RESIDUATED LATTICES OF SIZE UP TO 6

NICK GALATOS AND PETER JIPSEN

There are 1 + 1 4+ 3 + 20 + 149 + 1488 = 1662 residuated lattices with < 6 elements. In the list below, each algebra
is named R}}" where m is the cardinality and n enumerates nonisomorphic lattices of size m, in order of decreasing
height. The depth of the identity element 1 is given by ¢, and j enumerates nonisomorphic algebras. For lattices of
the same height distributive lattices appear before modular lattices, followed by nonmodular lattices, and selfdual
lattices appear before nonselfdual lattices. Algebras with more central elements (round circles) are listed earlier,
hence commutative residuated lattices precede noncommutative ones. Finally, algebras are listed in decreasing order
of number of idempotents (black nodes).

The monoid operation is indicated by labels. If a nonobvious product zy is not listed, then it can be deduced from
the given information: either it follows from idempotence (z? = x) indicated by a black node or from commutativity
or there are products uv = wz such that v <z <w and v <y < z (possibly uv = L L or wz =TT).

If you have comments or notice any issues in this list, please email jipsen.AT.chapman.edu.
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c=bc=ab c=bc=ab c=bc=ba=ac c=bc=ba=ac c=bc=ab c=bc=b*=ac
d=cd=ad d=dc=da d=dc=da d=dc=db=ad d=dc=da d=dc=da
db ad ad bd ad ad
R%%so R?ém R?j%sz R?ésg R?:é&x R?é&a
1 1 1 1 1 1 1
a a a a a a a
b=ba b=ab=a> b=ab=a> b b=ab b b=ab
c=bc=ab c=bc=ac c=bc=ac c c c=ac=ab c=ac
d=dc=db=ad d=cd=ad d=dc=da d=ad=ab d=ad=ac d=ad d=ad
bd da ad ba ba ba ba
R(fé% R(ljém R(f:%ss R?gsg R(liégo R?:;Ql Riégz
1 1 1 1 1 1 1
a a a a a a a
b=ab b b=ba b b=ba b=ba b=ab=a>
c=ba=ac c c c=ca=ba c=ca c=ac=ab c
d=cb=b*=ad d=da=ba d=da=ca d=da d=da d=da=bc=b> d=bd=ac
da=bc ab ab ab ab cb=ad ca
RY303 3?2%94 R?:%% R?Z%%’ R?:%Q? R?Z%gs R?égsa
1 1 1 1 1 1
a a a a a a
b=ab=a> b=ab=qa> b=ab=a> b=ab=a> b=ab=qa> b
c=bc=ac c=bc=ac c c=cb=ca c=cb=ca c=bc=a?
d=bd=ad d=ca=bd=ad d=db=ca d=db=da d=db=da=ac d=cd=ad
ca da=cb ac ac be=ad da
R?:l’)oo R} ;,01 R?éw R?Z:lsos R?:ém R?é%
1 1 1 Ta Tb Tc
a a a 1 1 1 1
b=a? b b=a? a=Ta a a a
c=bc=ab c=bc=a? c=bc=ab b=ab=Tb b=ab=Tb b=ab b=ab
d=cd=ad d=dc=da d=dc=da c=bc=Tc c=bc=Tc c=bc=Tc c=bc=ac
da ad ad
RY'306 RY'307 R'308 Ry, Ry Ry Ry
Ta Ta Th
1 1 1 1 1 1 1
a=Ta a=Ta a a=Ta a a a=Ta
b=ab=Tb b=ab=Tb b=ab=Tb b=ab=Tb b=ab=Tb b=ab b=Tb
c=Tc c=ac=Tc c=ac=Tc c=bc=Tc c=bc=Tc c=bc=Tc c=bc=ab=Tc
ac be be 2 c? c?
Ry Ry Ry Ry 29 B30 Ry,
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Ta Tc Te Tb
1 1 1 1 1 1
a=Ta a a a a=Ta a
b=ab=Tb b=ab=Tb b b=ab b=ab=a’=Tb b=ab=a>
c=bc=b’=Tc c=bc=b’=Tc c=bc=ab c=bc=b*=ac c=bc=Tc c=bc=Tec
Rg:b RS:E RS;}4 Rg:}5 RS:%G jo?
Te Ta
1 1 1 1 1 1 1
a a=Ta a=Ta a=Ta a=Ta a=Ta a
b=ab=qa> b=Tb b=ab=Tb b=Tc=Th b=Tb b=ab=Tb b=ab=Tb
c=bc=ac c=Tc c=Tc c c=ac=ab=Tc c=ac=Tc c=ac=Tc
ab b?=ac ab b2 b2 b2
Ryis Ry R3320 Ry Ry Ry72s Ry
Ta Ta Tb
1 1 1 1 1 1
a=Ta a a a=Ta a=Ta a
b=ab=Tb b=ab=Tb b=ab=Tc=Tb b=ab=a’=Tb b=ab=a?=Tb b=ab=a>
c=b’=ac=Tec c=bP=ac=Tec c=ac c=Tc c=bc=Tc c=bc=Tc
be be b? ac c2 2
Rgé5 Rg:%ﬁ Rg:%7 Rg:és Rg:ég Rg:éo
Tc Tec
1 1 1 1 1 1
a=Ta a=Ta a=Tb=Ta a a a=Ta a=Ta
b=Tb b=a*=Tb b b b=a? b=Tb b=Tb
c=bc=a’=Tc c=bc=ab=Tc c=bc=a’>=Tc c=bc=a? c=bc=ab c=Tc c=a*=Tc
a? ab
RSZ§1 RS:;,Q Rg:é:a RS::lﬂ RSZ:lﬁ Rg:il‘)fi Rg::la?
1 1 1 1 1 1
a=Ta a=Tb=Ta a=Ta a=Ta a=Ta a=Tb=Ta
b=a?=Tb b b=Tb b=a2=Tb b=Tb b
c=Tc c=Tc c=ab=a’*=Tc c=ab=Tc c=b’=a’=Tc c=b’=a’=Tc
ab a® b’=ac b’=ac ac ac
Rg::l’,s Rg::lsg Rg:}m Rg:zln Rg:zla Rgis
Ta aT Tb bT=Ta
1 1 1 1 1 1 1
a=Ta a=Ta a=Tc=Ta a=aT a=Ta a a
b=Tc=Th b=a?=Tc=Tbh b b=ab=Tb b=ab=Tb b=bT=ab b=ab=Tb
c c c c=bc=Tc c=bc=Tc c=bc=Tc c=bc=Tc
a’ ab a®
Ryu Rylis Ryl Rylir Ryis Rylao Ry750
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Tc

