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Introduction

@ Aim: cover the basics of universal algebra
@ This is a tutorial

@ Slides give precise definitions
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Prerequisites

@ Knowledge of sets, union, intersection, complementation
@ Some basic first-order logic

@ Basic discrete math (e.g. function notation)

Conventions:

® X,y,z,x1,... variables (implicitly universally quantified)

o X,Y,Z, Xq,... setvariables (implicitly universally quantified)
o f,g,h, fi,... function variables

@ a,b,c,a1,... constants

@ i,j,k,i,... integer variables, usually nonnegative

@ m, n,ny,... nonnegative integer constants
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Algebras and subalgebras

An n-ary operation on a set A is a function f : A" — A

0O-ary operations are constants (fixed elements of A)

An algebra A = (A, flA, fZA, ...) is a set A with operations f,-A of arity n;
Superscript A is useful when there are several algebras, otherwise omitted
The type of an algebra is the list of arities (n1, no,...)

E.g. a group G = (G,-,71,1) is an algebra of type (2, 1,0)

Subsets: B C A means forall x, ifx&€ BthenxecA

g = f|g means for all bj € B, g(b1,...,by) =f(b1,...,by) € B

B is a subalgebraof Aif BC Aand fB = fA|g  (all i)
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Homomorphisms and isomorphisms

Let A, B be algebras of the same type

A homomorphism h: A — B is a function h: A — B such that for all J

h(fA(a1,....an) = B(h(a1),.. .. h(an))
his onto if h[A] = {h(a) |a€ A} =B
In this case B = h[A] is called a homomorphic image of A
h is one-to-one if for all x,y € A, x # y implies h(x) # h(y)
h is an isomorphism if h is a one-to-one and onto homomorphism

In this case A is said to be isomorphic to B, written A = B
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Products and HSP

The union of sets A; (j € J) is J

ies A = {x | x € A; for some j € J}

f:J— ey A is a choice function if (j) € A; for all j € J

The cartesian product HjeJ A; is the set of all choice functions

The direct product of algebras A; (j € J) is A = HJ-GJA- where
A=Tle A and fA(ay, ..., a0)(J) = £ (a1()), - . an (j)) for all j € J
Let IC be a class of algebras of the same type

HK is the class of homomorphic images of members of K

SK is the class of algebras isomorphic to subalgebras of members of K

PK is the class of algebras isomorphic to direct products of members of IC

K is a variety if HIK) = S(K)=P(K)=K (kaI HSP(K) = K)
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Term algebras and equational classes

For a fixed type, the terms with variables from a set X is the smallest set
T(X) such that X C T(X) and

if t1,...,tn, € T(X) then “fi(t1,... tn,)" € T(X) forall i

The term-algebra over X is T(X) = (T(X), {1, £,...) with

FT(t1, ... ty) = "fi(t1, ..., t,,)" foralliand ti,..., t, € T(X)
An equation is a pair of terms (s, t) written "s=t"; often omit " "
An assignment into an algebra A is a homomorphism h: T(X) — A
An algebra A satisfies s=t if h(s) = h(t) for all assignments into A
For a set E of equations, Mod(E) = {A | A satisfies s=t for all s=t € E}
An equational class is of the form Mod(E) for some set of equations E
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Varieties and equational logic
Exercise: Show that every equational class is a variety

Theorem (Birkhoff 1935) J

Every variety is an equational class

For a class K of algebras Eq(KC) = {s=t | A satisfies s=t for all A € K}
An equational theory is of the form Eq(K) for some class of algebras K

t[x+—r] is the term t with all occurrences of x replaced by the term r

Theorem (Birkhoff 1935)

E is an equational theory if and only if for all terms q,r,s,t

t=te E;, s=tceE — t=scE;, r=s,s=stcE — r=tckE
and q=r, s=t € E = s[x—q|=t[x—r] € E

l.e. the rule of algebra: “replacing all x by equals in equals gives equals”
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Examples of equational theories and varieties

A binar is an algebra (A, -) with one binary operation x - y, written xy
A semigroup is an associative binar, i.e. satisfies (xy)z = x(yz)
A band is an idempotent semigroup, i.e. satisfies xx = x
A semilattice is a commutative band, i.e. satisfies xy = yx
A unital binar is an algebra (A, -, 1) that satisfies 1x = x and x1 = x
A monoid is a unital binar that is associative, i.e. a unital semigroup
(A,-,71,1) is a group if - is associative, 1x = x and x ! - x =1

1

Exercise: Show that a group satisfies x1 = x, xx ! =1 and (x71)7! = x

Hint: x = 1x = (x 1) Ix7lx = (x )"t = (x 1) 7111 = (x 1) 7 1x~Ix1 = 1x1 = x1
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Binary relations and partial orders

R is a binary relation on a set A if it is a subset of A x A

E.g. the identity relation ida = {(a,a) | a € A} is a binary relation on A
aRb means (a,b) € R

R is reflexive if xRx for all x € A

R is antisymmetric if xRy and yRx implies x = y

R is transitive if xRy and yRz implies xRz

R is a partial order if it is reflexive, antisymmetric and transitive

For a semilattice A definea<A b «— ab=2a

Exercise: Prove that <? is a partial order on A
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Posets and meet-semilattices
A poset (A, <) is a set A with a partial order < on A

For S C A the meet A\ S is defined by x < AS <= x <sforallse$
Exercise: Prove A S is unique (if it exists; /\ = greatest lower bound)
A{x,y} is denoted by x A y

Exercise: Prove that in a semilattice ab = a A b for the partial order <A
A meet-semilattice is a poset in which a A b exists for all a, b

A meet-semilattice is complete if /\ S exists for all nonempty subsets S
Exercise: Prove if (A, <) is a meet-semilattice then (A, A) is a semilattice
An element a has a cover b, denoted a < b, if {x| a<x < b} ={a, b}

A Hasse diagram of a poset has an upward line from dot ato bif a < b
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(Dually)nonisomorphic connected posets with < 5 elements

