epis and monos /\
o diagonal yields structure A S ¢ B
o

Setr has epi-mono-factorization
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Colimits exist canonically

@ Setr has all colimits
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Colimits exist canonically

@ Setr has all colimits
» Forgetful functor U : Setp — Set

* preserves and
* creates colimits
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Colimits exist canonically

@ Setr has all colimits
» Forgetful functor U : Setp — Set

* preserves and
* creates colimits

e Example: Sum of coalgebras A; = (A, a;)

Aj

Qi

FA;
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Colimits exist canonically

@ Setr has all colimits
» Forgetful functor U : Setr — Set

* preserves and
* creates colimits

e Example: Sum of coalgebras A; = (A, «;)

€

A

W Ai

Qi

FA;
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Colimits exist canonically

@ Setr has all colimits
» Forgetful functor U : Setp — Set

* preserves and
* creates colimits

@ Example: Sum of coalgebras A; = (A, «;)

A; = W A;
FA; e FUA
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* preserves and
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A; = W A;
aj (07
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Colimits exist canonically
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* preserves and
* creates colimits

@ Example: Sum of coalgebras A; = (A, «;)

A; = W A;
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Colimits exist canonically
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* preserves and
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Colimits exist canonically

@ Setr has all colimits
» Forgetful functor U : Setr — Set

* preserves and
* creates colimits

e Example: Sum of coalgebras A; = (A, a;)

Qd---"—--TI4a WA
FQ= . -~ |FA = Fl4 A

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 33 /69



Colimits exist canonically

@ Setr has all colimits
» Forgetful functor U : Setr — Set

* preserves and
* creates colimits

e Example: Sum of coalgebras A; = (A, a;)

Qd-- " --fa = -l Ai
FQ I~~~ 1FA 1 F YA
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Colimits exist canonically

@ Setr has all colimits

» Forgetful functor U : Setp — Set

* preserves and
* creates colimits

e Example: Sum of coalgebras A; = (A, o)

_______________ S
Q- - _Ia A
o 0
F(Q)f=  ~ AP —{FEA
e f
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Subcoalgebras

A = (A, «) coalgebra
@ U subset with coalgebra structure and inclusion homomorphism

U—* 1. A
|

[e%

y
F(U)—F~ F(A)
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Subcoalgebras

A = (A, a) coalgebra

@ U subset with coalgebra structure and inclusion homomorphism

U—t— A

|

| a

! F
FIU)f——F(A)
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Subcoalgebras

A = (A, a) coalgebra

@ U subset with coalgebra structure and inclusion homomorphism

U—t— A

|

| a

! F
FIU)f——F(A)

@ structure is unique
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Subcoalgebras

A = (A, a) coalgebra

@ U subset with coalgebra structure and inclusion homomorphism

U—t— A

|

| a

! F
FIU)f——F(A)

@ structure is unique

@ each subset S C A contains largest subcoalgebra of A

[Sl=(J{vlvcs u<ay
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Factors and congruences

e Epimorphism ¢ : A — B

» same as surjective homomorphisms
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Factors and congruences

e Epimorphism ¢ : A — B
> same as surjective homomorphisms
@ Congruences

» Set-kernels of homomorphisms

A ? B
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Factors and congruences

e Epimorphism ¢ : A — B
» same as surjective homomorphisms
e Congruences

» Set-kernels of homomorphisms

ker ¢ :::::7:r::1::::::; A 4 B

™
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Factors and congruences
e Epimorphism ¢ : A — B
> same as surjective homomorphisms

e Congruences
» Set-kernels of homomorphisms

e Diagram Lemma
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Factors and congruences
e Epimorphism ¢ : A — B
> same as surjective homomorphisms

@ Congruences
» Set-kernels of homomorphisms

ker ¢ ::::ir::l::::::; A d B

2

@ Diagram Lemma
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Factors and congruences
e Epimorphism ¢ : A — B
> same as surjective homomorphisms

@ Congruences
» Set-kernels of homomorphisms

ker ¢ ::::ir::l::::::; A d B

2

@ Diagram Lemma

3!
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Factors

@ congruences uniquely determine factors

O iz A— A/
a Er
y
F(A)—— F(A/9)
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Factors

@ congruences uniquely determine factors

i zA—AJ0
a !
¥
F(A) ——=F(A/0)

@ Smallest factor = Colimit of all factors

A— A,

Ay
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Factors

@ congruences uniquely determine factors

O iz A—AJ0
a E!
Y
F(A)—— F(A/9)

@ Smallest factor = Colimit of all factors

A s Ai-—->B
7

7/
/
7/

7

Ay

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 36 / 69



Factors

@ congruences uniquely determine factors

O iz A—AJ0
a Er
Y
F(A)—— F(A/H)

@ Smallest factor = Colimit of all factors

Vz-zzA——2B
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Factors

@ congruences uniquely determine factors

ZA—>A/0
|
a EL

0

FA) — = F(A/0)

@ Smallest factor = Colimit of all factors

B

V-=-zA

1%

A/NV minimal

@ largest congruence V

August 8, 2013

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz
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Some Limits exist

e Equalizers
. start with set E :={a € A| pi1(a) = ¢2(a)} then ...
1

EC.. A =B

®2
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Some Limits exist

e Equalizers
. start with set £ := {a € A| ¢1(a) = p2(a)} then ...