1

a

b=ab
c=cT=bc=ac

a=al
b=ab=Tb
c=b’=ac=Tc
be

Rgéz;
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cT=Tbh Ta aT
1 1 1 1 1 1
a a=Ta a=Ta a=aT a=Ta a=Ta
b=ab b=ab=Tb b=ab=Tb b=ab=Tb b=ab=Tb b=ab=Tb
c=bc=Tc c=ac=Tc c=ca=Tc c=ac=Tc c=ac=Tc c=bc=Tc
ca=bc ac be be cb
Rg:éz joézz RS:EIA Rg:és joés Rg:é7
Ta Ta aT Th bT=Ta
1 1 1 1 1 1
a=Ta a a=aT a=Ta a a
b=ab=Tb b=ab=Tb b=ab=Tb b=ab=Tb b=bT=ab b=ab=Tb
c=cb=ac=Tc c=cb=ac=Tc c=bc=Tc c=bc=Tc c=bc=Tc c=bc=Tc
be be 2 c? c? c?
é9 RS:%O ngln nglsz Rg:flss joé4
Ta aT Tc Te
1 1 1 1 1
a=Ta a=aT a=Ta a a
b=ba=Tb b=ab=Tb b=ab=Tb b=ab b=ba
c=bc=ab=Tc c=be=b*>=Tc c=be=b*=Tc c=bc=ba=ac c=bc=ab
Rg:éﬁ Rg:(lw nglss Rg:és) jo%o
cT=TbH
1 1 1 1 1 1
a a=Ta a=Ta a=Ta a=Ta a=Ta
b=ab=a> b=Tc=Tb b=ab=Tb b=ba=Tb b=ab=Tb b=cT=Tb
c=bc=Tc c=cT c=Tc c=Tc c=ac=Tc c=Tc
ab ba=ac ab ca=b? ab
Ry Ry7zs Ry74 Ryzs Ry776 Ryt
Ta aTl Ta
1 1 1 1 1
a=Ta a=Ta a=aT a=Ta a
b=ab=Tb b=ba=Tb b=ab=Tb b=ab=Tb b=ab=Tc=Tb
c=ca=Tc c=ac=ab=Tc c=ac=Tc c=ac=Tc c=cT=ac
b?>=ac b2 b2 b2 b2
Ry7o Ry Ry Rys) Ryss
al Ta
1 1 1 1 1
a=Ta a a=Tb=Ta a=bT=Ta a=Tb=Ta
b=ab=Tb b=cT=ab=Tb b=bT b=Tb b=bT
c=b’=ac=Tc c=ac=Tc c=bc=a*=Tc c=bc=a’=Tc c=Tc
be b? a®
Ry'ss Ry'ss Ry'sr Ry'ss Ry's
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1 1 1 1 1 1
a=Ta a=Ta a=Ta a=bT=Ta a=Tc=Ta a=Ta
b=Tc=Tb b=a?=Tc=Tbh b=Tb b=Tb b b=Tb
c=cT c=cT c=ab=a’=Tc c=Tc c=cT c=ba=a’=Tc
a? ab ba=ac a? a? ab
R%o R%l Rg:éz RS 5193 RSZ$4 Rg:és
1 1 1 1 1 1
a=Tb=Ta a=bT=Ta a=Ta a=Ta a=cT=Tb=Ta a=Ta
b=bT b=Tb b=cT=Tb b=cT=a*=Tbh b b=ab=Tb
c=b’=a’=Tc c=b*=a’=Tc c=Tc c=Tc c=Tc c=bc=Tc
ac ac a? ab a? ca
RS:;G 3%7 Rg:és Rg:slm jooo Rg:im
Ta
1 1 1 1 1
a=Ta a=Ta a=Ta a=aT a=Ta a=Ta
b=ab=Tb b=Tb b=ab=Tb b=cT=ab=Tb b=Tb b=ba=Tb
c=cb=ca=Tc c=ac=ab=Tc c=ac=Tc c=ac=Tc c=ca=ba=Tc c=ca=Tc
ba ba ca=>b? ab ab
Rg:}oz Rgﬁos jo}m Rgﬁos joios Rgﬂm
1 1 1 1 1
a=Ta a=Ta a=Ta a=Tc=Ta a=Tc=Ta a=cT=bT=Ta
b=ab=Tc=Tb b=ab=a*=Tb b=ab=a?=Tb b=bT b=cT=bT b=Tb
c=ca=cT c=bc=Tc c=cb=ca=Tc c=cT c c=Tc
’=qc ca ac a? a? a?
Rgﬁos Rg:iog Rg:ho Rgﬁn Rgﬁm Rgﬁw
Ta aTl Ta aT
1 1 1 1 1 1
a=cT=bT=Ta a=aT a=Ta a=aT a=Ta a=Ta
b=Tc=Th b=ab=Tb b=ab=Tb b=ab=Tb b=ab=Tb b=cT=ab=Tb
c c=bc=Tc c=bc=Tc c=cb=ac=Tc c=cb=ac=Tc c=ac=Tc
a? cb cb be be ba
RSZ}M Rgﬁls Rgﬁm Rgﬁn Rg:hs Rgﬁw
Ta aT Ta Th Th
1 1 a a a=ab
a=Ta a=aT a=Ta 1 1 1
b=ba=Tc=Tbh b=ba=Tc=Tb b=cT=ab=Tb b=ab=Tb b=ab b
c=ca=cT c=cT=ac=ab c=ba=ac=Tc c=bc=Tc c=bc=Tc c=bc=Tc
b2 b?
R ; 120 Rgﬁzl Rgﬁzz Rgﬁ Rg:% Rgé
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Te Te Tc Ta Ta Tb
a a=ab a=ac=ab a a a
1 1 1 1 1 1
b=ab b b b=ab=Tb b=ab=Tb b=ab
c=bc=ac c=bc=ac c=bc c=ac=Tc c=bc=Tc c=bc=Tc
be 2 2
R3i Rg3 Ry Rg; R5x R5y
Ta Te Te a? a?>=Th a’>=Tc
a a a=ac=ab a a=ab a=ac=ab
1 1 1 1 1 1
b=ab=Tb b=ab b b=ab=Tb b b
c=bc=b’=Tc c=bc=b’*=ac c=bc=b? c=bc=Tc c=bc=Tc c=bc
Rg:il Rg}Q Rgﬁ3 joh 33315 Rg:ie‘
Ta Ta Ta a? a®
a a a a a
1 1 1 1 1
b=ab=TD b=ab=Tc=Tb b=ac=Tb b=ab=TD b=ab=Tb
c=b’=ac=Tc c=ac c c=ac=Tc c=bc=Tc
be b b2 be 2
Rgﬁs Rgﬁg Rgéo Rg% Rgéz
a® a’=Tec a? a® a® Th
a a=ac=ab a a a a
1 1 1 1 1 1
b=ab=Tb b b=ab=Tb b=ab=Tb b=ac=Tb b=bT=ab
c=bc=b’=Tc c=bc=b? c=ac=Tc c=b’=ac=Tec c c=bc=Tc
b2 be b?
R34 R372s R3726 R3lar R3l2s R3729
Tec Tbh Tb Te cT=TbH Tec
a a=ab a=ba a=ab a a=ab
1 1 1 1 1 1
b=ab b=ba b=ab b b=ab b=ba
c=cT=bc=ac c=bc=Tc c=bc=Tc c=cT=bc=ac c=bc=Tc c=bc=ac
Rgf;d Rg:éz RSZ;B Rg:;A Rg::% Rg:ée'
cT=Tbh Te Te Ta Ta Th
a=ab a=ac=ab a=ca=ab a a a
1 1 1 1 1 1
b b b b=ab=Tb b=ab=Tb b=bT=ab
c=bc=Tc c=ca=bc c=bc=ac c=bc=Tc c=cb=ac=Tc c=be=Tc
cb be c?
Ry R3 R3 1 RS 31 31