NESEVER SENVZR VI GEEN SRV ER|

S11 S P31 S31 P41 P42 Py 3 Sa1 S42 S43  Sas
Ps > Ps3 Ps 4 Ps5 Ps.6 Ps 7 Psg

R R

Ps.o Psio Psii Psio Psis Psia Psis  Psie Psiz Psis Psio

Py, = nonselfdual Exercise: Which
Sn,k = selfdual posets are meet-
n-element poset Hoget

semilattices?
Ss.1 S50 Ss5.3 S5.4 Ss5  Ss6

B
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Lattices

For a relation <, define the dual > by b>a <« a<b

A? = (A, >) is the dual poset of A = (A, <)

Every partial order concept has a dual, obtained by interchanging < and >
The join \/ is defined dually to the meet A\  (join = least upper bound)
A join-semilattice is a poset where aVV b = \/{a, b} exists for all a, b

A lattice is a poset that is a meet-semilattice and a join-semilattice

Note x < y is definable by x Vy =y, aswell asby x Ay = x

Exercise: Show A = (A, A, V) is a lattice iff A,V are associative,
commutative and absorbtive, i.e. x A (xVy)=xand xV (xAy)=x

Hint: x Ax =xA(xV (xAy)=x
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All (dually-)nonisomorphic lattices with < 7 elements

K,k = selfdual lattice of size n L, x = nonselfdual lattices of size n

sieltediedited

K11 Ko K31K41K42 Lsy K51 Kso K53 Lg1 Lep Loz Lea Ke,1 Ks,2

1000 9P Beae ey

Ks;s Kea Kos Koe Koz L7 L7 L73 L4  Lis L76

%M@WWWW

712 L7a1s L71a Lzis Lrie L7z Lris L7ig9 L7220

P TESRII 2R

K77 Kzg K70 K710 K711 K7,12K7,13
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Examples of lattices

A lattice is complete if \'S and \/ S exist for all subsets S

A lattice is bounded if it has a top element T and a bottom element L
Exercise: Show that every complete lattice is bounded

Exercise: Show any complete meet-semilattice with T is a complete lattice
The powerset P(X) of all subsets of X is a complete lattice with (),
The collection Ay of subvarieties of V is a complete lattice with A\ =
Any linear order (i.e. x <y or y < x for all x,y) is a lattice

A lattice is distributive if x A (y V z) = (x Ay) V (x A z) holds (< dual)

E.g. P(X) and any linear order are distributive lattices
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Equivalence relations and congruences
Let A be an algebra and R a binary relation on A

R is symmetric if xRy implies yRx  (implicitly quantified)
R is an equivalence relation if it is reflexive, symmetric and transitive
R is a congruence on A if it is an equivalence relation and
xRy implies fi(a1,...,x,...,ap) Rfi(a1,...,y,...,a,) (all args, i)
The set Con(A) of all congruences on A is a complete lattice with A =)
1L =idyand T = A%, con(a, b) = N{R € Con(A) | aRb}
A congruence class is a set of the form [a]g = {x | aRx}
{Ci:iel}isa partitionof Aif A=J;; Giand GGNCi=0or = (

The set A/R of all congruence classes is a partition of A
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Homomorphic images and quotient algebras
The quotient algebra A/R = (A/R, fi, f2,...) is defined by

fi([al]Rv SRR [ani]R) = [fiA(ab SRR ani)]R

Exercise: Show that f; is well-defined if and only if R is a congruence
For a homom. h: A — B, define the kernel kerh = {(x,y) | h(x) = h(y)}
Exercise: Show that kerh is a congruence on A and that

the natural map [Jg : A — A/R is a homomorphism

Theorem (First Isomorphism Theorem)
k : A/kerh — h[A] defined by k([a]ern) = h(a) is an isomorphism

Theorem (Second Isomorphism Theorem)

If R C S are congruences on A and T = {([a]r, [b]r) | aSb} then
T € Con(A/R) and (A/R)/T = A/S
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Subdirectly irreducible algebras

An algebra is directly decomposable if it is isomorphic to a direct product
of nontrivial algebras (happens rarely)

Let R; € Con(A) and define h: A — [, ;A/R; by h(a)(j) = [a]g,
Exercise: Show that h is one-to-one if and only if (;c, Rj = ida
In this case h is called a subdirect decomposition of A

An element c in a complete lattice is completely meet irreducible if
c = /S implies c € S for all subsets S;  equiv. if ¢ has a unique cover

A is subdirectly irreducible if ida is completely meet irreducible in Con(A)

Theorem (Birkhoff 1944)

Every algebra A has a subdirect decomposition using only subdirectly
irreducible homomorphic images of A
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Birkhoff's Theorem says that every algebra is a subalgebra of a product of
subdirectly irreducible algebras (s.i. algebras for short)

So the s.i. algebras are building blocks of varieties

For an element a in a poset, the principal filter of ais Ta = {x | a < x}

A subset S of a poset is an upset if for all a € S we have Ta C S

S is down-directed if for all a,b € S thereisace Swithc<aandc<b
A filter F is a down-directed upset

An jdeal is the dual concept of a filter, i.e. an up-directed downset

Exercise: Show that the 2-element semilattice is the only s.i. semilattice
and that the 2-element lattice is the only s.i. distributive lattice

Hint: Every congruence is the intersection of congruences with two blocks

Every semilattice is a subalgebra of a product of two-element semilattices
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Introductory references for further background reading

Garrett Birkhoff, “Lattice Theory”, 3rd ed., AMS Colloquium
Publications, Vol. 25, 1967

Stan Burris and H. P. Sankapannavar, “A Course in Universal Algebra’,
Springer-Verlag, 1981, online at www.math.uwaterloo.ca/~snburris/

Brian Davey and Hilary Priestley, “Introduction to Lattices and Order”,
2nd ed, Cambridge University Press, 2002

Nick Galatos, Peter Jipsen, Tomasz Kowalski and Hiroakira Ono,

“Residuated Lattices: an algebraic glimpse at substructural logics”,
Studies in Logics and the Foundations of Mathematics, Elsevier, 2007
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Residuated maps

A function f : (A, <) — (B, <) is residuated if some g : B — A satisfies
f(x) <y < x<gl(y) forall xc A, yc B
g is called the residual of f and g(y) = max{x | f(x) < y} (if it exists)
Exercise: f preserves all existing joins and g preserves all existing meets
Exercise: Show that f is residuated <= f, g are order-preserving and
f(g(y)) <y and x < g(f(x)) forallxe A, yeB
Exercise: If A, B are lattices then f is residuated with residual g <=
f(xNng(y))Vy=y and x=xAg(f(x)Vy) hold