P1
EC.>A—ZB
A 2

)

[E]
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Some Limits exist

e Equalizers
. start with set £ := {a € A| ¢1(a) = p2(a)} then ...

w2

[UE] eq(p1,2)

P1
EC.>= AR
A
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Some Limits exist

o Equalizers
. start with set E :={a € A| pi1(a) = ¢2(a)} then ...

©
EC->A :il B
A P2

[75] eq(1,¢2)

@ Preimages
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Some Limits exist

o Equalizers
. start with set E :={a € A| pi1(a) = ¢2(a)} then ...

P1
EC>~AZB
A P2
)

[E] eq(1,42)

@ Preimages
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Products

@ Products

A= o—o

B:C.:.O
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Products

@ Products

A= oo
B:C.:.O

e Ax B
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Products

@ Products

A= oo
B:C.:.S

e Ax B
e Ax A=A
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Products

@ Products

A= oo
B:C.:.S

e Ax B
e Ax A=A
@ B x B infinite in Setp,
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Products

@ Products

A= oo
B:C.:.i)

e Ax B

e AX A=A

@ B x B infinite in Setp,
@ B x B not in Setp .
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Products

@ Products

A= o—o

B— C e :—) @ Terminal object
» = product of empty family

e Ax B

e AX A=A

e B x B infinite in Setp,
@ B x B not in Setp .
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Products

@ Products

A= o—o

B— C o <" :—) @ Terminal object
» = product of empty family

e D x (—)* has terminal D*”
e Ax B

e Ax A=A
e B x B infinite in Setp,
@ B x B not in Setp .
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Products

@ Products

A= oo
B:Co:oj

e Ax B

e AX A=A

e B x B infinite in Setp,
@ B x B not in Setp .

@ Terminal object
» = product of empty family
e D x (—)* has terminal D*”

@ no terminal object for P(—)
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Lambek's lemma

@ The structure map a: T — F(T) on a terminal coalgebra is an
isomorphism.

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 39 / 69



Lambek's lemma

@ The structure map ao: T — F(T) on a terminal coalgebra is an
isomorphism.

T = F(T)
e lFa
F(T)—= F(F(T))
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Lambek's lemma

@ The structure map ao: T — F(T) on a terminal coalgebra is an
isomorphism.

T “=F(T)
e lFa
F(T)—= F(F(T))
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Lambek's lemma

@ The structure map a: T — F(T) on a terminal coalgebra is an
isomorphism.

T Frm 2T

e

F(T) =z, F(F(T)) g5~ F(T)
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Lambek's lemma

@ The structure map a: T — F(T) on a terminal coalgebra is an
isomorphism.

idr

T e 22T

al \LFa 1,05
F(T) = F(F(T)) g5~ F(T)
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Lambek's lemma

@ The structure map a: T — F(T) on a terminal coalgebra is an
isomorphism.

idt

TS SR

g e
F(T) = F(F(T)) g5~ F(T)

~_ 7

Fidr
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Lambek's lemma

@ The structure map a: T — F(T) on a terminal coalgebra is an
isomorphism.

T LT

al LFa\Fid\_\ lo«
F(T)—R:F(F(T))WF(T)

Boa=idr
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Lambek's lemma

@ The structure map a: T — F(T) on a terminal coalgebra is an
isomorphism.

T— /) T
a l/Fa id la
F(T) —7 F(F(T)) 5= F(T)

Oéoﬁ = ’dF(T)
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Lambek's lemma

@ The structure map a: T — F(T) on a terminal coalgebra is an
isomorphism.

a g

T————FT)——T

al LFa\id\ la
F(T)?F(F(T))WF(T)

« O B = ’dF(T)

@ There is no terminal Kripke structure
» no set X satisfies X = P(X)
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Lambek's lemma

@ The structure map a: T — F(T) on a terminal coalgebra is an
isomorphism.

a g

T————FT)——T

al LFa\id\ la
F(T)?F(F(T))WF(T)

« O B = ’dF(T)

@ There is no terminal Kripke structure
» no set X satisfies X = P(X)

@ ...but there is a terminal image finite Kripke Structure
» replace P(—) by P, (—)
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Bounded functors

Fis & — bounded: <= Vu € F(X).3)x)|<x-t € F(Xo)
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Bounded functors

Fis i — bounded: <=> Vu € F(X).3)x)|<x-t € F(Xo)

@ Every functor F has a kK — bounded subfunctor:

Fo(X) = | F(X)

XOQK,X
Examples
e P, (X) - all finite subsets
o Xi =X*

@ X - streams with finitely different elements
o X3 - {(x,x,xs) | {x1, %2, xs}| < 3}
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Bounded functors

Fis k — bounded: <= Yu € F(X).3,x,|<x-u € F(Xo)

@ Every functor F has a k — bounded subfunctor:

Fo(X):= | FFIF(xo)]
f:;%jX

Examples
e P, (X) - all finite subsets
o X =X*

o X% - streams with finitely different elements
o X3 - {(x1,x,x3) | [{x1,x,x3}| < 3}
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Bounded functors

