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Abstract

In this talk I will cover some of the highlights

of the many deep and influential results that were

discovered by Ralph Freese, Bill Lampe and JB Nation.

Be prepared for a whirlwind tour of the classics spanning

half a century of hits that reverberated around the globe and

continue to delight and inspire mathematicians

across space and time.
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Some background

This is a talk like no other

Please turn around and check the exits

They have been securely blocked to ensure that no one can escape

No recordings, photos or videos allowed

Remember: what happens in Hawaii stays in Hawaii

Exception: correct mathematical results can be exported from these islands
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Some background

Bill, JB and Ralph have published a combined 148 papers/chapters/books
so far (according to MathSciNet)
from 1967 to 2018

(52 years)
We’ve heard a lot about some of these papers over the past three days
Now I want to present all of them in 45 minutes
Well, that would leave < 20 seconds per publication, hardly enough to
read the title and authors
So we’ll concentrate on half of their publications (74)
You may not learn much mathematics
But I’m including some statistics (you know what that means)
Using MathSciNet (ms) and Google Scholar (gs) citation counts to focus
on the most cited ones
But also include a few overlooked gems
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Overview of publications by Bill, JB and Ralph

1960s: 1 paper, 1 thesis

1970s: 34 papers, 2 theses, 1 Memoir of the AMS
1980s: 32 papers, 1 book
1990s: 31 papers, 1 book
2000s: 20 papers
2010s: 24 papers

Total: 148 publications

49 papers in Algebra Universalis
110 publications with UH Manoa affiliation
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Greatest Hits from the late 1960s

1967 Bill & George (ms4, gs21) JA

On subalgebra lattices of universal algebras

[Birkhoff, Frink 1948] proved that any algebraic lattice is the subalgebra
lattice of some algebra
[Iskander 1965] proved that any algebraic lattice is the subalgebra lattice
of the direct square of some algebra
Uses the axiom of choice. Bill & George give a choice-free proof

1969 Thesis (Ph.D.)–The Pennsylvania State University. 122 pp
ON RELATED STRUCTURES OF A UNIVERSAL ALGEBRA
William Austyn Lampe

JB and Ralph were still working on their 10000 hours
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Interlude

Ralph (Caltech): Solutions of Advanced Problems: 5751

Cycle decompositions in the symmetric group.
Problem proposed by Marvin Marcus (UC Santa Cruz)
Problems and Solutions: Amer. Math. Monthly 1971

JB: Thesis (BA Honors in Mathematics)–Vanderbilt University 1970, 15 pp
ON SCHMIDT’S PROBLEM
Does there exist a countable nonabelian group with all proper subgroups
finite?
Solved in 1979 by Ol’shanskii’s construction of Tarski monster groups
JB showed in his undergraduate thesis (among other results) that any such
group must have in its subgroup lattice a countable sublattice of height 2
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On the connection between mathematics and music

A lemma/theorem/corollary is like a song

A paper is like an album

The authors are the band members

A series of papers or a book is like a box set

An illegally downloaded publication is like a bootlegged album

A talk is like a live performance

A blackboard talk is like an unplugged performance
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Greatest Hits by the Legends

Gold: ms ≥ 3 or gs ≥ 10

Platinum: ms ≥ 10 or gs ≥ 30

Peter Jipsen — Chapman University — ALHawaii 5/24/2018



Greatest Hits by the Legends

Gold: ms ≥ 3 or gs ≥ 10

Platinum: ms ≥ 10 or gs ≥ 30

Peter Jipsen — Chapman University — ALHawaii 5/24/2018



Greatest Hits by the Legends

Gold: ms ≥ 3 or gs ≥ 10

Platinum: ms ≥ 10 or gs ≥ 30

Peter Jipsen — Chapman University — ALHawaii 5/24/2018



Greatest Hits from the early 1970s
1972 Bill, AU (ms3, gs38)

The independence of certain related structures of a universal algebra
I. Partial algebras with useless operations and other lemmas
II. The automorphism group and congruence lattice are independent
III. The subalgebra lattice and congruence lattice are independent
IV. The triple is independent

