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Church's λ-Calculus
Definition. λ-calculus — as a formal theory — has
rules for the explicit definition of functions
via equational axioms:

α-conversion
λX.[...X...] = λY.[...Y...]

β-conversion
!

(λX.[...X...])(T) = [...T...]

η-conversion
λX.F(X) = F

The basic syntax has one binary operation
of application and one variable-binding operator
of abstraction. These are the "logical"
notions of the theory, but we can add other
constants for special operators.

Note that third axiom will be dropped in
favor of a theory employing properties
of a partial ordering.

The Graph Model
Definition. Define: The pairing (n,m) = 2n(2m+1).
Define: Sequence numbers〈〉 = 0 and
〈n0,n1,...,nk-1,nk〉= (〈n0,n1,...,nk-1〉, nk).

Define: set(0) = ∅ and set((n,m))= set(n)∪{ m }.
Define: X* = { n | set(n) ⊆ X } for sets X of integers.

Definition. The enumeration operator model is
given by these definitions on sets of integers:

Application
!

F(X) = { m | ∃n ∈ X*.(n,m) ∈ F }

Abstraction
!

λX.[...X...] =

!

!

{0}∪{ (n,m) | m ∈ [... set(n)...] }

NOTE: This model could easily have been
defined in 1957, and it satisfies the rules of
α, β-conversion (but not η).

(Some historical comments can be found
at the end of these notes.)

What is the Secret?
(1) The powerset P( ) = { X|X⊆ }is a topological
space with the sets Un = { X|n ∈ X*} as a basis for
the topology.

(2) Functions Φ:P( )n ⟶ P( ) are continuous iff, for all
integers, m ∈ Φ(X0,X1,…,Xn-1) iff there are ki ∈ Xi*
for all i<n, such that m ∈ Φ(set(k0),…, set(kn-1)).
(3) The application operation F(X) is continuous as a
function of two variables.

(4) If Φ(X0,X1,…,Xn-1) is continuous, then the
abstraction λX0.Φ(X0,X1,…,Xn-1) is continuous in all
of the remaining variables.

(5) If Φ(X) is continuous, then λX.Φ(X) is the largest
set F such that for all sets T, we have F(T)= Φ(T).

(6) And, note, therefore, that generally F ⊆ λX.F(X).

Some Lattice Properties
For all sets of integers F and G we have:
λX.F(X) ⊆ λX.G(X) ⟺

∀X.F(X) ⊆ G(X),

λX.(F(X)∩ G(X)) = λX.F(X) ∩ λX.G(X),
and
λX.(F(X)∪ G(X)) = λX.F(X) ∪ λX.G(X).
Definition. A continuous operator Φ(X0,X1,…,Xn-1)
is computable iff in the model this set is RE:
F = λX0λX1…λXn-1.Φ(X0,X1,…,Xn-1).

• All pure λ-terms define computable operators.
• If Φ(X) is continuous and we let ∇ = λX.Φ(X(X)),
then P = ∇(∇) is the least fixed point of Φ.

• The least fixed point of a computable operator is
computable.
Succ(X)={n+1|n ∈ X }, Pred(X)={n|n+1 ∈ X }, and
Test(Z)(X)(Y)= {n ∈ X|0 ∈ Z }∪{m ∈ Y|∃ k.k+1 ∈ Z }

with λ-calculus suffices for defining all RE sets.

How to Randomize?
Definition. By a random variable we mean a function
X:[0,1] ⟶ P( ),
where, for n ∈

, the set { t ∈ [0,1] |n ∈ X(t)}

is always Lebesgue measurable.

Definition. For random variables X,Y:[0,1] ⟶ P( ),

⟦ X⊆Y ⟧ ={ t ∈ [0,1] |∀n ∈ X(t).n ∈ Y(t)}/Null.
Theorem. The random variables over P( ) form
a Boolean-valued model for the λ-calculus —
expanding the two-valued model P( ).
• This last definition is the beginning of putting
a Boolean-valued Logic on random variables
using the complete Boolean algebra of
measurable sets modulo sets of measure zero.

NOTE: This new model gives us a programming
language with randomized parameters.

Randomized Coin Tossing
Definition. A coin flip is a random variable
F:[0,1] ⟶ {{0},{1}},
It is fair iff μ⟦ F = {0} ⟧ = 1/2.

Definition. Pairing functions for sets in P( ) can be
defined by these enumeration operators:
Pair(X)(Y)={2n|n ∈ X }∪{2m+1|m ∈ Y }
Fst(Z)={n|2n ∈ Z } and Snd(Z)={m|2m+1 ∈ Z }.

Definition. A tossing process is a random variable
T where Fst(T)is a fair coin flip and where
Snd(T) is another tossing — with the

successive flippings all being mutually independent.