The following are equivalent
@ F is k—bounded
@ Each F-coalgebra has a subcoalgebra of size < &
© <-small subsets extend to <,-small sub-coalgebras

© Each F-coalgebra is a subdirect sum of size x subcoalgebras

© There is surjective nat. transformation p: D x (—=)* — F(—)
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Bounded functors

The following are equivalent
@ F is s—bounded
@ Each F-coalgebra has a subcoalgebra of size < &
© <-small subsets extend to <,-small sub-coalgebras

@ Each F-coalgebra is a subdirect sum of size x subcoalgebras

© There is surjective nat. transformation p: D x (=)* — F(—)

X9 — F(X)F)
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Bounded functors

The following are equivalent
@ F is s—bounded
@ Each F-coalgebra has a subcoalgebra of size < &
© <-small subsets extend to <,-small sub-coalgebras

@ Each F-coalgebra is a subdirect sum of size x subcoalgebras

© There is surjective nat. transformation p: D x (=) — F(—)

F(w) x X 2 F(X)
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Existence of terminal algebras

Theorem J

If F is k — bounded, then there is a terminal F-coalgebra
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Existence of terminal algebras

Theorem J

If F is kK — bounded, then there is a terminal F-coalgebra

@ ... choose D= F(k)and X =k

NS

DxTr
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Existence of terminal algebras

Theorem J

If F is k — bounded, then there is a terminal F-coalgebra

@ ... choose D = F(k) and X =&
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Existence of terminal algebras

Theorem J

If F is k — bounded, then there is a terminal F-coalgebra

@ ... choose D = F(k) and X =&
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Existence of terminal algebras

Theorem J

If F is k — bounded, then there is a terminal F-coalgebra

@ ... choose D = F(k) and X =&

.
S
Dx T~k

w
%

F(T)
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Existence of terminal algebras

Theorem J

If F is k — bounded, then there is a terminal F-coalgebra

@ ... choose D = F(k) and X =&

A T
~
«@ w DxT"F
o
F(A) F(T)
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Existence of terminal algebras

Theorem J

If F is k — bounded, then there is a terminal F-coalgebra

@ ... choose D = F(k) and X =&

A T\
a D x AF y Dx T~
i o
F(A) F(T)
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Existence of terminal algebras

Theorem J

If F is k — bounded, then there is a terminal F-coalgebra

@ ... choose D = F(k) and X =&

A T
\\x \
a D x AF y Dx T~k
i o
F(A) F(T)
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Existence of terminal algebras

If F is k — bounded, then there is a terminal F-coalgebra

Theorem J

@ ... choose D = F(k) and X =&

A L T
\\.\ \
a D x A* Dx T"
“in e
F(A) F(T)
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Existence of terminal algebras

If F is k — bounded, then there is a terminal F-coalgebra

Theorem J

@ ... choose D = F(k) and X =k

A- L T
N RN \
a D x AF - Dx T~k
“in e
F(A) = F(T)
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Existence of terminal algebras

If F is k — bounded, then there is a terminal F-coalgebra

Theorem J

@ ... choose D = F(k) and X =k

A- L T
\\A \
a D x A" ——~ D x T*
i et
F(A) Fo F(T)

T = (T,w) is weakly terminal, so 7/V is terminal
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Cofree coalgebras

o Let C be any set (of colors) ...
e 7Tc = (Tc¢,a) with “coloring” map ec : T¢ — C is called cofree if

Ec

Tc
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Cofree coalgebras

o Let C be any set (of colors) ...
e 7c = (Tc,a) with “coloring” map ec : T¢ — C is called cofree if

» for each coalgebra A = (A, &) with coloring c: A — C

(EC
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Cofree coalgebras

o Let C be any set (of colors) ...
e 7c = (Tc,a) with “coloring” map ec : T¢ — C is called cofree if

» for each coalgebra A = (A, &) with coloring c: A — C
> there is exactly one homomorphism ¢ : A — T¢ with ¢ = ec o .

C
c 7 A

ec
A—57>7c
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Cofree coalgebras

@ £¢ separates homomorphisms

‘ec

A L Te
®2
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Cofree coalgebras

@ £¢ separates homomorphisms

e Cofree F-coalgebras are terminal C x F(—)-coalgebras

C
c 7 A

ec
A—g7>Tc
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Cofree coalgebras

@ ¢ separates homomorphisms

e Cofree F-coalgebras are terminal C x F(—)-coalgebras
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Cofree coalgebras

@ c¢ separates homomorphisms

e Cofree F-coalgebras are terminal C x F(—)-coalgebras

idx
C————=C
A A

c e

dlec .
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Cofree coalgebras

@ £ separates homomorphisms
e Cofree F-coalgebras are terminal C x F(—)-coalgebras
o If F is bounded then cofree coalgebras exist for each set C.

idc

August 8, 2013 44 / 69
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Cofree coalgebras

@ ¢ separates homomorphisms
e Cofree F-coalgebras are terminal C x F(—)-coalgebras

e If F is bounded then cofree coalgebras exist for each set C.