Birkhoff 1946: Any group is the automorphism group of some algebra
Birkhoff-Frink 1948: Any algebraic lattice is the subalgebra lattice of some
algebra
Grätzer-Schmidt 1963: Any algebraic lattice is the congruence lattice of
some algebra

Bill proves that you can pick any group G and any pair of nontrivial
algebraic lattices L,L′ and find an algebra A such that

Aut(A)∼= G , Sub(A)∼= L and Con(A)∼= L′
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Greatest Hits from the early 1970s
1972 Thesis (Ph.D.)–California Institute of Technology. 1972. 132 pp

VARIETIES GENERATED BY MODULAR LATTICES OF WIDTH FOUR
Ralph Stanley Freese https://thesis.library.caltech.edu/9661/

The variety generated by all modular lattices of width four is finitely based,
locally finite and has uncountably many subvarieties

1973 Thesis (Ph.D.)–California Institute of Technology. 1973. 63 pp
VARIETIES OF ALGEBRAS WHOSE CONGRUENCE LATTICES
SATISFY LATTICE IDENTITIES
James Bryant Nation https://thesis.library.caltech.edu/10658/

“Corollary: Let K be a nontrivial variety of unary algebras. Then the
congruence lattices of algebras in K generate the variety of all lattices”
Chapter 2: “we shall show in this chapter that the congruence lattices of
semilattices satisfy no nontrivial lattice identities”
“Corollary: Congruence modularity is determined by two-variable
identities.”
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More Greatest Hits from the early 1970s
1973 Bill, TAMS (ms2, gs14)

On the congruence lattice characterization theorem
A new proof of the Grätzer-Schmidt representation theorem

1973 JB & Ralph, PJM (ms25, gs100)
Congruence lattices of semilattices [most cited paper]

1973 Ralph, LAA (ms22, gs69)
Inequalities for generalized matrix functions based on arbitrary characters
(like crossing over to country music)

1973 Ralph, PUH LTC (ms5, gs19)
Breadth two modular lattices (43 pages!)

1973 Bill, PUH LTC
Representations of lattices as congruence lattices (16 pages)
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Greatest Hits from the mid 1970s
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Greatest Hits from the mid 1970s
1974 Ralph, DM (ms6, gs42)

An application of Dilworth’s lattice of maximal antichains
Dilworth proved that the maximal antichains of a poset form a distributive
lattice.
Ralph gives a short proof and an application.

1974 JB, AU (ms9, gs49)
Varieties whose congruences satisfy certain lattice identities
“In this paper we show that varieties whose congruence lattices satisfy one
of"a class of lattice identities of a fairly general form are in fact congruence
modular. A similar theorem is proved for congruence distributivity.”

1975 Ralph, PJM (ms4, gs15)
Ideal lattices of lattices
Every algebraic lattice is a subdirect product of complete upper continuous
subdirectly irreducible lattices
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1975 Ralph, PJM (ms4, gs15)
Ideal lattices of lattices
Every algebraic lattice is a subdirect product of complete upper continuous
subdirectly irreducible lattices
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More Greatest Hits from the mid 1970s
Planar sublattices of FM(4)

1976 Ralph, AU (ms3, gs19)
“In this paper we show that any finite planar modular lattice which does
not contain a sublattice isomorphic to M4 is a sublattice of FM(4). [...]
infinitely many of these lattices are simple, whereas previously no example
of a simple sublattice of FM(4) with more than five elements was known.”

