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Lattices (L, L, T, A, V)

T Let L be an ordered set s.t. :
/ Vx,y € L du,v € L s.t.
d
/ \ u=xVy = the least upper bound
= supremum
C b e
\ / v = x Ay = the greatest lower bound
= infimum.
a
\ / L : the smallest element of L.
1 T : the largest element of L.
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Fixed points and lattices

Let
e (L, <) be a lattice,
e f: L — L increasing.
e Fix(f)={xelL|f(x)=x}

Let's note :

px-f(x) = N\ Fix(f), vx.f(x) =V Fix(f).

Theorem (Tarski '55)

If L is a complete lattice and f is increasing, then

px-f(x) = min Fix(f) = the least fixed point of f

vx.f(x) = max Fix(f) = the greatest fixed point of f
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Algorithm to calculate fixed points

L complete lattice,
L the least element, T the largest element,
f: L — L increasing.

e The least fixed point :
L<AL) S <. <L) <L <L) = A1)

Here we have : (L) = py.f(x).

e The greatest fixed point :
T>AT)>RAT) 2.2 fT)> .. > f(T) = fFY(T)

Here we have : f"(T) = vy.f(x).
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p-calculus

Lattices p-calculus :
¢ = x|LIT[oAd[dV O] pxp(x)|vxd(x)
o vy d(x,y) : difficult to calculate

’Lﬂ = /J’Xd'VYd'ludel'l/}’dfl‘ .uxl.uyl.go(xl,yl,xz,yz, ...,Xd,yd)

with ¢ containing neither x nor v, complexity(v)) = d.

Complexity of a formula = number of blocks uv.
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expressiveness : the alternation hierarchy of p-calculus

The hierarchy
...is strict :

for all d there exists 1 with complexity(v)) = d such that
if complexity(¢p) < d then ¢ # 1.

...Is degenerate :
there exists d such that if i verifies complezity(y) > d
then there exists ¢ with complezity(¢) < d and ¢ = 1.

’Lﬂ = /J’Xd'VYd'ludel'l/}’dfl‘ -le-Vyl-SO(Xlay1aX2;y27 ...,Xd,yd)

Can we simplify ¢ ?
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Lattices p-calculus :
¢ = x|LIT[oNG[OV ] pxp(x) ]| rxd(x)

Y = Py Vyyblxg 1 -Vyg 1+ - Mg -Vyr -9(X15 Y15 X2, Y25 o0y Xd's Yd)
The alternation hierarchy of p-calculus :
e strict: lattices [San02]

e degenerate: distributive lattices

1xp(x) = ¢(L) and vid(x) = &(T)

e Varieties of lattices D, with n € N [Nat90], [Sem05].

Examples :
e Dy = distributive lattices
e lattices of permutations: S, € D,_»
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Characterization of the varieties D,

D,: defined via equations of a weaker version of distributivity )

Lattices in D, are locally finite

D, N finite lattices: combinatorial characterization J

OD-graph of a finite lattice L: G(L) := (J(L),<, M)
@ J(L): join-irreducible elements (j = aV b iff j = a or j = b)
@ <: order restricted to J(L)
Q@ M : J(L) — PPJI(L): minimal covers

9/17



The OD-graph of a lattice

(J(L), <, M) with M : J(L) — P(P(J(L)))

T
/ Q@ Cisacoverof j: j<\/C
d

@ order < C PL x PL:
A< Biff JAC |B.

c/ \b e © C is a minimal cover of j if
\ / e (Cis a cover of j,
e C is a <-antichain,
a e for any <-antichain D C L,
\ (J<VDand D« C)imply D= C.
| @ M()j) = minimal covers of j

Q@ b < \/{b} trivial cover
@ b <\/{d} =\/{c, b} minimal covers are subsets of J(L)
@ b < \/{c, e} minimal
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Finite lattices and their OD-graphs

L a finite lattice and G(L) := (J(L), <, M) its OD-graph.
(L, <) ~ G(L) = (J(L), <y, M) ~ (£(G(L)), )

S

G(L) is similar to a neighborhood frame. J

e Languageon L: ¢:=L | T|opAP| OV

e Logic on the frame G(L): ¢ =L | T | oA @ | (TV)(PV @)
~» monotone modal logic,
let a € L and v an assignment, let the valuation v/ be as

follows: v/(j) = |j, we have:

a<v(e) iff Vji<a, G(L).jkv 7(¢)
G(L),jFv (V) (V) iff 3C e M()), Ve e C,
G(L),cky ¢por G(L),cty
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Finite lattices in D,

L a finite lattice in D, and G(L) := (J(L), <, M) its OD-graph.

The relation D
Let j, k € J(L), jDk if j # k and 3C € M(j) st. ke C

the class of finite lattices in D,

A finite lattice L ((J(L), <, M)) belongs to the class D, iff
any path joDj; D...Dj, has length at most n.
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for each variety D,, with n € N :

© Upper bound on the approximations chain :
The p-calculus hierarchy on D, is degenerate

Dp E p1x.¢(x) = ¢"(L) and Dy F vy.d(x) = ¢"TH(T)

@ Lower bound :
On the lattices in D,, the value n+ 1 is optimal.

© Lower bound :
On the atomistic lattices in D, the value n+ 1 is optimal.

© Lower bound :
On the lattices in D, N D;” the value n+ 1 is optimal.
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Upper bound for the operator v on the varieties D,

Upper bound = n+1

For the variety D, with n € N, the hierarchy of the u-calculus is
degenerated (upper bound) :
Dp F pix.0(x) = ¢"1(L) and D, E vy.¢(x) = ¢"1(T)

Sketch of proof: D, F v,.¢(x) = ¢"1(T)
& Dy N finite & vx.¢(x) = ¢"*1(T)  (Nation '90 : locally finite)

& D, N finite E ¢"(T) = ¢"+2(T)
& Dy N finite £ p"2(T) < ¢"(T) and ¢"1(T) < ¢"+3(T)
& D, N finite E ¢"(T) < ¢"2(T)

Tool: game semantic on the OD-graph
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Game semantic

D, N finite E ¢"1(T) < ¢"T2(T)
& for any finite lattice L in D,, LF ¢""(T) < ¢"2(T)

& for any finite lattice L in D, for any closed valuation v, for any
jeJ(L),

G(L),j E, 7(¢"T(T)) implies G(L),j E, T(¢"3(T))

we define a finite 2 player game such that:
player A has a winning strategy from the position (j, ) iff
G(L),jE .
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Results
For variety D, with n € N :

@ The hierarchy of the p-calculus is degenerated (upper bound) :
Dp F pix-¢(x) = ¢"F1(L) and Dy F ve.g(x) = ¢"H(T)

@ Optimality :
Dp ¥ px-¢(x) = ¢"(L) and Dy ¥ vx.d(x) = ¢"(T)

open problems and outlook
o 3?7 aterm t, “simpler’ than ¢"1(L) s.t. Dy E pxg(x) = tg

e links between lattice theory and modal logic 7

e similar results on fixed points for modal logic ?
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