A Jle Tx

c,al l/ec,a

C x F(A) 55 ¢ x F(T¢)
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Coequations

A coequation p is a “forbidden” element of a cofree coalgebra.

Definition J
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Coequations

Definition J

A coequation p is a “forbidden” element of a cofree coalgebra.

c
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Coequations

A coequation p is a “forbidden” element of a cofree coalgebra.

Definition J

/ ic

3€A—E>TC9P

Ajal=cp 1< ¢ca)#p
AEp 1< VacAVc:A— CAakEp
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Coequations
Definition J

A coequation p is a “forbidden” element of a cofree coalgebra.

/ ?6c

aeA Tc > p

c

Ajalcp <= ¢a)#p
AEp 1< VYacAVc:A— CAakEp

If A, A; = p then
o if Ul < Athen U = p.
o ifp: A— Bthen Bl=p
e YA Ep
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Covarieties

@ R a class of F-coalgebras.

» S(R) all subcoalgebras
» H(R) all homomorphic images
» ¥ (8) all sums

@ R ais a covariety if R is closed under S, H,

e if and only if & = SHX(R)

e E a set of coequations, Mod(E) := {A | Ve € P.A |= p} is covariety
@ R a class of coalgebras, Eqc(8) :={pe Tc|VAe€ KA p}
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Co-Birkhoff

Theorem
F bounded (by k). Covarieties are the model classes for coequations
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Co-Birkhoff

Theorem

F bounded (by k). Covarieties are the model classes for coequations

Proof.
o Clearly: R C Mod(Eqc(R)) for |C| > k.
o Conversely: Let A € Mod(Eqc(R)):
o First reduce to case: |A| < k:

A is subdirect sum of B; < A with |B;| < &.
each B; € Mod(Eqc(R))
if B; € &, then A€ &

e Now may assume |A| < k.

choose injective coloring ¢ : A — C, then A =2¢(A) < Tc.
for each u € ¢(A) there is A, € £ and coloring ¢, with
ue (A <Tc

Ae SHE({A,|uec(A)}) CRr

H. Peter Gumm (Philipps-Universitit MarburUniversal Coalgebra - An Introductory Tutoriz
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Useful Intuition for functors

@ containers

o |3 o
VRN
o |2 o o |i_ o
/7 N\
o1 o o
VRN AN
o |0 o o o o
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Useful Intuition for functors

@ containers
» F(1): shapes

e |3 °
VRN
® |2 ° ° ° °
o |1 ° ° °
VRN AN
e |0 ° ° . °
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Useful Intuition for functors

@ containers
» F(1): shapes

F(2): 0-1 °3 *
> . 0-1-patterns /N
o |2 o o L °
/7 N\
o |1l ° ° o
/N AN
o |0 ° o o °
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Useful Intuition for functors

@ containers

vV vyyvYyy

F(1): shapes

F(2): 0-1-patterns

F(X): X -pattern.

X3
X2
X1

X0

O = N W

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz

X0

N
></

X2 2

X3 X4

N
N
></

X7 5

X2 X0
X1
AN
X1 X0
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Useful Intuition for functors

@ containers

» F(1): shapes
» F(2): 0-1-patterns
S X2 X2 . °
X - . X1 NS o
» F(X): X -pattern PN N
. N . X1 X0 ° b
@ fo is substitution with

g

> 0 Xp,X2 >
.7X10—)O:
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Useful Intuition for functors

@ containers

» F(1): shapes
» F(2): 0-1-patterns
. X2 X0 .
X - . X1 NS o
» F(X): X -pattern PN N
. o . X1 X0 ° i
e fFo is substitution with

g

> 0 Xp,X2 >
®, X1 O
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Patterns and substitutions

X = {x1,...,x,} a set of variables

p € F(X)
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Patterns and substitutions

X ={x1,...,x:} a set of variables

e p e F(X) is called k — pattern

p(X1,.ccs Xn,...) = p € F(X)
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Patterns and substitutions

X ={x1,...,x:} a set of variables
e p € F(X) is called k — pattern

@ Functor on maps is substitution

p(X1y ey Xny-.) = p € F(X) X

]Fc‘ Fo o

p(x10,...,x0,...) = q € F(Y) Y
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Modalities

@ Use formulae ¢ as test: [¢] : A — 2

ap,a1f=¢
a,a3lEd

>

F(A)
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Modalities

o Use formulae ¢ as test: [¢] : A— 2
o F [¢] : F(A) — F(2) produces 0 — 1—patterns

ag,a1l=¢
A > a Jg A
Ia
(07
ao
7\
F(A) > a an
VAN
das a1
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Modalities

o Use formulae ¢ as test: [¢] : A— 2
o F [¢] : F(A) — F(2) produces 0 — 1—patterns
@ judge a € A by the 0 — 1—pattern of a(a)

a3 ag,a1l=¢
a,azlEd

Ia

ao

/N
ai a
/N
as ai

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 50 / 69



Modalities

o Use formulae ¢ as test: [¢] : A— 2

o F [¢] : F(A) — F(2) produces 0 — 1—patterns
@ judge a € A by the 0 — 1—pattern of a(a)

e For O C F(2):

a3 ag,a1f=¢
a,azlEd
Ia
ao °
EREN F [4] / N\
ai ar — ° o
s N /N
as dl o) o
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Modalities