Generators of lattice varieties
1976 Ralph & Robert Palmer, AU (ms3, gs13)
“Theorem: Every lattice variety is generated by its strongly atomic
members.
Every modular lattice variety is generated by its weakly atomic, subdirectly
irreducible members.
Every modular lattice can be imbedded in a strongly atomic, subdirectly
irreducible modular lattice”

Congruence modularity implies the Arguesian identity
1976 Bjarni & Ralph, AU (ms12, gs57)
Assume V is CM. “The central idea of our argument is to embed Con(A)
in two different ways in the congruence lattice of another algebra B ∈ V .
This will allow us to imitate the classical proof of Desargues’ Law for
projective planes embeddable in higher dimensional projective spaces.”
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Greatest Hits from the late 1970s
The structure of modular lattices of width four with applications to
varieties of lattices

1977 Ralph, MAMS (ms10, gs25)
The variety generated by all modular lattices of width four is finitely based,
locally finite and has uncountably many subvarieties, and many more
structural results

A report on sublattices of a free lattice (Contributions to UA Colloq.
Math. Soc. János Bolyai)
1977 Bjarni & JB, CUA CMSJB (ms10, gs60)
“For any finite lattice L TFAE: (i) L is a sublattice of a free lattice
(ii) L is projective, [...] (vii) L is semidistributive, satisfies Whitman’s
condition and |Con(L) = J(L)|

Projective lattices
1978 JB & Ralph, PJM (ms7, gs44)
Necessary and sufficient conditions for a lattice to be projective (= retract
of a free lattice)
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More Greatest Hits from the late 1970s

The Legendary UA-Team
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More Greatest Hits from the late 1970s

Projective geometries as projective modular lattices

1979 Ralph, TAMS (ms9, gs40)
Using von Neumann’s n-frames to coordinatize modular lattices, it is
shown that the lattice of subspaces of a finite (n ≥ 4) dimensional vector
space over a finite prime field is projective in the class of modular lattices.
It follows that L(Zn

p) is a splitting modular lattice (as well as some gluings
of these).

1979 Ralph, TAMS (ms12, gs48)
The variety of modular lattices is not generated by its finite members
“This paper proves the result of the title.” (there exists a 5 variable
identity)
Every free distributive lattice can be embedded into a free modular lattice.
Epimorphisms of modular lattices are not necessarily onto.
Is every splitting modular lattice finite?
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More Greatest Hits from the late 1970s

Congruence lattices of algebras of fixed similarity type. I

1979 Bill, Ralph & Walter, PJM (ms8, gs56)
“We prove that if V is any infinite dimensional vector space over any
uncountable field F , then the congruence lattice (= subspace lattice) of V
cannot be represented as a congruence lattice (of any algebra) without
using at least |F | operations. This refutes a long standing
conjecture—that one binary operation would always suffice.”
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Greatest Hits from the early 1980s
1980 Ralph, TAMS (ms12, gs86)

Free modular lattices
“It is shown that the word problem for the free modular lattice on five
generators is recursively unsolvable.”
Uses von Neumann n-frames to interpret the unsolvability of the word
problem for groups.

A characterization of identities implying congruence modularity. I
1980 Alan & Ralph, CJM (ms11, gs74)
From Ralph’s 1995 paper on Alan’s early work: “After completing [9],
Bjarni Jónsson and J. B. Nation accused Alan and I of killing the subject
of congruence varieties, since this paper answered most of the questions
we had been interested in. [...] However, the subject is coming back to life
because of some important recent developments. There are also some very
interesting unsolved problems. One problem that is still open: Is there a
unique largest modular congruence variety?”
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Greatest Hits from the early 1980s

1981 Ralph & Ralph, TAMS (ms14, gs64)

Residually small varieties with modular congruence lattices
From Walter Taylor’s review: “The first main result [...] says that if V is
[cong. modular and] residually small, then α

∧
[β ,β ]≤ [α,β ] for all α,

β ∈ A ∈ V . In fact, if this commutator identity fails, then residual
smallness fails quite sharply: there exist subdirectly irreducible algebras in
V with arbitrarily large congruence lattices. The proof is a
straightforward but very clever calculation in lattice theory.[...]
Quackenbush asked [long] ago whether there exists a finite algebra A such
that the variety V generated by A has infinitely many finite s.i. algebras
but no infinite s.i. algebra. [...] this paper tells us that A cannot be in any
congruence-modular variety.”