Te
a=ba

b=ab
c=bc=ac



Te

a=ab

b=ba

c=cT=bc=ac

Te
a=ac=ab
b=bc
1
c
a?=Tc
a=ac=ab
b
1
c=bc

c=cT=bc=ac

RESIDUATED LATTICES OF SIZE UP TO 6 17
Ta Ta Ta Ta
a a a a
1 1 1 1
b=ab=Tc=Tb b=cT=ab=Tb b=ac=Tb b=ca=ab=Tc=Tb
c=c T =ac c=ac=Tc c=ca c=ac
b2 b2 b2 b2
6,1 6,1 6,1 6,1
R3,47 R3,48 R3,49 R .50
Ta Ta a? a?
a a a a
1 1 1 1
b=ac=Tb b=ca=cT=ab=Tb b=ac=Tb b=ca=cT=ab=Tb
c=ca=cT c=ac=Tc c=ca=cT c=ac=Tc
b2 b2 b2 b2
6,1 6,1 6,1 6,1
Rg'55 Rg'54 Rg'55 Rg'56
cT=Tb cT=Tb Tb Tc
a=ab a=ba a=ab a=ac=ab
1 1 b b
b=ba b=ab 1 1
c=bc=Tec¢ c=bc=Tec c=bc=Tec¢ c=bc=ac c=bc
6,1 6,1 6,1 6,1 6,1
R3,59 R3760 R4,1 R4,2 R4,3
Tb Tc a’=Tbh ab
a=b’=ab a=b’=ab a=b’=ac=ab a= a
b b=bc b b
1 1 1 1
c=bc=Tc c=bc=ac c c=bc=Tc c=bc=Tc
6,1 6,1 6,1 6,1
R4,6 R4,8 R4,9 R4,10
ab=Tc Tb a’=Tbh ab ab
a=ac a=b*=ab a=ab a a=b?
b=bc b b b
1 1 1 1
c c=bc=Tc c=bc=Tc c=bc=Tc¢ c=bc=Tc¢
2 2 2
6,1 6,1 6,1 6,1
R4,13 R4,15 R4,16 R4,17
ab=Tc bV’=Tc ab b2 Te
a:b2:ac a=ac a:b2 a a=ab
b=bc b=bc b b b
1 1 1 1
c c=bc=Tc c=bc=Tc c=cT=bc=ac
2 2
6,1 6,1 6,1 6,1
R4,20 R4,22 R4,23 R4,24
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cT=TbH Tc Te Tec Tec Te cT=TbH

a=ab a=ac=ab a=ca=ab a=ac=ab a=ac=ab a=b*>=ab a=b’=ab
b b b b=bc b=cb b b

1 1 1 1 1 1 1

c=bc=Tc c=ca=bc c=bc=ac c=cb c=bc c=cT=bc=ac c=bc=Tc
5 Rg 56 Rgé? joég Riég RZ:;,O Ri)ilil

ab ba=Tb a’=Tc a?>=Tc ab=Tec ba=Tc ab
a=ba a=ab a=ac=ab a=ac=ab a=ba=ac a=ac=ab a=ba
b b b=bc b=cb b=bc b=bc b
1 1 1 1 1 1 1
c=be=Tc c=bc=Tc c=ch c=bc c c c=bc=Tc
2
Ris Ri'3 Ris, Ri:?lﬁ R Ry R
ba=Tbh B?>=Tc =Tc Te Te Te Te
a=ab a=ac a=ca a=ac=ab a=ac=ab a=b*=ac=ab a=bc=ab
b b=ca=bc b=bc=ac b=bc b=c?=bc b=bc b
1 1 1 c c c c
c=be=Tc ¢ ¢ 1 1 1 1
2
Ri3 Riio Rin Ry R3 R333 R5;
a’=Tec ab=Tc ac Te Te a?=Te ac ab=Tec
a=ac=ab a=ac a a=bc=ab a=c>=ab a=ac=ab a a=b%=ac
b=bc b=bc b=bc b=c? b b=c?=bc b=c?=bc b=bc
c c c c c c c c
1 1 1 1 1 1 1 1
; R3’s Ry RS R5 31 R5m Ry
=Tec¢ b2 =ac =Tec be b’ =ac be ac b =ac
a=ac a=bc=ac a a=bc a a=c?>=b? a=c?=bc
b=bc b=bc b b b=c? b=c> b b
c c c c c c c c
1 1 1 1 1 1 1 1
Rg:h Rgﬁ4 Rgﬁ&s Rg% Rg’i? Rg:}ss Rg:ig Rgéo
be c? Te Tec ab=Tc ba=Tc ac ca=ab=Tc
a=c? a a=bc=ab a=cb=ac=ab a=ba=ac a=ac=ab a=ca a=ac
b b b=cb b=bc b=bc b=bc b=bc b=bc
c c c c c c c c
1 1 1 1 1 1 1 1
Rgé1 Rg = Rgé?, Rgézx Rgé&s Rgée‘ Rgé? Rgés
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b’=ac ?=Tc ca=b’=Tc be ?=Tc cb=ac be cb=ac
a=ca a=bc=ac a=ac a a=cb=ac a a=c%=ch a=c%=bc
b=bc b=cb b=bc b=cb b=bc b=bc b b
c c c c c c c c
1 1 1 1 1 1 1 1
Rgég Rgéo Rg:él R?jéa Rg:ézs Rg:ézl Rgés Rg:;ﬁ
ac ca=Tc ac
a=ca=ba a=ac=ab a=ca=ba
b=bc b=bc b=c*=bc
c c c
1 1 1
RSy Rg:és RS
=ab
c=bc=ac d=bd=ad c=bc=ac
cd
Ry}
1 1 1
%a %a a
b b b=ab
c d c d=ad=ab c=ac d=ad
ab b?=ac b2
Ry Ryg Ry
1 1 1
a a a
b b =a?
c d c=a? d c d c=ac
a? ab ab
R?fo R?:i R?:?Q
1 1 1
%a %a a
b b b=ab
c d=ad=ab c d=da=ba c=ac| d=ba=ad
a=ac ab ca=b?
R?:é R?fe} R?f?
a a
b=ba
c=ac=ab d=da=ba c=ca d=da b=ab=Tb
ca=b*=ad ab

6,2 6,2
R1,20 R1,21
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b=Tb c=Tec b=Th

1
a=bT=Tc=Ta =cT=Tb=Ta
b=bT b=TbH c b=bT b=bT c=Tc
2
Ry

Tc
a=ac=ab
b
1 1 c=bc
Ry3
a’?=Tbh a’=Tec ac
a=ab a=ac=ab a
b b
1 c=bc=Tc 1 c=bc 1 c=bc
6,2 6,2 6,2
Ry7 Ry’5 Ry

Te ac
a=c*=ab a
b =c?=bc
1 c 1 c
6,2 6,2
Ry Ry4
ac c? Te cT=Tb Te
a=c*=b? a a=ab a=ab a=ac=ab
b b b b
1 c 1 c 1 c=cT=bc=ac 1 c=bc=Tc 1 c=ca=bc
6,2 6,2 6,2 6,2 6,2
Ry%s Ry%e Ry7 Ryls Ry

ac
a=ca=ba
b

1 c=bc
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ac ca=Tb 1 1
a=ba a=ab a a
b b=ab c=ac b=ab c=ac
1 c=ca=cT=bc 1 c=bc=Tc d=bd=bc=cd=ad d
be=ad
Ry Ri%s Ry Ry
1 1 1
a a a
b c=ac=a> b b c=ac=a> b c
d=bd=bc=cd=ab d=bc=cd=ab d=bd=cd=a>
b2
RYS Y Ry

1
a
b c b=ab c=ac
2=bc=c’=a’ d=b>=cb=c’=a’ d=dc=bd=bc=ad
bc=ad cb
R?fl))zl R?ﬁs Rig
1 1 Tc
a a a 1
b c b c=ac=a> b c=ac=a’ a b
d=cb=c?=a? d=bc=c*>=a’ d=cd=ab d=dc=ba c=ac=ab=bc
ab ba ab
R Ry Ri%50 Ry}
bT=Ta Ta Tb Te
1 a a a
a=cT=aT b=Tc=Tb 1 b=ab=Tb 1 b=ab 1 b=ab
c=cb=ac=ab c=bc=Tc c=bc=Tc c=bc=ac
ba
! B! B !
Ta Ta Tb Ta
a a a a
b=bc=ab 1 b=ab=Tb 1 b=ab=Tb 1 b=ab 1 b=ab=Tb
c=ac=Tc c=bc=Tc c=bc=Tc c=bc=b*=Tc
be &2 2

6,3 6,3 6,3 6,3
Ry’ Rz Ry’g Ry
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1=b2
Ta
a
1 b=ab=Tb
c=ac=Tc
b2
6,3
R377s

1

b=ab=Tc=Tb
c=cT=ac
b2
6,3
R3,35
Tc
a
b=cb=ca=ab
c=bc=ac

ay
Lo
Lot
©

Ta
a
b=ab=Tb 1 b=ab=Tc=Tb  1=b?
c=b’=ac=Tec c=ac
b2

2=Tc
a
b=bc=ac
(e
6,3
R3;21
cT=Tb
a
1 b=ab
c=bc=Tc
6,3
R3,26

NICK GALATOS AND PETER JIPSEN

1=b?