The problem with using a coin-tossing process T
is that once Fst(T) has been looked at, then
that toss should be discarded, and only the coins
from Snd(T) should be used in the future.

A Prototype Algorithm Language
Perhaps a solution is always to evaluate
programs in the order in which expressions are
written. Let's try a very sparse language.
Vi — a variable
M(N) — an application
λVi.M — an abstraction
M⨁N — a stochastic choice
Let Vi= M in N — a direct valuation

The idea here is that the text M is evaluated
in an environment giving the values of free
variables. Then the result is passed on to a
continuation. In case a random choice is
needed, the tossing process is called.
We will try to employ a continuation semantics
where the denotation of a program uses the
λ-calculus formulation:

⦉ M ⦊(env)(cont)(toss)

The Semantical Equations
• ⦉ Vi ⦊(E)(C)(T) =
!

C(E({i}))(T)

• ⦉ M(N) ⦊(E)(C)(T) =
!

⦉ M ⦊(E)(λX.⦉ N ⦊(E)(λY.C(X(Y))))(T)

• ⦉λVi.M ⦊(E)(C)(T) =
!

C(λX.⦉ M ⦊(E[X/{i}]))(T)

• ⦉ M⨁N ⦊(E)(C)(T) =
!

Test(Fst(T))(⦉ M ⦊(E))(⦉ N ⦊(E))(C)(Snd(T))

• ⦉ Let Vi= M in N ⦊(E)(C)(T) =
! ⦉ N ⦊(E[⦉ M ⦊(E)/{i}])(C)(T)

Running a (closed) program means evaluating:

⦉ M ⦊(∅)(λX.λY.X)(T)
The semantics and model as presented here,
however, are only sketches. Examples of
randomized algorithms need to be worked out,
as well as good methods of proving
probabilistic properties of programs.

Simulating Automata
Definition. Let § be a suitable RE set where

§(F)({0}) = λX.X and
§(F)({(n,m)}) = F({m}) ○ §(F)({n}).
Theorem. Let

∈

P( ) be finite, then the

regular languages contained in * are exactly the
sets of the form {σ ∈

* |0 ∈ §(A)({σ})(Q)},

where A,Q ∈ P( ) are finite.

Theorem. Let , Q ∈ P( ) be finite, let A be a
finite random variable, and let ε ∈ [0,1]. Then
the probabilistic languages contained in * are
among the sets of the form
{σ ∈ * |μ⟦0 ∈ §(A)({σ})(Q)⟧ > ε}.

• More analysis is needed as to which random
automata define interesting languages.

The Fuzzy Powerset Model
Definition. Let F = [0,1] be the infinite-dimensional cube.
Definition. Let E(n) enumerate the rational vectors in F
with only finitely many non-zero coordinates.
Definition. For X ∈ F, define E(n) << X to mean that for
all i ∈

with E(n)i > 0, we have E(n)i < Xi.

Theorem. For X ∈ F, we have X = sup{ E(n)| E(n)<< X }.

Definition. The fuzzy powerset model is given by
these definitions on infinite-dimensional vectors:

Application
!

F(X)m = sup{ F(n,m) | E(n) << X }

Abstraction
!

(λX.[...X...])0

= 1

!

(λX.[...X...])(n,m) = [...E(n)...]m
This model satisfies α, β-conversion (but
not η). And random elements can be
added just as with the P( ) model.

What is a Type?
Definition. Recall that for X,Y ∈

we write

Pair(X)(Y)=(X,Y)={2n|n ∈ X}∪{2m+1|m ∈ Y},
Fst(Z)={n|2n ∈ Z}, and
Snd(Z)={m|2m+1 ∈ Z}.
So we regard

=

×

, and for A ⊆

we write

X	 A	 	 Y iff (X,Y) ∈ A.
Definition. By a type over
we understand
a partial equivalence relation A ⊆ where,
for all X,Y,Z ∈ , we have
X	 A	 Y implies Y	 A	 X, and
X	 A	 Y and Y	 A	 Z imply X	 A	 Z.
Additionally we write X:A iff X	 A	 X.

Note: It is better NOT to pass to equivalence classes
and the quotient spaces. But we can THINK
in those terms if we like.
Definition. For subspaces
[ ] = {(X,X)| X ∈

⊆

write

},

so that we may regard subspaces as types.

The Category of Types
Definition. The product of types A,B ⊆
defined as that relation where X(A

is

× B)Y

iff

Fst(X)A	 Fst(Y) and Snd(X) B	 Snd(Y).
	 

Theorem. The product of two types is again
a type, and we have
X:(A

× B)

iff Fst(X):A and Snd(X):B

Definition. The exponentiation of types A,B ⊆
is that relation where F(A

∀X,Y.

￫ B)G

iff

X A	 Y implies F(X)	 B	 G(Y).