Hence residuation can be expressed by equations (also in semilattices)
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Heyting algebras and Boolean algebras

A= (AN, V,—,0,1) is a Heyting algebra (HA) if

o (A A,V,0,1) is a bounded lattice and

o foralla,b,ce A, aAb < ¢c < b < a—c (A-residuation)
The unary negation operation — is defined by =x = x — 0
A Boolean algebra (BA) is a Heyting algebra that satisfies =—x = x

Exercise: Heyting algebras are distributive lattices and x A =-x =0
BAs are also defined by x V —x =1, i.e. = is a complement
A-residuation can be written equationally (hint: a A _ has residual a — )

BAs give algebraic semantics for classical propositional logic x —y=-xvy

HAs give algebraic semantics for intuitionistic propositional logic
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Algebras of relations

For binary relations R and S on a set X, we denote by

R’ the complement X2 — R and by R™ the converse {(y, x) | xRy}
R - S the composition {(x,y) | (x,z) € R and (z,y) € S for some z}
R\S=(R~-S5"Y and S/R=(S"-R~)

R—S=RUS

e © ¢ ¢

Exercise: Check that

e (P(X?),n,uU,—,0, X?) is a Boolean algebra
o (P(X?),-,idx) is a monoid
o forall R,S, T C X2,

R-SCT «<— SCR\T < RCT/S

Peter Jipsen (Chapman University) Tutorial on Universal Algebras July 26, 2009 23 / 109



Relation algebras

A relation algebra is of the form A = (A, A, V, -, \,/,1, /) with

ox—y=x'Vy, L=1A1and T =1V 1 such that
o (A A, V,—, L, T)is a Boolean algebra

o (A,-,1) is a monoid

o forall a,b,c € A,

a-b<c < b<a\c < a<c/b (residuation)
@ x™“ =xand (x-y)” =y~ - x7 where x~ is defined as (x\1")’

Exercise: Show that x~ = (1'/x)" and x~(xy) <y
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(-groups
A lattice-ordered group is a lattice with an order-pres. group operation

Alternatively, a lattice-ordered group is an algebra L = (L, A, V,-,\,/,1)
such that

o (L, A, V) is a lattice
o (L,-,1) is a monoid
o forall a,b,c € L,

a-b<c < b<a\c < a<c/b
@ and L satisfies (1/x) - x =1
Exercise: Show that (L, -, ~1,1) is a group, where x 1 = 1/x = x\1

Example. The reals R under the usual order, addition and subtraction
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Powerset of a monoid

Let M = (M, -, e) be a monoid and X, Y C M and define

X-Y={x-y|xeXandyec Y}
X\Y={zeM|X -{z} C Y}
Y/ X={zeM|{z} - XCY}

Exercise: Show that the powerset P(M) satisfies

o (P(M),N,U) is a lattice
o (P(M),-,{e}) is a monoid
o forall X, Y, ZC M,

XYCZ <= YCX\Z < X CZ/Y
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|deals of a ring

Let R be a ring with unit and let Z(R) be the set of (two-sided) ideals of R

For I,J € Z(R) define | - J = {a1by +--- + anb, | aj € I, bj € J}
NJ={aeR|laC J} J/I={aeR|al CJ}
IvVvJ={a+b|lacland be J}

Exercise: Show that the set of ideal Z(R) is closed under \,/ and

o (Z(R),N,V) is a lattice
o (Z(R),-, R) is a monoid
o for all ideals /, J, K of R

I -JCK «— JCN\K = ICK/J
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Residuated lattices
A residuated lattice is an algebra L = (L, A, V,,\,/,1) such that

o (L,A,V) is a lattice
o (L,-,1) is a monoid and
o foralla,b,cel, ab<c <= b<a\c < a<c/b

A Full Lambek algebra is a residuated lattice with a new constant 0

In an FL-algebra, define two linear negations ~x = x\0 and —x = 0/x

A FL-algebra or residuated lattice is called
°
°
°
°

@ involutive if it satisfies ~—x = x = —~x

commutative if (L,-, 1) is commutative (xy = yx)
distributive if (L, A, V) is distibutive

integral if it satisfies x <1

contractive if it satisfies x < x2
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Algebraic properties of set operation

Let U be a set, and P(U) = {X : X C U} the powerset of U

P(U) is an algebra with operations union U, intersection N,
complementation X~ = U\ X

Satisfies many identities: e.g. XUY =Y U X for all X, Y € P(U)
How can we describe the set of all identities that hold?

Can we decide if a particular identity holds in all powerset algebras?
These are questions about the equational theory of these algebras

We will consider similar questions about several other types of algebras
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Binary relations

An ordered pair, written (u, v), has the defining property

(u,v)=(x,y)iffu=xand v=y

The direct product of sets U, V is

UxV={(uv):uelU,veV}

A binary relation R from U to V is a subset of U x V

Write uRv if (u,v) € R, otherwise write uffv

Define uR = {v : uRv} and Rv = {u : uRv}
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Operations on binary relations
Composition of relations: R; S = {(u,v): uRN Rv # 0}

= {(u, v) : 3x uRx and xSv}

Converse of Ris R~ = {(v,u) : (u,v) € R}
Identity relation Iy = {(u,u) : u € U}

A binary relation on a set U is a subset of U x U
Define R® = Iy and R"t! = R; R" for n > 0

Transitive closure of R is RT = U R"
n>1

Reflexive transitive closure of Ris R* = RT U Iy = U R"
n>0
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Properties of binary relations

Let R be a binary relation on U

R is reflexive if xRx for all x € U

R is irreflexive if xRx for all x € U

R is symmetric if xRy implies yRx  (implicitly quantified)
R is antisymmetric if xRy and yRx implies x = y

R is transitive if xRy and yRz implies xRz

R is univalent if xRy and xRz implies y = z

R is total if xR # () for all x € U (otherwise partial)
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Properties in relational form

Prove (and extend) or disprove (and fix)

R is reflexive iff Iy C R

R is irreflexive iff Iy ¢ R

R is symmetric iff RC R~ iff R= R~
R is antisymmetric iff RNR™ =1y

R is transitive iff R;R =R iff R=R*t
R is univalent iff R; R~ C Iy

R is total iff Iy C R; R~
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Binary operations and properties

A binary operation 4+ on U is a function from U x U to U

Write +(x,y) as x +y

+ is idempotent if x + x = x (all implicitly universally quantified)
+ is commutative if x+y =y + x

+ is associative if (x +y)+z=x+(y + 2)

+ is conservativeif x+y =xorx+y =y

+ is left cancellative if z+ x =z 4 y implies x = y

+ is right cancellative if x + z =y + z implies x = y
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Connection with relations
Define Ry on U by xRyy iff x+z=y for some z € U

Prove (and extend) or disprove (and fix)

If + is idempotent then Ry is reflexive.