Rg%
b? Tb
a a
1 b 1 b=bT=ab
c=bc=Tc c=bc=Tc
2
R§:§2 Rg;gs
Ta
a
1 b=ab=Tb
c=bc=Tc
cb
32337

Ta
a
1 b=cT=ab=Tb 1 b=bc=ab 1
c=ac=Tc c=cb=ca
b

R3,36

T=Ta

6,3
R340

c Ta
a a
1 b=bc=Tb 1 b=bc=Tb
c c=cb=cT
Ry,

Te
a
1
c=cb=cT
6,3
R3,42

bT=Ta

b=ab=Tb
c=bc=Tc

b=bc=bT=ab
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Ta cT=Ta Tb=Tc Tb=Tc be=ab
a a =bc=ab=ac =bec=c*=ab=ac a
1 b=cb=cT=Tb 1 b=cb=ca=Tb b c b c b c
c=bc=Tc c=bc=Tc¢ 1 1 1
6,3 6,3 6,3 6,3 6,3
Rgys R3'yy Ry Ry Ry
Th=Te be=c*=ab
=b?=bc=c*=ab=ac a
b c b c
1 1
6,3 6,3
Ry Ry

cb=Te
=be=ba=ac

c=ac=ab=bc
d=cd=ad=bd
d2

c=ac=ab=bc
d=cd=ad=bd

1 a=ab=Ta 1 a=ac=1Ta 1 a=ab=Ta
b b b
c=bc=Tc c=bc c=Te
ac
6,4 6,4 6,4
R2,2 R2,3 R2,5
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b=ab=Tb
c=bc=b*=Tc

b=ab=Tb
c=b*=ac=Tc
be
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1 a=ac=Ta 1 a=ca=cT=ab=Ta
b b
c=ca=cT =bc c=bc=Tec¢
6,4 6,4
R2,62 R2,63

1 a=ab=Ta
b
c=bc=Tec¢ —cb=ca= c=cb=ca=Tc
ca ac
6,4
R2,’69

1
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b=b>=Tc
a=ac b=bc
1
c
Ry
ab=Tec
a=ac b=bc
c
RyY

b=b*=Tec
a=qac b=bc
c
1
Ry%

a=ac

b=Tc
b=bc
1
c
6,4
R3,2

ab=bc
b
c
1
6,4

2—ab=b’=Tc

a=ac b=bc

2=ab=b>=Tc
b=bc
c
1
6,4
4,5
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2—ab=bc ac=bc ac=bc c? ab=bc cb=Te
a=ac b a b a=c? b a b a=ac b=ch  a=ac b=bc
c c c c ¢ c
1 1 1 1 1 1

6,4 6,4 6,4 6,4 6,4 6,4
Ry Ry7 Ry’g Ry Ry Ry
2—ab=bc b=a?=Tc ac=bc ca=ab=bc ac=bc
a=ac b=cb a=ac b=bc a=ca b a=ac| b a=ca| b=cb
c c c (& c
1 1 1 1 1
6,4 6,4 6,4 6,4 6,4
Rys Ryis Ry4 Ryys Ryi6
cb=ac ca=cb=Tc Tb
a=ca b=bc a=ac b=bc a=Ta 1
c c 1 b=ab=Tb a=ab=Ta b
1 1 c=bc=Tec¢ c=bc=Tc
ac
6,4 6,4 6,5 6.5
Ry'1q Ryis Ry Ry
Tc
1 a=Ta a=Ta a=Ta
a=ac=ab=Ta b 1 b=ab=Tb 1 b=ab=Tb 1 b=ab=Tb
c=bc c=Tec c=ac=Tc c=bc=Tc
ac be c?
6,5 6,5 6,5 6,5
32;3 Rz,4 Rz,s R2,6
Tc
a:Ta, a:Ta a‘:—l—a’ 1
1 b=c*>=Tb 1 b=Tb 1 b=ab=Tb a=ac=ab=Ta b
c c=bc=ab=Tc c=bc=b*=Te¢ c=bc=b?
6,5 6,5 6,5 6,5
R2;7 R2,8 R2,9 R2,10
Tce=Ta 2=T¢
a=Ta 1 1
1 b=ab=a%=Tb a=ac=ab=Ta a=ac=ab b a=ac=ab b
c=bc=Tc c=a%=bc c=bc
6,5 6,5 6,5
Ry1y Ry55 Ry4
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a=Ta a=Ta a=Ta a=Ta a=Ta
1 b=Tb 1 b=ab=Tb 1 b=Tb 1 b=ab=Tb 1 b=ab=Tb
c=Tc c=Tc c=ac=ab=Tc c=ac=Tc c=b*=ac=Tec¢
b2 be

ab b2=ac b2
6.5 6,5 6,5 6,5 6,5
Ry55 Ry'6 Ry7 Ry5s Ry'5g
a=c*=Ta a=Ta a=Ta a=Ta
1 b 1 b=ab=a2=Tb 1 b=ab=a%=Tb b=c*=a%=Tbh
c c=Te c=bc=Tc
ac 2
6,5 6,5 6,5
Ry'50 Ry'5 Ry'5o 2,2
Tc Tc=Ta
a=Ta a=Ta 1 1
1 b=Tb 1 b=a’=Tb a=ac=ab=Ta a=ac=ab b
c=bc=a’>=Tc c=bc=ab=Tc c=bc=b? c=a’=bc=b>
a?
6,5 6,5 6,5
Ry'54 Ry'55 Ry'56 2,2
2_
a=Ta a=Ta a=Ta a=Ta
a=ac=ab b=Tb 1 b=Tb b=a%=Tbh b=Tb
c=bc=b? c=Tc c=a*=Tec c=Te c=ab=a*=Tc¢
ab ab b%2=ac
6,5 6,5 6,5 6,5
Ry'5s Ry'50 Ry’5y Ry'5o
a=Ta a=Ta a=Ta a=Ta
1 b=a’=Tb b=Tb 1 b=ab=TDb 1 b=ab=Tb
c=ab=Tc c=b%>=a%=Te¢ c=ac=Tc c=ca=Tc
2—qc ca=bc ac
6a 6,5 6,5 6,5 6,5
Ry'35 R2734 Ry'35 Ry'56 Ry'37
a=Ta a=Ta a=Ta a=Ta
1 b=ab=Tb b=ab=TDb 1 b=ab=Tb b=ba=Tb
c=bc=T c=cb=ac=Tc¢ c=bc=ba=Tc c=bc=ab=Tec¢
cb be
6,5 6,5 6,5
R2,38 R2,39 R2’40

ac ab ca=b?
6,5 6,5 6,5
R2,43 R2’44 R2’45

a=Ta a=Ta a=Ta a=Ta a=Ta
b=ab=Tb 1 b=ba=Tb 1 b=ab=Tb 1 b=ab=Tb b=ab=Tb
c=Tc c=Tc c=ac=Tc c=ba=ac=Tc c=ca=Tc
ba=
Ry%
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a=Ta a=Ta a=Ta a=Ta
1 b=ba=Tb 1 b=Tb 1 b=Tb b=ab=Tb
c=ac=ab=Tc c=ab=a*=Tec c=ba=a’=Tc c=bc=Tc
b2 ba=ac ab
RS 2