o Use formulae ¢ as test: [¢] : A— 2

o F [¢] : F(A) — F(2) produces 0 — 1—patterns
@ judge a € A by the 0 — 1—pattern of a(a)

e For O C F(2):

a = Oe
! :
31/ \82 FM]] 0/ N e OcC F(2)
/N / N\
as al e} ®
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Modalities

o Use formulae ¢ as test: [¢] : A— 2

o F [¢] : F(A) — F(2) produces 0 — 1—patterns
@ judge a € A by the 0 — 1—pattern of a(a)

e For O C F(2):

a = Oo
! :
al/ \az F—lkf]] o/ \o e OCF(2
/N /N
as al e} ®

a=0¢: < (F [¢])(a(a)) € O
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Modal Logic

@ Formulae
» pick O0; C F(2)

¢ = true|—g | /\¢,
i€l
| O¢ for OC F(2)
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Modal Logic

@ Formulae
» pick O0; C F(2)

¢ 1 true|-¢ | /\qb, ~-§Aﬂ>2
i€l
| O¢ for OC F(2)
@ Semantics

» xE N i = VielxE ¢
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Modal Logic

@ Formulae
» pick O0; C F(2)

¢ = true|—¢ | /\qb,- XA [4]

— D
i€l

| O¢ for OC F(2) F2 O o

@ Semantics

> xE N ¢ = VielxE
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Modal Logic

@ Formulae
» pick O0; C F(2)

¢ true|-g | N\ ¢ "‘éi‘—ﬁ
iel «
| O¢ for OC F(2) FA— > F25 9
F [4]

@ Semantics

> xE N ¢ = VielxE
> x Do = Fg](alx)) €D
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Stability: V C~

@ = is homomorphism stable

p: A= B = (VacAaE ¢ < ¢(a) E )
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Stability: V C~

@ |= is homomorphism stable
0o A= B = (NVacAaE¢ < o¢(a) E )

@ Proof by formula induction

A2 B
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Stability: V C~

@ |= is homomorphism stable

p: A—=B = (VacAaE ¢ < ¢(a) E ¢)

@ Proof by formula induction
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Stability: V C~

@ |= is homomorphism stable
p: A= B = (VacAalE¢ < ¢(a) = ¢)

@ Proof by formula induction

<<<<< A—* .B

[[¢]]\ / [41°
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Stability: V C~

@ = is homomorphism stable
p: A= B = (VacAalE¢ < ¢(a) =)

@ Proof by formula induction

FA——* - FB

F [[¢]1"\ FQ/F [4]°
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Stability: V C~

@ = is homomorphism stable
p: A= B = (VacAaE ¢ < ¢(a) = ¢)

@ Proof by formula induction

]]\ / F LT’
lD

F [el”
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Completeness: ~C V

o F is 2 — separable if
{Ff | f : X — 2} separates points
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Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points
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Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points

Ai»A/%
o :

F(A) ﬂfF(Av/ ~)
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Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points

Fr v
F(A) —F(A/ =)
WALy
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Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points

ey WL Ay PR | 2
: /
“ v
Frx Ff
F(A) — F(A/ %) LA F(2)
AA

wy My
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Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz August 8, 2013 53 / 69



Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points
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Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points

[of]
@ For a7 b find ¢, with TN
> 3= ¢ap but b ¢ap. :::::::?:(:::; AT Al = ’ 2
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Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points

[¢+]
@ For a % b find ¢, with /\
> al=¢ap but b~ ¢yp. E AT T A e 20
y :
Q ¢, = /\aaeb ¢ap defines a: @ v
Fr
> X a < X[ @, F(A)_>F(A/%)LF(2)
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Completeness: ~C V

o Fis 2 — separable if
{Ff | f : X — 2} separates points

[¢+]
@ For a % b find ¢, with /\
> al=¢ap but b~ ¢yp. Tz AT T A e 20
y :
Q ¢, = /\aaeb ¢a,p defines a: @ v
Fr
> xR a < X[ P, F(A)—>F(A/%)LF(2)

\_/VXMWy
Q@ Forf:A/~—2

> br 1= V{6, | Foma(a) = 1}
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Example: Probabilistic systems

e D, (X) = finitary prob. distr. on X
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Example: Probabilistic systems

e D, (X) = finitary prob. distr. on X

@ Assumption satisfied:

» {D,f | f: X — 2} separate points
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Example: Probabilistic systems

e D, (X) = finitary prob. distr. on X
@ Assumption satisfied:
» {D,f | f: X — 2} separate points

@ Formulae

¢ = [w]ep wherew = [w,1]
| NP ¢]true
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Example: Probabilistic systems

e D, (X) = finitary prob. distr. on X

@ Assumption satisfied:

» {D,f | f: X — 2} separate points

@ Formulae X
¢ = [w]ep wherew = [w,1] w °
| OAG| =0 true e >
. \\ © //

@ Semantics

> x = [W]o =

S{plxByEot>w
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Towards Finitary Logic

@ Formulae

¢ = true|—¢ | /\¢,
i€l
| O¢ forOC F(2)
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Towards Finitary Logic