If + is commutative then Ry is antisymmetric.

If + is associative then R, is transitive.

A semigroup is a set with an associative binary operation
A band is a semigroup (U, +) such that + is idempotent

A quasi-ordered set (qoset) is a set with a reflexive transitive relation

= If (U,+) is a band then (U, R}) is a qoset
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More specific connection with relations

Define <4 on U by x<;py iff x+y=y
Prove (and extend) or disprove (and fix)

+ is idempotent iff <. is reflexive.

+ is commutative iff <. is antisymmetric.

+ is associative iff <, is transitive.

A semilattice is a band (U, +) such that + is commutative
A partially ordered set is a qoset (U, R) such that R is antisymmetric

= If (U,+) is a semilattice then (U, <) is a partially ordered set
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A partially ordered set is called a poset for short
A strict partial order is an irreflexive transitive relation

Prove (and extend) or disprove (and fix)

If < is a strict partial order on U, then (U, < U ly) is a poset.
If (U, <) is a poset, then < = <\ Iy is a strict partial order.

For a, b € U we say that a is covered by b (written a < b)
if a< b and there is no x such that a< x < b

To visualize a finite poset we can draw a Hasse diagram:

a is connected with an upward sloping line to b if a < b

Nonisomorphic connected posets with < 4 elements

JAVIAVNKITVAY O
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Equivalence relations

An equivalence relation is a reflexive symmetric transitive relation

Prove (and extend) or disprove (and fix)
R is an equivalence relation on U iff Iy C R=R";R J

Let R be an equivalence relation on a set U, and u € U
Then uR = {x : uRx} is called an equivalence class of R
Usually written [u]g or simply [u]; u is called a representative of [u]

The set of all equivalence classes of Ris U/R = {[u] : u € U}

Equivalence relations on a 3-element set

ANYV/NYANYANY/N
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Partitions

A partition of U is a subset P of P(U) such that
UP=U, 0¢P, and X=Yor XNY=0forall X,Y P
(where |JP = {x: x € X for some X € P})

For a partition P define a relation by x =p y iff x,y € X for some X € P

Prove (and extend) or disprove (and fix)

The map f(R) = U/R is a bijection from the set of equivalence relations
on U to the set of partitions of U, with f~1(P) given by =p.

Partitions of a 3-element set

@@@ @ @ ‘
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The poset induced by a quasi-order

For a qoset (U, C), define a relationon U by x=y iff x Cy and y C x
Now define < on U/= by [x] < [y] iff xC y

< is said to be well defined if [x'] = [x] < [y] = [y] implies [x"] < [y']

Prove (and extend) or disprove (and fix)
The relation < is well defined and (U/=, <) is a poset. J

Factoring mathematical structures by appropriate equivalence relations is a
powerful way of understanding and creating new structures.

Nonisomorphic connected qosets on 4 elements @ a e

TERRLR 58S
[e)Ne]

ONORAIDNOIOIOAOIONOIOXOIC
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Some classes of binary relations

all rels

| | \S\ t
a = antisymmetric
r = reflexive

ar rs at qosets st s = symmetric
t = transitive
aands =t

posets subid rels equiv rels

id rels

Peter Jipsen (Chapman University) Tutorial on Universal Algebras July 26, 2009 41 / 109



Tuples and direct products

We have seen several examples of algebras and relational structures:
(U,+) an algebra with one binary operation, e.g. (N, +), (P(U),U)

(U, R) a relational structure with a binary relation, e.g. (N, <), (P(V), Q)
Applications usually involve several n-ary operations and relations

For a set I, an [-tuple (u;)ic; is a function mapping i € I to u;.

A tuple over (U;);cy is an I-tuple (u;)ics such that u; € U; for all i € |
The direct product [];., U; is the set of all tuples over (U;);¢/

In particular, Hiel U is the set U' of all functions from | to U

If I ={1,...,n} then we write U' = U" and [[;, U; = Uy x -+ x U,

Note: U° = U” = {()} has one element, namely the empty function () = )
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Algebras and relational structures

A (unisorted first-order) structure is a tuple U = (U, (fY)fer., (RY)rer..)

@ U is the underlying set
@ F. is a set of operation symbols and
@ R, is a set of relation symbols (disjoint from F)
The type 7 : Fr UR; — {0,1,2,...} gives the arity of each symbol
fU U™ = U and RY C UT(R) are the interpretation of symbol f and R
0-ary operation symbols are called constant symbols
U is a (universal) algebra if R, = (); use A, B, C for algebras

Convention: the string of symbols f(xi, ..., x,) implies that f has arity n

The superscript Y is often omitted
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Monoids and involution

Recall that (A, -) a semigroup if - is an associative operation
A monoid is a semigroup with an identity element
i.e. of the form (A,-,1) such that x-1=x=1"-x

An involutive semigroup is a semigroup with an involution

~

i.e. of the form (A, -,~) such that = has period two: x~~ = x, and

= antidistributes over -: (x-y)” =y~ - x~
Prove (and extend) or disprove (and fix)

If an involutive semigroup satisfies x - 1 = x for some element 1 and all x
then it satisfies 1~ =1 and 1 - x = x

An involutive monoid is a monoid with an involution

A group is an involutive monoid such that x - x~ =1
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Join-semilattices
A semilattice is a commutative idempotent semigroup

(A, +, <) is a join-semilattice if
(A,+) is a semilatticeand x <y & x+y =y

Prove (and extend) or disprove (and fix)

(A, +, <) is a join-semilattice
iff (A, <) isaposetandx+y =z Vw(x<wandy <w & z<w)
iff(A,<)isaposetand x+y<zsx<zandy<z

= any two elements x, y have a least upper bound x + y

Which of the following are join-semilattices?