6,5 6,5 6,5 :
32,47 R2,48 R2,49 ,50
a=Ta a=Ta a=Ta a=Ta
1 b=ab=Tb 1 b=Tb 1 b=ab=Tb b=Tb
c=cb=ca=Tc c=ac=ab=Tc c=ac=Tc c=ca=ba=Tc
ac ba ba
6,5 6,5 6,5 65
32,51 Ryss R2,53 R2,54
Ta
a=Ta a=Ta a=Ta a
1 b:ba:—l—b 1 b:ab:aQZTb ]_ b:ab:aQZTb b:ab:—l—b ]_
c=ca=Tc c=bc=Tc c=cb=ca=Tc c=ac=Tc¢c
ab ca ac be
6,5 6,5 6,5 6,5
R2,55 R2,56 R2757 R371
Tc a2 Tc
a a=ac a a
b=bc=ab=Tb 1 b=bc=ab=Tb 1 b=ab=TH 1 b=bc=ab=Tb 1
c=ac C c=ac=1Tc c=ac
be b?
6,5 6,5 6,5
Ry 3,3 R3,4 R3,5
Tce=Tb
a=ac
b=bc=ab b=bc=ab b=bc=ab=Tb b=bc=ab=Tb
—ac c=ac
b2
6,5
36 37 Ry 39
Tce=Tb =ab=Tc
2—qc a=ac a=ac
b=bc=ab b=bc=ab =bc b=bc=ab=Tb
b2
Ry 5 5 Ry

=a’=Te¢ 2=ab=a’=Tc
a= bz—ac a=ac a=ac a=ca
b=bc 1 b=bc=ab=Tb b=bc=ab=Tb
c c=ca c=ac

6,5
R3s
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Te 2=T¢ Tc 2=Tc
a=ac a=ac a=ca a=ca
b=bc=ab=Tb 1 b=bc=ab 1 b=bc=ab=Tb 1 b=bc=ab 1
c=ca c=ca c=ac c=ac
b2 b?

6,5 6,5 6,5 6,5
R3s R34 Ry'5 Ry
2=ab=Tc 2=ba=Tc Jc Jec
a=ac a=ac a=ac a=c2=ac
b=bc=ba 1 b=bc=ab 1 b=bc=ab=Tb c b=bc=ab=Tb c
c c 1 1
6,5 6,5 6,5 6,5
Rg’55 Rg’53 Ry Rys
Je *=Tc ac JTb=Tc
a=ac a=ac a a=b’*=ac
b=bc=ab=Tb c b=bc=ab=Tb c b=bc=ab=Tb c b=bc=ab c
1 1 1 1
b2
6,5 6,5 6,5 6,5
Ry5 Ryy Ry’5 Ry
2_T¢ 2—ab=Tc 2=bc=ab Je
a=ac a=ac a=ac a=c*=ac
b=bc=ab c b=bc c b c b=bc=ab=Tb c
1 1 1 1
b2
6,5 6,5 6,5 6,5
Ry7 Ry’s Ryl Ry
ge ¢ Tb=Tc 2_Te
a=c> a a=b*=c*=ac a=c*=ac
b=bc=ab=Tb c b=bc=ab=Tb c b=bc=ab c b=bc=ab c
1 1 1 1
6.5 6,5 6,5 6,5
Ry Ry Ry7s Ry4

)

2—bc=ab 2_Te ac ab=ac
a=c*=ac a=ac a a
b c b=bc=ab=Tb c b=bc=ab=Tb c b=bc c=b2
1 1 1 1
b2 b2

6,5 6,5 6,5 6,5
R4,15 R4,16 R4,17 R4,18
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b=a*=Tc c=ab=ac 2—agb=a%=Tc 2—gb=ac
a=b*=ac a=b> a=ac a
b=bc c b c b=bc c b=bc c
1 1 1 1
6,5 6,5 6,5 6,5
R4,19 Ry'5 R4,21 R4,22
2=bec=ab=a? 2=bec=ab=ac 2
a=ac a a= C a
b c b c b=bc=ab=Tb c b=bc=ab=Tb c
1 1 1 1
b2
6,5 6,5 65 6,5
R4,23 R4,24 R4,25 R4,26
c=c*=ab be=ab=ac c=c*=ab =bc= ab ac =bc=c*=ab
a a=b>=c? a=>b?
b c=b? b c b c
1 1 1
32337 Rg:gs Ri:gg
ac ca=Tc =ab=Tc =ba=Tc
a=ca a=ac a=ac a=ac
b=bc=ab=Tb ¢ b=bc=ab=Tb c b=bc=ba c b=bc=ab
1 1 1
6,5 6,5 6,5
R4,32 R4,33 R4734 4,3
2=cb=Tc 2=bc=ab ac ca=Tc
a=ac a=ac a=ca
b=bc c b=cb c b=bc=ab=Tb ¢ b=bc=ab=Tb
1 1 1
b2 b2
6,5 6,5 6,5 6,5
R4,36 R4,37 R4,38 R4,39
2=ab=ac 2=ca=ab=Tc 2=ch=a*=Tec =cb=ac
a=ca a=ac a=ac
b=bc c b=bc c b=bc c b=bc
1 1 1
Rgfu RZ:ZQ RY 23
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=bc=ab=a>
a=ac
=cb=Tc
a=ac
b=bc=ba

=cb=ac
a=ca
@d bd=ab
cd=bc

6,6
31,1

b=ab
c=bc=Tc

»

Ta
a
1 b=ab=TD
c=bc=Tc
2
6,6
Ry7

Th
a
1 b=ab
c=bc=Tc
2
Ry
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b%=bc
a=ac
b=cb=ab
R{%o

=cb=ca=Tc
a=ac
c=ac=a> @
bc=ab
6,6
R1,2

6,6
R3,3

=bc=ab=ac

=bc=ab=ac
a=ca

6,5
Ry46

b=bc=ab

Te=Tb
a=ac

6,5
R4,47
2=bc
a=c’*=ac
b=cb=ab c
1
6,5
R4,51
2=bec=ca=ab
a=ac
b=cb c
1
6,5
R4,55
Ta
a
1 b=ab=Tb
c=bc=Tc
6,6
R3,1
Ta
a
] b=ab=Tb
c=ac=Tc
be
6,6
R3,6
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Tc Tec Te=Tb Te=Tb
a a=ac a=ac=ab =b%2=ac=ab
b=ab 1 1 1
1 “ b=be=ab=Tb b=be , b=be
c=bc=b"=ac c c=b c
b2
6,6 6,6 6,6 6,6
R34 R3s R34 R3s
Ta Ta Ta Te
a a a =c2=ab
1 b=ab=Tb 1 b=ab=Tb ] b=ab=Tc=Tb 1 b
c=ac=1c c=b%=ac=Tc c=ac c
b2 be b2
6,6 6,6 6,6 6,6
R3'6 Rz R3's R3'g
c? Tb bT=Ta Te cT=Tb
a a a a a
1 b ! b=bT=ab b=ab=TDb 1 b=ab b=ab
c c=bc=Tec¢ c=bc=Tc c=cT=bc=ac c=bc=Tc
6,6 6,6 6,6 6,6 6,6
Ry R3'50 R3'5s Rg3'oy R3'55
Te=Tb bT=Tec Ta Ta
a=ac a=ac a a
1 1 b=ab=Tb b=ab=Tb
b=bc=bT =ab b=be=ab=Tb 1 “ 1 “
c c c=bc=Tc c=cb=ac=Tc
cb be
6,6 6,6 6,6 6,6
Rg'56 Rg'57 R3'5s R3’59
Tb bT=Ta Ta Ta
a a a a
1 b=bT=ab 1 b=ab=Tb 1 b=ab=Tc=Tb 1 b=cT=ab=Tb
c=bc=Tc c=bc=Tc c=cT=ac c=ac=Tc
2 2 b? b2
6,6 6,6 6,6 6,6
R3'50 Ry Ry'5o R3'33
Tec cT=Ta Tb Te=Tb
a a a=ab a=ab
—2—pT= —c2— b b
1 b=c"=bT=ab 1 b=c"=Tb c=bc=Tc¢ c=bc=ac
c c 1 1
6,6 6,6 6,6 6,6
Rysy Ry'35 Ry Ry
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Tb Tb Te=Tb Te=Tb
a=ab =b’=ab =b’=ab a=ac=ab
b b b b=c>
c=bc=Tc ] c=bc=Tc 1 c=bc=ac 1 c=bc 1
2
RS