@ Formulae

@ Finite conjunctions

¢ 1 true|—p | dAP
| O¢ forOC F(2)
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Finitary completeness

@ Assume F is w — bounded
» F(X) = U{F[U]x | U Csn X}

Wrap up
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Finitary completeness

@ Assume F is w — bounded
» F(X) =U{FIUlx | U Cfin X}

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz



Finitary completeness

@ Assume F is w — bounded
» F(X) =U{FIUlx | U Cfin X}

U—=s A

F(U) -~ F(A)

A hn wh Ay
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Finitary completeness

@ Assume F is w — bounded
» F(X)=U{F[Ulx | U Ssin X}
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Finitary completeness

@ Assume F is w — bounded
» F(X)=U{F[Ulx | U Ssin X}

XooY
Yy -

A—s A/~
|

la Y
F(A)——=F(A/ =)
Ay
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Finitary completeness

@ Assume F is w — bounded
» F(X)=U{F[Ulx | U Ssin X}

XooY
Yy -

A—s A/~
I
F(A)——=F(A/ =)
a(x)?Aa(y) uAAv
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Finitary completeness

@ Assume F is w — bounded

> F(X)=U{F[Ulx | U Chin X}
» Choose U C X with a(x), a(y) € F(U)

Xooy

Vf ™ AT 2
|
F(a)—= (AV/ ~) - F(2)

a(x)ééa(y) Wxééwy
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Finitary completeness

@ Assume F is w — bounded

> F(X)=U{F[Ulx | U Csin X}
» Choose U C X with a(x), a(y) € F(V)

[]

X

v
A

lvmz
|
F(A) S Fa) ~) s F(2)

a(x) a(y) o A wy

FI7
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Finitary completeness

@ Assume F is w — bounded

» F(X) = U{F[Ulx | U Csn X}
» Choose U C X with a(x), a(y) € F(V)
» ¢, = \{dap | a5 be U} defines a relative to U

[]

X

v
A

lvmz
|
F(A) S Fa) ~) s F(2)

a(x) a(y) o A wy

FI7
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Finitary completeness

@ Assume F is w — bounded

F(X) = U{F[Ulx | U Csn X}

Choose U C X with a(x), a(y) € F(U)
¢a:=\V{bap | a % b€ U} defines a relative to U
or = Nou|ueU, flux) =1}

vV vy vVvYyYy

[’1

W W -
U -A —> A/ x ——=2
. l/oe |
“Fu Fr~ ! Ff
F(U) F(A) F(A/ =) ——=F(2)

rAAs a(x)ééa(y)\_/wxééwy

FI7
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Finitary completeness

@ Assume F is w — bounded

F(X) = U{F[Ulx | U Csn X}

Choose U C X with a(x), a(y) € F(U)
¢a:=\V{bap | a % b€ U} defines a relative to U
or=Nou|ueU, flux) =1}

vV vy vVvYyYy

[’1

W W -
U -A —> A/ x ——=2
. l/oe |
“Fu Fr~ ! Ff
F(U) F(A) F(A/ =) ——=F(2)

rAAs a(x)ééa(y)\_/wxééwy

FI7
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Finitary completeness

@ Assume F is w — bounded
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or=Nou|ueU, flux) =1}

vV vy vVvYyYy

[’1

W W -
U -A —> A/ x ——=2
. l/oe |
“Fu Fr~ ! Ff
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Finitary completeness

@ Assume F is w — bounded

F(X) = U{F[Ulx | U Csn X}

Choose U C X with a(x), a(y) € F(U)
¢a:=\V{bap | a % b€ U} defines a relative to U
or=Nou|ueU, flux) =1}

vV vy vVvYyYy

i |[¢f]]
W f
U _ j\ AL 202
ﬁ_ [o% v
F(U) =2 FA) —= F(A) =) -~ F(2)

rAAs a(x)ééa(y)\_/wxééwy

FI7
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Finitary completeness

@ Assume F is w — bounded

F(X) = U{F[Ulx | U Csn X}

Choose U C X with a(x), a(y) € F(U)
¢a:=\V{bap | a % b€ U} defines a relative to U
or=Nou|ueU, flux) =1}

vV vy vVvYyYy

[[¢f]]
W Xy — ;
U =~ A S A 2
A/'FLU Fra v Ff
F(U) F(A) ——= F(A/ =) ——=F(2)
AA

s a(x)Ma(y) wi M w,

F [#f]
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Modalities for P(—)

xEO¢: = xE[{}l¢o vV xE[{1}]¢
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Modalities for P(—)

xEO¢: <= xE[{}l¢o vV x = [{1}]¢

RPN
{0}
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Modalities for P(—)

xEO¢: <= xkE[{}l¢e v xE[{1}]¢
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Modalities for P(—)

xE0¢: <= xE[{}l¢o v xE[{1}]¢

_||:|
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Modalities for P(—)

xEUp: = xE=[{}¢ vV xkE=[{1}]¢

ﬂ|:|—| _||:|
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Modalities for F(X) = X? — X + 1

xEO6: = xE s v xk[()l6

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz



Modalities for F(X) = X? — X + 1

XED6: e x k[ v x (I
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Modalities for F(X) = X? — X + 1

xED6: e x [ v xE ()l

H. Peter Gumm (Philipps-Universitat MarburUniversal Coalgebra - An Introductory Tutoriz



Some frame axioms

arT
Ovi Ay, — D(Vl VAN V2)
(V1 — V2) — (Dvl — |:|V2)

Validity depends on choice of O C F(2).