Nonisomorphic connected posets with < 4 elements

IAVIAYNKDVAY O
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Lattices and duals
A meet-semilattice (A, -, <) is a semilattice with x <y & x-y = x

(A,+,) is a lattice if +, - are associative, commutative operations that
satisfy the absorption laws: x + (y - x) = x = (x + y) - x
Prove (and extend) or disprove (and fix)

(A, +,-) is a lattice iff (A, +, <) is a join-semilattice and (A,-,<) is a
meet-semilattice where x <y < x+y =y.

Define x > y < y < x. The dual (A, +,<)? = (A, +,>)
(Aa K S)d = (A’ ) Z) and (Aa +, ')d = (A7 K +)
Prove (and extend) or disprove (and fix)

The dual of a join-semilattice is a meet-semilattice and vice versa.
The dual of a lattice is again a lattice.
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Distributivity and bounds
A lattice is distributive if it satisfies x - (y + z) = (x - y) + (x - 2)

Prove (and extend) or disprove (and fix)

A lattice is distributive iff x + (y - z) = (x + y) - (x + z) iff
(x+y) (x+2)-(y+2)=(x-y)+(x-2) +(y-2)

= a lattice is distributive iff its dual is distributive
A semilattice with identity is a commutative idempotent monoid

(A, +,0,-,T) is a bounded lattice if
(A,+,-) is a lattice and (A, +,0), (A,-, T) are semilattices with identity
Prove (and extend) or disprove (and fix)

Suppose (A, +, ) is a lattice. Then (A,+,0,-,T) is a bounded lattice
iFO<x<TiffFx-0=0andx+T=T
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Complementation and Boolean algebras

(A, +,0,-, T,7 ) is a lattice with complementation if (A, +,0,-,T) is a
bounded lattice such that x+x7 =T and x - x~ =0

Prove (and extend) or disprove (and fix)

Lattices with complementation satisfy x~~ = x and DeMorgan's laws
(x+y) =x" -y and(x-y)  =x +y~

A Boolean algebra is a distributive lattice with complementation

Prove (and extend) or disprove (and fix)

Boolean algebras satisfy x~— = x and DeMorgan'’s laws
(x+y) =x" -y and(x-y)  =x +y~

Prove (and extend) or disprove (and fix)

(A,+,0,-,T,” ) is a Boolean algebra iff + is commutative with identity 0, - is commutative
with identity 1, + distributes over -, - distributes over +, x + x~ = T and x - x~ = 0.

v
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Boolean algebras of sets
P(U) = (P(U),u,0,n,U,” ) is the Boolean algebra of all subsets of U

A concrete Boolean algebra is any collection of subsets of a set U that is
closed under U, N, and ~

The atoms of a join-semilattice with 0 are the covers of 0
A join-semilattice with 0 is atomless if it has no atoms, and
atomic if for every x #£ 0 there is an atom a < x

Prove (and extend) or disprove (and fix)

P(U) is atomic for every set U

H={(a1,b1]U---U(an, bn] : 0 < a; < b; <1 are rationals,n € N} is an
atomless concrete Boolean algebra with U the set of positive rationals <1
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Relation algebras
An (abstract) relation algebra is of the form (A, +,0,-, T, ,;, 1,7 ) where

o (A,+,0,-,T,7 ) is a Boolean algebra
o (A,;,1) is a monoid
0 (xy)z=0 & (x752)-y=0 & (z;y7) - x=0

The last line states the Schroder equivalences (or DeMorgan's Thm K)

Prove (and extend) or disprove (and fix)

In a relation algebra x™~ = x and > is self-conjugated, i.e.
x“.y=0&x-y~"=0. Hence (x+y)" =x"+y~, x " =x"",
(x-y)~ =x"-y~, ~isan involution and x;(y + z) = x;y + x;z.
Hint: In a Boolean algebra u = v iff Vx(u-x=0<v-x =0)

Prove (and extend) or disprove (and fix)

A Boolean algebra expanded with an involutive monoid is a relation algebra
iffx;(y+z)=xy+xz, (x+y)"=x"+y  and(x7;(x;y)")-y=0
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Concrete relation algebras

Rel(U) = (P(U?),u,n,0, U%,~ ,;, Iy, ) the square relation algebra on U

A concrete relation algebra is of the form (C,U,N,0, T, ,;, ly,” ) where C
is a set of binary relations on a set U that is closed under the operations
U, ~,;, 7, and contains Iy

Prove (and extend) or disprove (and fix)
Every square relation algebra is concrete.

Every concrete relation algebra is a relation algebra, and the largest
relation is an equivalence relation

Relation algebras have applications in program semantics, specification,
derivation, databases, set theory, finite variable logic, combinatorics, ...
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ldempotent semirings
A semiring is an algebra (A, +,0,;,1) such that

o (A,+,0) is a commutative monoid
@ (A,;,1) is a monoid

o x(y +2) = (xiy) + (x;2), (x+y)iz=(x2)+ (v;2)
@ x;0=0=0;x

A semiring is idempotent if x + x = x

= an idempotent semiring is a join-semilattice with x <y & x+y =

bottom element 0, ; distributes over + and 0 is a zero for :

Prove (and extend) or disprove (and fix)

In an idempotent semiring x < y implies x;z < y;z and z;x < z;y

y,a

For any monoid M = (M, -, 1), the powerset idempotent semiring is
P(M) = (P(M),U,0,;,{1}) where X; Y ={x-y:xe X, ye Y}
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Kleene algebras
A Kleene algebra is of the form (A, +,0,;,1,*) where

o (A,+,0,;,1) is an idempotent semiring

o 1+ x+ x*x*=x*

o xy<y=x"y<y (where x <y & x+y=y)
O yx<y=yx' <y

Prove (and extend) or disprove (and fix)

Let M = (M, -, 1) be a monoid. Then P(M) can be expanded to a Kleene
algebra if we define X* = o X" where X0 = {1} and X" = X" X

v

Prove (and extend) or disprove (and fix)

For any set U, KRel(U) = (P(U?),U,0,;, Iy,*) is a Kleene algebra
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Kleene algebras continued

Traditionally we write x;y simply as xy
A Kleene expression has an opposite given by reversing the expression.