6,6 6,6 6,6
R474 R475 R4’6

Te=Tb Te=Tb Te=Tb
=c?=ac=ab =c?=bc=ac=ab =b%=ab =bc=b’=ac=ab
b b . b ‘ b=c?
c=bc
1 1 1
6,6 6,6 6,6
R4,7 R4,8 R4,10
Te=Tb c?=bc=ab
=c2=bec=b*=ac=ab a
b
c
1
6,6 6,6
R4,11 4,14
?=bc=b? Te=Tb cT=Tb Te=Tb
a a=ab a=ab =b?=ab
b b b b
c c=cT=bc=ad c=bc=Td c=cT=bc=ad
1 1 1 1
6,6 6,6 6,6 6,6
R4,16 R4¢17 R4,18 R4,19
cT=Tb Te=Th Te=Tb
=b%=ab =c?=bc=ac=ab =c?=cb=ac=ab
b b b
c=bc=T¢ c=cb c=bc c=cb
1 1 1
6,6 6,6 6,6
R4,20 R4,21 R4,22

2=bc=Tb
a=cb=ab

c=ch c=bc
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Tb
1 a=Ta 1 a=Ta a=Ta 1 a=ab=Ta L
b=ab=TDb b=bc=Tb b=Tb b
c=bc=Tc c c=bc=ac=ab=Tc c=bc=ac=Tec¢

6,7 6,7 6,7 6,7
R2;1 R272 R2,3 R2,4
Tb
ae—gbeT 1 1 a=Ta 1 a=Ta 1 a=Ta
aracmar=1a b b=ab=Tb b=ab=Tb b=ab=Tb
c=bc c=Tc c=ac=Tc c=bc=Tc
ac be 2
6,7 6,7 6,7 6,7
Rz;s R276 R2,7 Rz,s
Tb Tb
1 1 a=Ta a=Ta
—ab=T —ab=T 1 1
a=a a b a=a a b b=Tbh b=ab=Tb
c=bc=Tc c=bc=ac=Tc c=bc=ab=Tc c=bc=b*=Te¢
ac c2
Ryg Ry Ry, Ry,
Tb
—h2= =T =T 1
1 a=b"=Ta 1 a=Ta 1 a=Ta i—ab=Ta
b b=ab=a2=Tb b=bc=a%=Tb b
c=bc=Tc c=bc=Tc c c=bc=ac=a*=Tc
6,7 6,7 6,7 6,7
32;13 R2;14 32,15 R2,16
Tb=Ta 2=Tp
—ab 1 b 1 1 a=Ta
a=a b2 a=a b b=Tb
c=bc=ac=Tc¢ c=bc=ac=Tc c=Tc
ab

6,7 6,7 6,7
Ry'17 Ry'1s Ry'19

1 a=b’=Ta 1 a=Ta 1 a=Ta a=Ta a=b%=Ta
b b=Tb b=ab=Tb b=ab=TD b
c=Tc c=ac=ab=Tc c=ac=Tc 2=qc=Tec c=bc=Tec¢
ac b2 b2 02
6.7 6,7 6,7 6,7
R2,21 R2,22 R2,23 R2,25
Tb
=T 1
1 a=la a=ab=Ta a=ab=Ta
b=ab=a%=Tb b
c=Tc c=bc=a’=Tc
ac ac
6,7 6,7
R2,26 Ry'59
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Tb=Ta 2=Th
1 a=Ta a=Ta
a=ab a=ab 1
b=a> b=Tb b=a’=Tb
c=bc=ac=Tc¢ c=bc=ac=Tc c=bc=a?*=Tc¢ c=bc=ab=Tec¢
2 c?
6,7 6,7 6,7 6,7
R2,30 R2731 Ry'35 Ry'33
b2
1 a 1 a=Ta a=Ta 1
b b=Tb b=Tb
c=bc=Tc c=Tc c=a*=Tec¢
a? ab
6,7 6,7
32,34 R2,35
a=Ta
1
b=Tb
c=b’=a’=Tc
ac
6,7 6,7
R2,40 R2,43
Tb Tb
=T =T 1 1
1 a=la 1 a=ra a=ab=Tal a=ab=Ta
b=ab=Tb b=ab=Tb b b
c=bc=Tc c=cb=ac=Tc c=bc=ac=Tc c=ca=bc=Tc
cb be ca ac
6,7 6,7 6,7 6,7
Ry'44 Ry Ry'46 Ry'47
1 a:Ta 1 a—TCL 1 a:Ta
b=ab=TDb b=ba=Tb b=ab=Tb b=ab=Tb
c=bc=ba=Tc c=bc=ab=Tc c=ac=Tc
ca=>b?
6,7 6,7
R2,48 R2,52
1 a=Ta a=Ta 1 a=1Ta
b=ab=TDb b=ba=Tb b=Tb
c=ba=ac=Tc c=ac=ab=Tc c=ba=a*=Tc¢
b2 b? ab
6,7 6,7 6,7
Ryss UEER Ryl
Tb U
1 1 a=Ta
a=ac=ab=Tal a=ca=c T =ab=Ta 1
b b b=ab=Tb
c=ca=cT=bc c=bc=ac=Tc c=bc=Tc
ca
Rg:gs Rgzgg Rg:go
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a=Ta T 1 T 1 a=Ta
a=Ta a=Ta
b=ab=TD b=Tb b=Tb b=Tb
=cb=ca=Tc c=ca=bc=ba=Tc c=cb=ac=ab=Tc c=ac=ab=Tc
ab ba ba
6,7 6,7 6,7 6,7
Rz,ﬁl Ry6o Rygs Ry'64
a=Ta ) a=b%=Ta . a=Ta ) a=Ta a=b’*=
b=ab=Tb b b=Tb b=ba=Tb
—ac=Tc c=bc=Tc c=ca=ba=Tc c=ca=Tc c= cb ca=Te
ca ab ab ac
6,7 6,7 6,7
2 65 Ry'66 Ry'67 Ry'gs 2 69
a=Ta a=Ta 1 a=Ta —Ta
b ab a?= b=ab=a%=Tb b=bc=Tb cb cT=Tb
c=cb=ca=Tc c=cb=cT c=
ac
6,7 6,7
270 Ryt Ry'79
Tb bT
1 1 a=Ta
a=ac=ab=Tal a=ca=c T =Tal
b=bT b=TD b=bc=a*=Tbh
c=ca=cT=bc=ba c=bc=ac=ab=Tc c=cb=cT
6,7 6,7
Ry'74 Ry'75
Ta Ta Ta
=T a a
1 e b—ab=Tb b=be=ab=Tb b—ab=Tb
b=cb=cT=a*=Tb 1 1
c=bc=Tc c=bc=ac=Tc¢ c=ac
6,7 6,7 6,7
Ry'77 R34 Ry
Ta Ta
a
b=ab=Tb b=ab=Tb
1 1
c=bc=ac=Tc c=bc=b%=ac=Tc
2
6,7 6,7
Ry Ry
Th=Ta Ja
a=b> a
b=ab b=ab=Tb
“ 1 “ 1
c=bc=ac=Tc c=ac=Tc
b2
6,7 6,7
Ry R310
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Ib=Ta

a=b?

1
c=bc=ac=Tc

02

6,7
R34

b=a?
a=b?
1

c=bc=ac=Tc

6,7
R3'1s

b=a?
a=b?