Theorem
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Some frame axioms

arT
Ovi Ay, — D(Vl VAN V2)
(V1 — V2) — (Dvl — DV2)

Validity depends on choice of O C F(2).
Theorem
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Some frame axioms

arT
Ovi Ay, — D(Vl VAN V2)
(V1 — V2) — (Dvl — DV2)

Validity depends on choice of O C F(2).

Theorem

o F0O0vi AlOve = O(vi Aw)i

p(1,0,0)e0
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Some frame axioms

arT
Ovi Ay, — D(Vl VAN V2)
(V1 — V2) — (Dvl — DV2)

Validity depends on choice of O C F(2).

Theorem

o F0vi Alve = O(vi A w)

p(1,0,0)€0]

i P(LO.0)ED

) |:(v1 = Vz) — (DVl = DV2) p(1,1,0)e0
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An examle proof

Theorem

1cfy, Vi=—Ww p(17070)€|:|
(F, D) satisfies Tw—=Tw < p{i10)e0
[ ”n
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An examle proof

Theorem
L Vi — v p(1,0,0)e00
(F,O) satisfies —Dvizmzw = pi10)e0
g : "
F2) —2— =2
€ €

p(1,0,0)——— =1

p(1,1,0)——~
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An examle proof

Theorem

., — p(1,0,0)e00
(F,O) satisfies Oi=Tw < p(l10)ed
g "
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An examle proof

Theorem
ey 1,0,0)€0)
(F,0) satisfies 1=t <= E(OUCT }
I :> ”
F( vl
Fix,y,z} ———% F(2) — =2
F( [va])

€

Fx{x
p(Xay7Z)'A>p(17070)'D—>l

Fx{x.y}

p(1,1,0)—— =7
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An examle proof

Theorem
(F, D) satisfies gt =13, <= ',282(1)18325 J
i :> "
[vil=x{x}
{x,y,z} —=
[va]=x{x.y}
F( [vil)
F{x,y,z} ——= F(2) — 22
F( [v2D c

p(x,y,2) X 510,001

p(1,1,0)———=7
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An examle proof

Theorem
(F,0) satisfies ﬁ — % J
[vil=x{x}

{X7}/>Z}—>

e C”l [val=x{x.y}
/

F( [val)
% F{x,y,z} ———=2 F(2) — 2
N € FClvaD € €
AN

X X

p(x,y,2) —2X 510,000 1
O
Fx{x.y}
p(1,1,0)
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An example proof

Theorem

ey, Vi =— W p(17070)€‘:,
(F,0O) satisfies Tw—=Tw < p10)en
« 3 "
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An example proof

Theorem
(F,0) satisfies g-="1~ — B, <= —gg:gzgggg
U
[vi]
A 2
al [v-]
F( [vi]) -
FA F2——=—>2

F( [vo])
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An example proof

Theorem

L Vi = v p(1,0,0)e0]
(F,0) satisfies 5=, <= HTro)e0
“¢ ”

[vi]

a € A 2
al [vo]
F( [vil)
ala) € FA Fo—2 o2
F( [vo])
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An example proof

Theorem
. v 1,0,0)e0
(F,0) satisfies ﬁ = —ZELLOED
U
un=x{x}
{x,y,z}
f \ w=x{x,y}
/ [vi] uz
A =2
al [vl
F( [vi])
ala) e FA F2—=—>2

F( [wv2D)
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An example proof

Theorem
.y v 1,0,0)e0
(F,0) satisfies ﬁ — —zEI,LOggD
Cp— "
m=x{x}
{x,y,2z}
f K m=x{xy}
|[V1]] u2
€ A =2
al [vl
F( [vi])
ala) e FA F2——=—>2
\F( [vo]) Fu p(1,0,0)
Ff Fus
pP € F{X) Y, Z}
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An example proof

Theorem
ey v 1,0,0)e0
(F,0) satisfies ﬁ — —zEI,LOggD
LR
m=x{x}
{x,y,2z}
f \ m=xy}
|[V1]] u2
€ A =2
al [vl
F( [vi])
aa) e FA F2—2 2
\F( [vo]) F p(1,0,0)
Ff Fu2 p(l,l,O)
p e F{xy,z}
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Topological Spaces

@ Topological Spaces
T=(X,7)
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Topological Spaces

@ Topological Spaces
T=(X,7)

@ Neighbourhoods

Nx)={UCX|3IO0ecr.acOCU}
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Topological Spaces

@ Topological Spaces
T=(X,7)

@ Neighbourhoods

MN(x)={UC X |30 ecr.acOCU}

@ Topologies as Coalgebras
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The functor 22~

On objects: N
22" = PP(X)
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The functor 22~

On objects: N
22" = PP(X)
On maps:
foX Y  yields P A Y
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The functor 22~