The opposite axioms of Kleene algebras again define Kleene algebras, so
any proof of a result can be converted to a proof of the opposite result

Prove (and extend) or disprove (and fix)

In a Kleene algebra x" < x* for all n >0  (where x0 =1, x"tl = x"x)
xX<y=x"<y”

xx* = x*x x* =x* and x* =1+ xT where xT = xx*
xy+z<y=xz<y (and its opposite)

xy =yz = x*y = yz*

(xy)"x = x(yx)* and (x +y)* = x*(yx")"

Kleene algebras have applications in automata theory, parsing, pattern
matching, semantics and logic of programs, analysis of algorithms,. ..
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Kleene algebras with tests

Kleene algebras model concatenation, nondeterministic choice and
iteration, but to model programs need guarded choice and guarded
iteration

A Kleene algebra with tests (KAT) is of the form (A, +,0,;,1,*,~, B)

where (A, +,0,;,1,*) is a Kleene algebra, B is a unary relation (C A) an
x,ye€EB=x+y, x;y, x7, 0,1€ B, x;x=x, x;x =0, x+x~ 1
Prove (and extend) or disprove (and fix)

In a KAT, (B,+,0,;,1,7 ) is a Boolean algebra J

[Kozen 1996] defines KATs as two-sorted algebras, but here they are
one-sorted structures with ~ a partial operation defined only on B

The program construct if b then p else ¢ is expressed by b;p+ b™;q

while b do pis expressed by (b;p)*;b~
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ldempotent semirings with domain and range

Every Kleene algebra is a KAT with B = {0, 1}
In KRel(U) the tests are a subalgebra of P(/y)

Can also define idempotent semirings with tests (just omit *)

More expressive: add a domain operator [Desharnais Moller Struth 2006]

An idempotent semiring with predomain is of the form (A, +,0,;,1,7,6)

where (A, +,0,;,1,7,0[A]) is an idempotent semiring with tests,
x <d(x);x and  5(d(x);y) < 0(x)

For idempotent semirings with domain add 6(x;0(y)) < d(x;y)
In Rel(U) the domain operator is definable by §(R) = (R;R™) N Iy

Idempotent semirings with (pre)range operator are opposite
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Terms and formulas

UA is a framework for studying and comparing all these algebras

Given a set X, the set of 7-terms with variables from X is the smallest set
T = T;(X) such that

@ XC T and
o ifty,...,tn € T and f € F; then f(ty,...,tn) € T.

The term algebra over X is T(X) =T = (T(X), (f")fer.) with

F(t1, ... tn) = F(tr,... ty) forti,... . t, € T(X)

A T-equation is a pair of T-terms (s, t), usually written s =t

A quasiequation is an implication (s; = t; and ... and s, = t, = sp = tp)
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Models and theories

An atomic formula is a T-equation or R(x1,...,x,) for R € R,

A T-formula ¢ ::= atomic frm.|pandd|porp|—o|p = d|p < ¢|Vxe|Ixe
Write U | ¢ if 7-formula ¢ holds in 7-structure U (standard defn)
Throughout K is a class of 7-structures, F a set of 7-formulas

Write CE FifUE¢forallUe K and ¢ € F

Mod(F) = {U : U |= F} = class of all models of F

Th(K) ={¢ : K |= ¢} = first order theory of K

The(K) = Th(K) N {7-equations} = equational theory of K

Thq(K) = Th(K) N {7-quasiequations} = quasiequational theory of K

Thq(K) is also called the strict universal Horn theory of K
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Substructures, homomorphisms and products

Let U,V,V; (i € I) be structures of type 7 and let f, R range over F-, R,

o U is a substructure of V if U C V, fY(uy,...,up) = fY(u1,...,up)
and RY=RVNU" forall uq,...,upe U

@ h:U — Vis a homomorphism if h is a function from U to V/,
h(fY(uy,...,un)) = fY(h(w1),..., h(u,)) and
(u1,...,up) € RY = (h(u),...,h(uy)) € RY forall uy,...,u, € U

@ V is a homomorphic image of U if there exists a surjective
homomorphism h: U — V.

@ U is isomorphic to V, in symbols U 22 V, if there exists a bijective
homomorphism from U to V.

o U =[], Vi the direct product of structures V;, if U =]

(FY(u, ..., un)i)ier = (FVi(uyj, ..., upi))ies and
(ul,...,un) e RY <:>Vi(u1,-,...,u,,,-) e RViforall ug,...,u, € U

IEI
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Substructures are closed under all operations; give “local information”

Homomorphisms are structure preserving maps, and their images capture
global regularity of the domain structure

Direct products are used to build or decompose bigger structures
A structure with one element is called trivial

A structure is directly decomposable if it is isomorphic to a direct product
of nontrivial structures

A direct product has projection maps m; : [[;c; Vi — V; where 7;(u) = u;

Prove (and extend) or disprove (and fix) J

For any direct product the projection maps are homomorphisms

Isomorphisms preserve all logically defined properties (not only first-order)
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Varieties and HSP

H/C is the class of homomorphic images of members of K

SK is the class of substructures of members of X

PK is the class of direct products of members of K

A variety is of the form Mod(E) for some set E of equations

A quasivariety is of the form Mod(Q) for some set Q of quasiequations

Prove (and extend) or disprove (and fix)
If K is a quasivariety then SIC C IC, P C K and HKC C K }

The next characterization marks the beginning of universal algebra

Theorem (Birkhoff 1935)
K is a variety iff HK = K, SK = K and PK = K J
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Varieties generated by classes

A = {Mod(E) : E is a set of T-equations} = set of all T-varieties
Prove (and extend) or disprove (and fix)

For sets F; of T-formulas (;c; Mod(F;) = Mod(U;¢, Fi)
Hence N\ is closed under arbitrary intersections

(A = Mod({x = y}) = the class O of trivial T-structures

The variety generated by K is VIC = ({all varieties that contain K}

Prove (and extend) or disprove (and fix)
SHKC = HSK, PHK = HPK and PSK = SPK for any class K

Theorem (Tarski 1946)
VIC = HSPK for any class IC of structures

o
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Complete lattices

For a subset X of a poset U write X < v if x < u for all x € X and
definez=> X if X <u< z<u(so) Xisthe least upper bound of X)

u < X and the greatest lower bound [[ X are defined dually.