Theorem. The exponentiation (= function space)
of two types is again a type, and we have
if F:A

￫B

then

∀

X. X:A implies F(X):B.

Note: Types do form a category — expanding
the topological category of subspaces — but
we wish to prove much, much more.

Isomorphism of Types
Definition. The sum of types A,B ⊆

is defined

as that relation where X(A + B)Y iff
either
or

∃X0,Y0[X0A Y0 & X = (0,X0) & Y = (0,Y0)]
	 

∃X1,Y1[X1B Y1 & X = (1,X1) & Y = (1,Y1)].
	 

Theorem. The sum of two types is again
a type, and we have
X:(A + B) iff either Fst(X) = 0 & Snd(X):A
or Fst(X) = 1 & Snd(X):B.

Definition. Two types A,B ⊆

are isomorphic,

in symbols A ≅ B, provided there are
F:A

￫B

and G:B

∀X:A. X A	 G(F(X))

and

￫ A	 where

∀Y:B. Y B	 F(G(Y)).

Theorem. If types A0 ≅ B0	 and A1 ≅ B1, then
(A0 × A1) ≅ (B0

× B1),

and

(A0 + A1) ≅ (B0 + B1), and
(A0

￫ A ) ≅ (B ￫ B ).
1
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Some Categorical Properties
Definition. Let T be the class of all types
on the powerset space

.

Theorem. Isomorphism is is an equivalence
relation on T, and for all A,B,C

∈ T,

( A × B ) ≅ (B

× A),	 and (A + B) ≅ (B + A),
((A × B)× C) ≅ (A ×(B× C)), and

and

((A + B)+ C) ≅ (A +(B+ C)), and
(A ×(B+ C)) ≅ (A × B)+(A × C), and

￫ C) ≅ (A ￫(B￫ C)), and
(A ￫(B × C) ≅ (A ￫B)×(A￫ C)), and
((A + B)￫ C) ≅ (A ￫C)×(B￫ C)).
((A × B)

Theorem. The types on the powerset space
form a bi-cartesian closed category, and
the isomorphism classes of types
satisfy all the usual laws of addition,
multiplication, and exponentiation.

Dependent Types
Definition. Given A ∈ T, an A-indexed family of
types is a function B:

∀X0,X1.

￫ T,

such that

X0 A	 X1 implies B(X0) = B(X1).

Definition. The dependent product of an

A-indexed family of types, B, is defined
as that relation such that
F0(∏X:A.B(X))F1 iff

∀X0,X1.

X0 A	 X1 implies F0(X0)	 B(X0) F1(X1).

Definition. The dependent sum of an

A-indexed family of types, B, is defined
as that relation such that
Z0(∑X:A.B(X))Z1 iff

∃X0,Y0,X1,Y1[X0A X1 &	 Y0B(X0)Y1 &
	 

Z0 = (X0,Y0) & Z1 = (X1,Y1)]

Theorem. The dependent products and
dependent sums of indexed families
of types are again types.

Systems of Dependent Types
Definition. We say that A,B,C,D form
a system of dependent types iff
• ∀X0,X1.[X0 A X1

⇒

B(X0) = B(X1)], and

• ∀X0,X1,Y0,Y1.[X0 A X1 & Y0 B(X0) Y1 ⇒
C(X0,Y0) = C(X1,Y1)], and
• ∀X0,X1,Y0,Y1,Z0,Z1.[X0 A X1 & Y0 B(X0) Y1 &
Z0 C(X0,Y0) Z1

⇒

D(X0,Y0,Z0) = D(X1,Y1,Z1)],

provided that A
functions on

∈ T, and B,C,D	 are

to T of the indicated

number of arguments.

Note: Clearly the definition can be extended
to systems of any number of terms.

Theorem. Under the above assumptions on
A,B,C,D, we always have
∏X:A.∑Y:B(X).∏Z:C(X,Y).	 D(X,Y,Z) ∈ T.

Asserting Propositions
Definition. Every type	 P ∈ T can be regarded
as a proposition where asserting (or
proving P) means finding evidence E:P.

Note: Under this interpretation of logic,
asserting (P × Q) means asserting a conjunction,
asserting (P + Q) means asserting a disjunction,
asserting (P

￫ Q) means asserting an implication,

asserting (∏X:A.P(X)) means asserting a
universal quantification, and
asserting (∑X:A.B(X)) means asserting an
existential quantification.

Definition. For	 A ∈ T the identity type
on A is defined as that relation such that
Z(X

AY)W

iff Z	 A	 X	 A	 Y	 A	 W.

Example: Given F:(A

￫ (A ￫ A)), then asserting

∏X:A.∏Y:A.∏Z:A. F(X)(F(Y)(Z))

A

F(F(X)(Y))(Z)

is the same as asserting that F is an associative operation.
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