On some identities valid in modular congruence varieties
1981 András, Christian & Ralph, AU (ms6, gs31)
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Finite sublattices of a free lattice
“Every finite semidistributive lattice satisfying Whitman’s condition is
isomorphic to a sublattice of a free lattice.”
The secret to success? It’s obvious: don’t ever give up.

1982 Bill, PJM (ms11, gs35)
Congruence lattices of algebras of fixed similarity type. II

On congruence distributivity and modularity
1983 Gabor & Ralph, AU (ms4, gs18)
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Greatest Hits from the mid 1980s
Covers in free lattices

1985 JB & Ralph, TAMS (ms3, gs25)

Some varieties of semidistributive lattices
1985 JB, LNM UA LT Charlston (ms9, gs18)

A property of the lattice of equational theories
1986 Bill, AU (ms9, gs44)
The Zipper!

1987 Ralph & Ralph, LMS LNS CUP (ms149, gs438)
Commutator theory for congruence modular varieties
The book that opened the floodgates for modern universal algebra
Second edition now free at
http://www.math.hawaii.edu/~ralph/Commutator/comm.pdf
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Greatest Hits from the late 1980s

The Legendary Musketeers
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Greatest Hits from the late 1980s
Arguesian lattices whose skeleton is a chain

1987 JB & Doug, AU (ms3, gs7)

Finitely presented lattices: canonical forms and the covering relation
1989 Ralph, TAMS (ms3, gs21)

Lattices of pseudovarieties
1989 JB & Paolo, JAMSSA (ms3, gs13)
“It is shown that if the lattice L of subpseudovarieties of P has finite
height, then L is isomorphic to the lattice of subvarieties of a locally finite
variety. Thus not every finite lattice is isomorphic to a lattice of
subpseudovarieties.”

Doubling convex sets in lattices and a generalized semidistributivity
condition
1989 Alan, JB & Steve, O (ms4, gs20)
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Greatest Hits from the early 1990s
An approach to lattice varieties of finite height

1990 JB, AU (ms10, gs39)
Among many other results, lattice identities σn,τn,k ,λm are defined such
that a subdirectly irreducible lattice is finite if and only if it satisfies these
identities for some k,m,n ≥ 1. The aim is to solve the finite height
conjecture.

On complete congruence lattices of complete modular lattices
1991 ET, George & Ralph, IJAC (ms4, gs21)

Further properties of lattices of equational theories
1991 Bill, AU (ms5, gs19)

Small non-Arguesian lattices
1994 Alan, Bjarni, Christian, Doug & JB, AU (ms3, gs11)
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Greatest Hits from the mid 1990s
A perspective on algebraic representations of lattices

1994 Bill, AU (ms5, gs15)

Braids and their monotone clones
1994 Brian, JB, Ralph M. & P3, AU (ms4, gs14)

1995 JB, Jaroslav & Ralph, AMS (ms105, gs289)
Free Lattices
Everything you ever wanted to know about them, plus an awesome
chapter on Computational aspects of Lattice Theory

Congruence lattices of congruence semidistributive algebras
1995 JB, Keith & Ralph, REM LT & A Darmstadt (Research and
Exposition in Mathematics, Lattice Theory and its Applications, 1991)
(ms8, gs19)
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Congruence lattices of congruence semidistributive algebras
1995 JB, Keith & Ralph, REM LT & A Darmstadt (Research and
Exposition in Mathematics, Lattice Theory and its Applications, 1991)
(ms8, gs19)
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Greatest Hits from the late 1990s

1996 JB, O (ms0, gs8)

A counterexample to the finite height conjecture

Maximal sublattices and Frattini sublattices of bounded lattices
1997 JB, Mick & Ralph, JAMSSA (ms3, gs13)

The lattice of completions of an ordered set
1997 Alex & JB, O (ms3, gs13)

Abstract reflexive sublattices and completely distributive collapsibility
1998 JB, Panaia & William L., BAMS (ms18, gs22)
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Greatest Hits from the early Y2Ks
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Greatest Hits from the early Y2Ks