Prove (and extend) or disprove (and fix)
If >~ X exists for every subset of a poset then [[ X => {u:u < X} J

A structure U with a partial order is complete if Y X exists for all X C U
= every complete join-semilattice is a complete lattice; x - y = [[{x, y}
A complete lattice has a bottom 0 =Y () and atop T =[]0

Prove (and extend) or disprove (and fix)

U with partial order < is complete iff [| X exists for all X C U
N, partially ordered by C is a complete lattice
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Congruences and quotient algebras

A congruence on an algebra A is an equivalence relation 6 on A that is
compatible with the operations of A, i.e. for all f € Fn

x10y1 and ... and x,0y, = fA(xl, e ,x,,)OfA(yl,...,y,,)
Con(A) is the set of all congruences on A

Prove (and extend) or disprove (and fix)
Con(A) is a complete lattice with [[ = (), bottom I, and top A? }

For § € Con(A), the quotient algebrais A/6 = (A6, (F*%)¢cx.) where

A ([x1)o, - [xalo) = FA(XL, - - -y Xn)

Prove (and extend) or disprove (and fix)

The operations fA/? are well defined and hy : A — A/ given by
ho(x) = [x]e is a surjective homomorphism from A onto A/6
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Images, kernels and isomorphism theorems

For a function f : A — B the image of f is f[A] = {f(x) : x € A}
The kernel of f is ker f = {(x,y) € A%: f(x) = f(y)} (an equivalence rel)

Prove (and extend) or disprove (and fix)

If h: A — B is a homomorphism then ker h € Con(A)
h[A] is the underlying set of a subalgebra h[A] of B

The first isomorphism theorem: f : A/ker h — h[A] given by
f([x]e) = h(x) is a well defined isomorphism

The second isomorphism theorem: For 6 € Con(A), the subset
10 = {4y : 0 C 4} of Con(A) is isomorphic to Con(A/0) via the map
¥ = /6 where [x]y/0y] < xipy
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In a join-semilattice, u is join irreducible if u=x+y = u€ {x,y}

uis join primeif u < x+y = u<xoru<y

u is completely join irreducible if there is a (unique) greatest element < u
u is completely join prime if u <> X = u < x for some x € X
(completely) meet irreducible and (completely) meet prime are given dually
Prove (and extend) or disprove (and fix)

In complete lattices, u is completely join irreducible iff u=> X = u € X
Distributivity = (completely) join irreducible = (completely) join prime

uis compactif u <> X =u<x3+ -+ x, for some x1,...,x, € X

A complete lattice is algebraic if all element are joins of compact elements

Prove (and extend) or disprove (and fix)
COH(A) is an algebraic lattice (hint: compact = finitely generated) J
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Subdirect products and subdirectly irreducibles

An embedding is an injective homomorphism

An embedding h: A — [],., Bj is subdirect if m;[h[A]] = B; for all i €
A is a subdirect product of (B;);e if there is a subdirect h: A — [, B;
Prove (and extend) or disprove (and fix)

Define h: A — [];c; A/0; by h(a) = ([ale,)iei
Then h is a subdirect embedding iff ﬂie 10i = Ia

A is subdirectly irreducible if for any subdirect h: A — [];., B; there is
an i € | such that 7; o h is an isomorphism
Prove (and extend) or disprove (and fix)

A is subdirectly irreducible iff I5 € Con(A) is completely meet irreducible
iff Con(A) has a smallest nonbottom element
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Meet irreducibles and subdirect representations
Zorn's Lemma states that if every linearly ordered subposet of a poset has
an upper bound, then the poset itself has maximal elements

Prove (and extend) or disprove (and fix) J

In an algebraic lattice all members are meets of completly meet irreducibles

The next result shows that subdirectly irreducibles are building blocks

Theorem (Birkhoff 1944) J

Every algebra is a subdirect product of its subdirectly irreducible images

Ks) is the class of subdirectly irreducibles of K

= V = SP(Vs)) for any variety V
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Filters and ideals
For a poset (U, <) the principal ideal of x € U'is [x ={y : y < x}

For X C U define | X = {J,cx |x; Xis a downset if X = | X

X is up-directed if x,y € X = Ju € X(x < wu and y < u)

X is an ideal if X is an up-directed downset

principal filter Tx, TX, upset, down-directed and filter are defined dually
An ideal or filter is proper if it is not the whole poset

An ultrafilter is a maximal (with respect to inclusion) proper filter

A filter X in a join-semilattice is primeif x+y e X = xe€ Xory € X

Prove (and extend) or disprove (and fix)

The set Fil(U) of all filters on a poset U is an algebraic lattice
In a join-semilattice every maximal filter is prime
In a distributive lattice every proper prime filter is maximal
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Ultraproducts
Fis a filter over a set | if F is a filter in (P(/), Q)

F defines a congruence on U =[], , U;viaxfry < {iclxi=y}eF
U/0F is called a reduced product, denoted by [] U;

If F is an ultrafilter then U/0f is called an ultraproduct

P, is the class of all ultraproducts of members of KC

K is finitely axiomatizable if KK = Mod(¢) for a single formula ¢

Prove (and extend) or disprove (and fix)

If K |= ¢ then P, K |= ¢ for any first order formula ¢

If I is finitely axiomatizable then the complement of C is closed under
ultraproducts

If IC is a finite class of finite T-structures then P,K = K

v

Peter Jipsen (Chapman University) Tutorial on Universal Algebras July 26, 2009 70 / 109



Congruence distributivity and Jénsson's Theorem
A is congruence distributive (CD) if Con(A) is a distributive lattice

A class IC of algebras is CD if every algebra in K is CD

Theorem (J6nsson 1967)
If V = VK is congruence distributive then Vs; C HSP,KC

Prove (and extend) or disprove (and fix)