On objects: N
22" = PP(X)
On maps:
foX Y  yields P A Y
where

22 (c)={VCY|flV]eo}
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22" _coalgebras: Neighbourhood systems

e 2% _coalgebra:

22
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22" _coalgebras: Neighbourhood systems

e 22 _coalgebra:

A
@ Notation: al
a—vrU <= Ucaa)
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22 _coalgebras: Neighbourhood systems

e 2% _coalgebra:

A ‘ B
@ Notation:
a—>U <= Ueca(a) al . lﬁ
22
@ Homomorphism 22" 22"
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22 _coalgebras: Neighbourhood systems

) A ‘ B
e 22 _coalgebra: l l

a B

o Notation: .\ 2% .
a—vrU <= Ucaa) 22 22

@ Homomorphism

a—1p>p V] <= pa) —>V
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22 _coalgebras: Neighbourhood systems

A 4 B
2- )
@ 2¢ -coalgebra: al lﬁ
o Notation: 22%
2A 2B
a —— > U R —— U S a(a) 2 2

@ Homomorphism Topological spaces with open maps form

a subcovariety of neighbourhood
systems.
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UnCurry-Curry

Curry:
XxY—=sZ2X—>2ZY
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UnCurry-Curry

Curry:
XxY=sZx2X—>2Z7Y

Functor action:

A-foo s F(A) -~ F(2)
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UnCurry-Curry

Curry:
XxY—=sZx2X—272Y

Functor action:
yop——— s NIO)
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UnCurry-Curry

Curry:
XxY—>Z2X—>2ZY
Functor action:
yop—— s NIO)
Uncurried:
24 x F(A) ——— F(2)
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UnCurry-Curry

Curry:
XxY—=sZ2X—27ZY
Functor action:
yop——— s NIO)
Uncurried:
24 x F(A) ——— F(2)
Curried:
F(A) — F(2)*"
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UnCurry-Curry

Curry:
XxY—=sZ2X—27ZY
Functor action:
A F L F)fFA
Uncurried:
24 x F(A) ——— F(2)
Curried:
eve 2A
F(A) —— F(2)
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Naturality

It's a natural transformation ...

F(A)

eve \L

F(2)*
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Naturality

It's a natural transformation ...

F(A) F(B)

eVF‘L ‘LEVF

FX  FE
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Naturality

It's a natural transformation ...

f

A———B

F(A) F(B)

ev;:l/ l/ev;:

F'  F@)?
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Naturality

It's a natural transformation ...

f

A———B

F(A) ="~ F(B)

ev;:l/ l/ev;:

FRY 2 (2
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Naturality

It's a natural transformation ...

f'

A———B

F(A) -~ F(B) F(2)

eVFl’ l/ev;:

F)2 2 F2)?® D
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Naturality

It's a natural transformation ...

f'

A———B

F(A) -~ F(B) F(2)

eVFl’ \LEVF

A B
F(2)? — F(2)? O
dJ
22" 2
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Naturality

It's a natural transformation ...

A—F . B

F(A) —Z~ F(B) F(2)

eVF‘l’ lev,:

F(2)* — F(2)% 0
22

le

S 1 2

°)
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Naturality

It's a natural transformation ...

A—F . B

F(A) —Z~ F(B) F(2)

eve lev,:
24 2B
F(2)*' — F(2) o

2
o lﬁ

S 1 2
22
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Naturality

It's a natural transformation ...

A—T .B
7/
/
/ Ff
/ F(A) —— F(B) F(2)
m!  evr lev;:
|
VR — F(2)*° 0
\ 22
\\\D lu
LA o 2
22
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Naturality

It's a natural transformation ...

A—" .p
/
/
/ Ff
/R -FB) R
m!  evr evr
\ 2A 2B
v F(2) — F(2) O
\ 22
\\\D m
2t 92 2
22"
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Naturality

It's a natural transformation ...

A—T .B
7/ AN
/ \
/ Ef \
/ F(A) —— F(B) \\ F(2)
m!  evr evp “)”t
|
v FRP —F(2® 1 o
\ 22 /
\\\D D/
LA o 2
22
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A full embedding

e Each 0J; : F(2) — 2 yields a functor

Setp — Sety,-

Ve
/ l
/

w F(A) ()
N Io

22 2
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A full embedding

e Each 0J; : F(2) — 2 yields a functor

Setp — Sety,-

@ each bit-encoding O : F(2) < 2" where
[; = m; o O yields a full embedding:

Setp — (Sety,- )"
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A full embedding

e Each 0J; : F(2) — 2 yields a functor

Setp — Sety,-

@ each bit-encoding O : F(2) < 2" where
[; = m; o O yields a full embedding:

Setp — (Sety,- )"

@ Relation to modal logic:

ak=Ug = a
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Conclusion

@ Coalgebras model state based systems
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Conclusion

@ Coalgebras model state based systems

> elegant algebraic theory

» covers all familiar systems
* minimality
* observational equivalence
* coequational (global) logic

o Modal logic

» framework for arbitrary coalgebra
» adequate and expressive
» finitary for finitary type functor

@ A lot more

> Algebra-coalgebra maps
» Recursive coalgebras

* ... but that's another story ...
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Thanks

Th@nx
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