2000 Bill, Brian, George & Pawel 23 DM (ms23, gs36)

Dualizability and graph algebras

Nĕıshen, Dzh. B., (Russian) Algebra Log. 39 (2000), no. 1, 87--92
Unbounded semidistributive lattices

Lattices with large minimal extensions
2001 JB, Jaroslav & Ralph, L & UA Szeged 1998 AU (ms6, gs13)

2001 Bill, George & Ross, L & UA Szeged 1998 AU (ms22, gs)
Full duality among graph algebras and flat graph algebras
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More Greatest Hits from the early 2000s

Inherently nonfinitely based lattices

2002 George, JB & Ralph, APAL (ms4, gs7)

The variety generated by order algebras
2002 Jaroslav, Miklos, Petar, Peter, Ralph & Ralph, AU (ms4, gs6)

Standard topological algebras: syntactic and principal congruences
and profiniteness
2004 Brian, David, Marcel & Ralph, AU (ms26, gs39)

Reflections on lower bounded lattices
2005 JB & Kira, AU (ms3, gs8)
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Greatest Hits from the mid 2000s

The Honorees thinking hard
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Greatest Hits from the mid 2000s

Simultaneous congruence representations: a special case

2005 Bill, AU (ms3, gs10)
Reviewed by Peter Johnstone: “solves the problem, which he ascribes to
Ervin Fried in 1971, of simultaneously representing a pair (L1,L0) of
algebraic lattices as the congruence lattices of a universal algebra A1 and
of a subalgebra A0 of A1, in the particular case when both lattices have
compact top elements and L1 is nondegenerate”

Results and problems on congruence lattice representations
2006 Bill, AU (ms4, gs14). Special issue dedicated to Walter Taylor
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Greatest Hits from the late 2000s

Axiomatizable and nonaxiomatizable congruence prevarieties

2008 JB & Keith, AU (ms4, gs7)

Computing congruences efficiently
2008 Ralph, AU (ms3, gs18)

On the complexity of some Maltsev conditions
2009 Matt & Ralph, IJAC (ms8, gs30)
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Pictures from my sabbatical 2011

The three Legends taking off
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Someone who did grow up on Hawaii

Jimmy Freese
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Greatest Hits from the early 2010s

A new look at the Jordan-Hölder theorem for semimodular lattices

2010 George G. & JB, AU (ms14, gs32)

Ordered direct implicational basis of a finite closure system
2013 JB, Kira & Robert, DAM (ms7, gs24)

Equations implying congruence n-permutability and semidistributivity
2013 Ralph, AU (ms3, gs5)
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Greatest Hits from the mid 2010s

On implicational bases of closure systems with unique critical sets

2014 JB & Kira, DAM (ms5, gs14)

A class of infinite convex geometries
2016 JB & Kira, EJC (ms4, gs9)

Convex geometries. Lattice theory: special topics and applications
2016 JB & Kira, LT STA (ms4)

If you want to understand all the results in Bill, JB and Ralph’s papers and
books, you just have to study them. Me trying to tell you what’s in
them is like someone telling you what’s in an album like Sergeant
Pepper’s Lonely Hearts Club Band. You just have to experience it.
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2016 JB & Kira, LT STA (ms4)

If you want to understand all the results in Bill, JB and Ralph’s papers and
books, you just have to study them. Me trying to tell you what’s in
them is like someone telling you what’s in an album like Sergeant
Pepper’s Lonely Hearts Club Band. You just have to experience it.
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Greatest Hits of the Future

Ralph: “Hey, check out my UACalc app
with AI machine learning on the iPhone!”
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Greatest Hits of the Future

JB: “Wowza! I found a projective plane of order 12

with my quantum computer!”
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Greatest Hits of the Future

Bill: “Guys, I created an alternative universe where all
finite lattices are represented by finite algebras;

it’s easy”
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Greatest Hits of the Future

Live long and prosper!

Thank you Bill, JB and Ralph!
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