1
c=cb=ac=Tc
be

R§;§5

Ta bc=ab
a a=ac
b=bc=ab=T¥l ] b=cb=cT=THl b .
c=cb=cT=ac 1

6,7
Ry'30
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be=ab c=ab=a? c=b%=ab be=ac=ab c=b2=ab
= a=ac a=ac —c2=
b =c?=ac b b a=c’*=ac
c c c
1 1

1
6,7 6,7 7 6,7
Ry, 4,3 Ry R 4.5 Ris
be=ac=ab 2=bc=ab b2=ab=a> c=b’=ac=ab c=b*=ac=ab
. a=c? ) a a=ac ; a . a=c2
c c c c
1 1 1 1
6,7 6,7 6,7 6,7
Ry Ry'g 4,9 Ry Ry

2=be=b%=ab c=ac=ab ca=bc=ab c=b*=ac=ab a=bc=b%>=ab
a a=ca a=ac a=ca a=ac
b b
¢ ¢ ¢
1 1 1

a=ac=T a=ac=T 1 a=ab=ac=T 1 a=b*=ac=T 1
b=bc=ab=Tb b=bc=ab=Tb c b=bc c=b? b=bc c
b2

6,8 6,8 6,8
Ryy Ry’s Ry’
a=b*=T 1 a=Ta 1
b c=Tc b=ab=a%=Tb c=Tc
ac ac
6,8 6,8
Ry7 Ryg

a=Tb=Tq 1 a=ca=cT=T 1 a=ac=T 1
b c=b?=a’=Tc b=cb=Tbh c=ac=Tc b=bc=ba=TW c=ca=cT
ac ba ab
RS,

6,8 6,8
32,12 R2,13
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Ta Ta
a b=ab=TDb a b=ab=bc=Tb




RESIDUATED LATTICES OF SIZE UP TO 6 41

Ta
a b=ab=Tb
1 c=ac=bc=Tc

Ta
a b=ab=bc=Tb
1 c=cb=cT=ac

Tb=Tc Tb=Tc
a=bc=c*=ab=ac a=ab
1 <‘»‘ c=b? 1=52 c=bc=cT=ac

6,9
R34,

)
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b=bc=ab=Tb a=Ta

Ta
1 b=Tb 1=a? b=ab=Tb

1=b2 c=ac=ab=bc=Tc c=ac=bc=Tc

c=cb=ac=ab=Tc
ba
6,10
R334



Ta
a b=ab=Tb
1 c=ac=Tc
be
R

Ta
a b=ab=TD

1 c=ac=bc=b*>=

a2
a b=ab=TD
1 c=ac=1Tc
be

6,11
R3'1o
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Tb
1 a=ab=Ta
b c=bc=ac=Te¢
2
RO-11

=Tc Tb=
1 a
b=c?=a? c=bc=ab b=c*=ac c=bc=ab

Tb
1 a=c’=Ta 1 a=ab=Ta
b=Tb c b c=bc=Te¢
bc=ab ac
6,11 6,11
Rz,z R273
Tb Ib
1 a=ab=Ta
b c=bc=ac=a*=Tec¢
6,11 6,11
R2,6 Rz,?
Tb
a=ab=Ta 1 a=ab=Ta 1 a= ab
c=bc=Tc b c=bc=a*=Tc b c=bc
ac
6,11 6,11
R2,11 R2,12
2=Tb 2=Tb
1 a=ab 1 a=ba
b c=bc=ba b c=bc=ab
6,11 6,11
Ryy5 Ry'6
Ta Ta
a b=ab=Tb a b=c*=ab=Tb
1 c=ac=bc=Tc 1 c=ac
2
6,11 6,11
R3,3 Rs,
a? Ta
a b=ab=Tb a b=ab=Tb
1 c=ac=bc=Tc 1 c=ac=Tc
b2
6,11 6,11
Rs, R3,8
Tce=Ta
a=bc=b? b=ac=ab
1=c? c
6,11
R3'15

a=ab=Ta
c=bc=ac=Tec¢

6,11
Ry

b=c*=ac=Tb

bab Tb
c=ac=bc=Tc

3,5

b=ab=Tb
c=ac=b>=
be

6,11
R3,9
b=bc=Ta
a=c? b
1 c=ac
6,11
R3,13
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Je=Ta a? 2=Ta =ab=Ta 2=Ta
a202:b2 b=ac=ab a bZCQZG,C:Tb a b=ab a b a b=ac=ab
1 c 1 c 1 c=ac 1 c=ac 1 c
6,11 6,11 6,11 6,11 6,11
R3,14 R3,15 R3716 R3,17 R3,18
’=ac=Ta a® a® a’?
a b a b=ab=Tb a b=ab=Tb b=ab=Tb
1 c 1 c=ac=bc=b*=Tc¢ c=ac=Tc c=ac=b*=Te¢
b2 be
6,11 6,11 6,11 6,11
R3,19 R3’50 R3,21 R3,22
2=ab=b’=Tc 2—ab=bc c=a’ c=a*=b?
a=bc b=ac a=c? b=ac a=c%=b? b a=c%=bc b
1=c? c 1 c 1 c 1 c
6,11 6,11 6,11 6,11
R3,23 R3,24 Rs,2r R3,26
c=a’=bc 2=a’=ab 2—qac=a Ta Ta
a=c? b a b=ac a b a b=ab=Tb b=ab=Tb
1 c 1 c 1 c 1 c=ac=bc=Tc¢ c=cb=ac=Tec¢
cb be
6,11 6,11 6,11 6,11 6,11
R3,27 R3,28 R3,29 R3,30 R3,31
Ta Ta a? a?
a b:c2:ac:Tb a b:cQZCa:ab:Tb a b=ab=TbH b=ab=Tb
1 c=ca 1 c=ac 1 c=ac=bc=Tc c=cb=ac=Tc¢
cb be
6,11 6,11 6,11 6,11
R3,32 R3,33 R3,34 R3,35
2—bq 2—ab=Ta 2=Ta 2—ac=Ta 2=Ta
a b=ab a b=ba a b=ac=ab a b a b=ca=ab
1 c=ac 1 c=ac 1 c=ca 1 c=ca 1 c=ac
6,11 6,11 6,11 6,11 6,11
R3'56 R3,37 R3,38 R3,39 R3,40
2—ca=ab c=a%=bc b=ac=a? 2—qc=a?
a b a=c*=cb b a=c*=bc b a b=ca
1 cC=ac 1 C 1 c 1 c
6,11 6,11 6,11 6,11
R3,41 R3,42 R3'y3 R34y
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2

2:ca:a2:ab 2:(IC:—|—(I
a b=ac a b=ba a
1 c 1 c=ca 1
6,11 6,11 6,11
R3,45 R3,46 R3,47
Tc Tb
a=ac=Ta be=Tb 1=b% a=a “
c=bc=ac=Tec
ab
6,12 6,12
R2,’1 R2,2
Tb
a=ab=Ta
1=b2
Oc=bc=Tc
ac
6,12
R276
b2
1 a=c*=bc=ab=Ta
oc
6,12 6,12
R2,9 R2,10
b2 Te=Tb
Oa=ab=T 1
1 a=a @ ) a=ac=ab=TaQ Qb=bc 9
c=bc=ac=a"=Tc c=b
w2
6,12 6,12
Ry53 Ryq4

45

=ac=Ta =ca =ca
b=ca=ba a b=ab a b=ac=ab
c 1 c=ac 1 c
6,11 6,11
R3,48 R3,49
b2 Te=Ta
=ab=T 1
1 arap=ta a=ac ab=be=Tb
c=bc=ac=Tc c=a
6,12 6,12
R2;3 R2,4
b2
1 a=ab=Ta
Oc=bc=Tc
ac
6,12
R2,’7

Tb
Oa=ab=Ta

c=bc=ac=a*=Tc¢

1=b?

6,12
Ry15

JTc=Ta=Th
a=ac=b*Q Q alg:c
c=a
6,12
Ry'16
Tb
Oa=ab=Ta
1=b? )
Oc=bc=a"=Tc
ac
6,12
Ry'50
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Tb
L2 a=ab=Ta
o Oe=bc=ac=Tc
ca
6,12
R2,30

b? b2
5 a=ab=Ta a=ab=Ta 1 & a=ab=Ta
Oe=bc=ac=Tc Oc=ca=bc= Oe=ca=bc=Tc
ca ac ac

6,12 6,12 6,12
R2,31 R2,32 R2,33

a? Tc=Ta
a a=c?
b=ab=Tb alc:"l'c b=bc=ab=Tb alc
be
RS:12 RY-12
3,2 3,3
2=Ta ’=ac=Ta Tce=Ta 2=Ta
a a a=c? a
b=bc=ab=Tb alc b=bc=ab=T¥b 1 b=bc=ab=T¥b alc b=bc=ab=Tb alc
b? b?
6,12 6,12 6,12 6,12
Ry Ry'5 Ry Ry7
2 ac=Ta c=a? =ac=a?
a a=c?
b=bc=ab=Tb 1 b=bc=ab=Tb 1 b=bc=ab=Tb
b2
6,12 , 6,12
Rg'g Ry R3'1o

Tb=Tc=Ta c=c*=Tb=Ta =c?=ab=ac=Ta c=c?=ac=Tb=Ta
—bc a a —p2
=c?=ab —ac =ab bi:ac bl2 b=ab i

6,12 6,12 6,12 6,12
R3,11 R3,12 R3,13 R3,14
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2=be=c*=Ta 2=be=c*=ac=Ta 2=be=c*=ab=ac=Ta
a a a
b=ab ac b=ab b
1 1 1
6,12 6,12 6,12
R3,15 R3,16 R3,17

c=a’® 2—ac=a’ c=c’=ab=ac=a>
2 a a
b=bc=ab=Tb a=c b=bc=ab=Tb b b2
1 1 1
b? b2
6,12 6,12 6,12
R3's R3'1g R35%
c=ab=ac=a? c=c?=ab=ac=a? 2=c?=gb=ac=a? 2=be=c*=ab=ac=a?
b a=b%=c? . a=b? . a=bc b a
1 1 1 1
6,12 6,12 6,12 6,12
R355 Rg'55 R3'5y R3'55
2=ac=Ta 2—cq 2=qc=Ta 2—caq
a a a a
b=bc=ab=Tb C% b=bc=ab=Tb CllC b=bc=ab=Tb Cil b=bc=ab=Tb ac
b2 b2
6,12 6,12 6,12 6,12
R3'96 R3o7 R3'5s R399
2=be=c*=ac=Ta 2=be=c*=ca 2=be=c*=ab=ac=Ta
b=ab " b=ab 1 b=b ¢
— ca — ac =
“ 1 “ 1 “ 1
6,12 6,12 6,12
R3'50 Ry'51 Ry'55
2=be=ba=c*>=ac 2=ch=c*=ab=ac=a? 2=be=c*=ab=ac=Ta
a a=bc a
b=ab b b=b ca
“ 1 1 “ 1

6,12 6,12 6,12
Ry'55 Ry'5y Ry'55
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2=be=c*=ca=ab 2=be=ba=c%=ca
bba aac beab aac a=Ta a=c*=Ta
1 1 b= ab c=ac=Tc b:bc:ab
be

6,12 6,12 6,13
Rg'56 Rg3'57 Ry

2,2

a=c*=Ta 1 a=bc=c?>=ab=Ta a=b*=bc=c*=Ta a=Ta
c=b? c=ac=a’=Tc
bc=ab
Rg,’};g R6 13 Rgé:s
2=bc=c?
=Tc=T =T a
1 amrema 1 e 1 b=ab=Tb
b=bc=c*=ab=a’= c b= c=Tc c c=ac=Tc
2
a
6,13 6,13 6,13 6, 13
Ry Ry’ Ry Ry
Tc Tc =ab=Ta
a a=ac —
b=bc=ab=Tb b=bc=ab=Tb b=bc=ab=Tb a=c'=ac
c=ac 1= c c=bc=ac=Tc
6,13 ) 6.13
Ry , Ry
Te Te=Tbh 2=Te¢ c=b%=ab
a a a a
b=bc=ab=Tb b=bc=ab ) b=bc=ab b
c=ac c=b%=ac c=ac c=ac
b2
6,13 6,13 6,13 6,13
Ry Ry7 Ry'g Ry
Tc Te=Tb
a=ac _32_
b=bc=ab=Tb b=bc=ab a=b=ac
1= c 1= c
62
6,13 6,13
R3,11 R3712
Tec Te=Th 2=Tec
_ 2 _ 2 32 _ 2
b=bc=ab=Tb ‘;_C —ae b=bc=ab ‘CL_C =bi=ac b=bc=ab ‘c‘_c —ae

b2
6,13 6,13 6,13
R3,14 R3,15 R3,16



RESIDUATED LATTICES OF SIZE UP TO 6 49

b2=ab 2 c=b*=ac=ab 2
_ a a a
=c'=ac b=bc=ab=Tb b=c? b=bc=ab=Tb
c c c
b2

6,13 6,13 6,13 6,13
R3'17 R3's R R3'5
2=bc=ab 2=bc=ab =bc=b’=ab b%>=ab c=b?
a =b2 a
b b “ b=cb=ab
c=b? c c=cb=cT =ac c=ac
6,13 6,13 6,13 6,13 6,13
Ry'51 Ry’ Ry'o5 Ry'oy R3'55
b= b=b*=Tec b=b*=Tec¢
a — =c2=
b=bc=ba b=cb=ab a=c*=ac b a=c=ac
c=bc=ac=Tc c=ac c
6,13 6,13 6,13 6,13
R3'56 Rg3o7 Rg'o% Rg’59

b=Tb =
b=ab=71b
c=ac=ab=bc=Tc¢ c=ac=Tc c=ac=Tc

Q
=l
24
5 3
o )
1S
o
o
fwpl
_|
o
g g[\;
1S

ab=Ta
a=T b=Tbh b
1 c=ac=bc=Tc¢ c=ac=bc=T¢
c=cb=ac=ab=Tc 1
ba
6,14 6,14
R2,6 R3,1
ab=b*=Ta 2—ab=bc=Ta 2—qc=ab=bc=Ta
b b
c=ac=bc=Tc c=ac c
1 1
6,14 6,14
R3,5 R3,6
ab=b%>=Ta 2=qb=b>

c=ac=bc=TcQ
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R34

2—qc=ab=bc=b*=Ta

=ac=a’=ab=bc=b?
.\.
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]

=ac=ab=bc=b*>=Ta

N

2

b b

6,14
R3'16

]

=ac=ab=bc=Ta

c=ac=bc=TcQ

6,14
R37

2=cb=ac=ab=Ta

=ca=ab=bc=b?
c=car] b c=act] b =ca=b b
1 1 c=ca=bc 1
6,14 6,14 6,14
Rs,}s R31g Rséo
b=bc=TD b=c?
b=ab=Tb a=ac=Ta a=ab=ac=Ta a=ab=ac=Ta a=ab=ac=Ta
Ta 2 Jb=Tc be=c*=Tbh L2 =bc=c?
1:a2c—ac—Tc 1 (’)’0 1=bc c:b2 1 c=b2 1 (’»‘
be ab
6,15 6,15 6,15 6,15 6,15
R2,1 Ry R2,3 R274 R2,5
b=c? b=ac
a=ab=ac=Ta a=ab=ac=Ta a=ab=ac=Ta a=bc
Jb=Tec be=c2=Tbh b2 =bc=c? Ja=Tb=Tc
1=bc 0262 1 c:b2 1 4’»‘ 1=a?=b?>=c> c:ab
a? a2 a?
RY:15 RS:15 RS:15 RS:15
2,6 2.7 2,8 2,9
b=ac
a=b*=c? b=ac b=a? b=a’=c?
Ja=Tb=Tc P=bc=c*=Ta ac=b*=bc=c*=Ta ab=ac=b*=bc=Ta
1:a2:bC c:ab 1:a2 c:ab 1 C:ab 1 4’»‘
Ry Ry} R3S Ry
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b=a?