If KC is a finite class of finite algebras and VIC is CD then Vs, C HSK

If A, B € Vs, are finite nonisomorphic and V is CD then VA # VB

V is finitely generated if V = VIC for some finite class of finite algebras

Prove (and extend) or disprove (and fix)
A finitely generated CD variety has only finitely many subvarieties J
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Lattices of subvarieties
If 7, C F, then the F,-reduct of a T-algebra A is A’ = (A, (fA)rer,)

Prove (and extend) or disprove (and fix)

If A is a reduct of A then Con(A) is a sublattice of Con(A’)

The variety of lattices is CD, so any variety of algebras with lattice reducts
is CD

For a variety V the lattice of subvarieties is denoted by Ay
The meet is () and the join is >, Vi = V(U,¢; Vi)

Prove (and extend) or disprove (and fix)

For any variety V, Ay is an algebraic lattice with compact elements =
varieties that are finitely axiomatizable over V

HSP,(K U L) = HSP,K UHSP L for any classes IC, L

If V is CD then Ny is distributive and the map V +— Vs, is a lattice
embedding of Ny into “P(Vs))” (unless Vs, is a proper class)

v

Peter Jipsen (Chapman University) Tutorial on Universal Algebras July 26, 2009 72 / 109




Simple algebras and the discriminator

A is simple if Con(A) = {/a, A’} i.e. has as few congruences as possible

Prove (and extend) or disprove (and fix)
Any simple algebra is subdirectly irreducible J

A is a discriminator algebra if for some ternary term t
AE=x#y=t(x,y,z) =xand t(x,x,z) =z

Prove (and extend) or disprove (and fix) J

Any subdirectly irreducible discriminator algebra is simple

V is a discriminator variety if V is generated by a class of discriminator
algebras (for a fixed term t)
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Unary discriminator in algebras with Boolean reduct
A unary discriminator term is a term d in an algebra A with a Boolean
reduct such that d(0) =0and x #0=d(x) =T

Prove (and extend) or disprove (and fix)

An algebra with a Boolean reduct is a discriminator algebra
iff it has a unary discriminator term
[Hint: let d(x) = t(0,x, T)™ and t(x,y,z) =x-d(x~ -y+x-y )+z-dx" -y+x-y )]

In a concrete relation algebra the term d(x) = T;x;T is a unary
discriminator term

For a quantifier free formula ¢ we define a term ¢* inductively by

(r=s)=(r"+s)-(r+s7), (¢and¢))' =¢"-¢", (=¢)" =d((¢")7)
Prove (and extend) or disprove (and fix)
In a discriminator algebra with Boolean reduct ¢ < (¢t = 1) J
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Relation algebras are a discriminator variety

Let Aa=(la,+,0,-,a,77,;5,1-a,72) be the relative subalgebra of relation
algebra A with a € A where x™2 = x7-a, x;,y = (x;¥)-a, and x™° = x"-a

An element a in a relation algebra is an ideal element if a = T;a; T

Prove (and extend) or disprove (and fix)

Aa is a relation algebra iff a = a~ = a;a

For any ideal element a the map h(x) = (x-a,x-a~) is an isomorphism
from A to Aa x Aa~

A relation algebra is simple iff it is subdirectly irreducible
iff it is not directly decomposable

iff 0, T are the only ideal elements

iff T;x;T is a unary discriminator term
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Representable relation algebras

The class RRA of representable relation algebras is SP{Rel(X):X is a set}

Prove (and extend) or disprove (and fix)

An algebra is in RRA iff it is embeddable in a concrete relation algebra
The class K = S{Rel(X) : X is a set} is closed under H, S and P,

[Hint: PyS C SPy so if A =[], Rel(X;) for some ultrafilter U over I, let Y =[], Xi, define
h: A — Rel(Y) by [x]h([R])[y] & {i € I : x;Riyi} € U and show h is a well defined embedding]

= (VK)s) € K by Jonsson's Theorem

= VK = SPKC = RRA by Birkoff's subdirect representation theorem

= [Tarski 1955] RRA is a variety
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Theorem

[Lyndon 1950] There exist nonrepresentable relation algebras (i.e. ¢ RRA)
[Monk 1969] RRA is not finitely axiomatizable

[Jonsson 1991] RRA cannot be axiomatized with finitely many variables

v

Outline of nonfinite axiomatizability: There is a sequence of finite relation
algebras A, with n atoms and the property that A, is representable iff
there exists a projective plane of order n

By a result of [Bruck and Ryser 1949] projective planes do not exist for
infinitely many orders

The ultraproduct of the corresponding sequence of nonrepresentable A, is
representable, so the complement of RRA is not closed under ultraproducts

= RRA is not finitely axiomatizable
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Checking if a finite relation algebra is representable
Theorem (Lyndon 1950, Maddux 1983)

There is an algorithm that halts if a given finite relation algebra is not
representable

Lyndon gives a recursive axiomatization for RRA

Maddux defines a sequence of varieties RA, such that
RA=RA;4 D RAs O...RRA =(0, 5, RA; and it is decidable if a finite
algebra is in RA,

Implemented as a GAP program [Jipsen 1993]

Comer’s one-point extension method often gives sufficient conditions for
representability; also implemented as a GAP program [J 1993]

Representability is undecidable for finite relation algebras

Theorem (Hirsch Hodkinson 2001) }
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Complex algebras

Let U= (U, T,”,E) be a structure with TC U3, “: U — U, ECU
The complex algebra Cm(U) is (P(U),U,0,n, U,” ,;,~,1) where

XY ={z:(x,y,z) € T forsome x € X,y € Y},

X" ={x":xeX}, and 1=E

Prove (and extend) or disprove (and fix)

Cm(U) is a relation algebra iff x =y < 3z € E (x,z,y) € T,
(x,y,2) e T & (x7,z,y) e T <& (z,y7,x) € T, and
(x,y,z) € T and (z,u,v) € T = Iw((x,w,v) € T and (y,v,w) € T)

An algebra A = (A,0,”,e) can be viewed as a structure (A, T,~, E)
where T = {(x,y,z) : xoy =z} and E = {e}

Prove (and extend) or disprove (and fix) J

Cm(A) is a relation algebra iff A is a group
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Atom structures
J(A) denotes the set of completely join irreducible elements of A
Prove (and extend) or disprove (and fix)

In a Boolean algebra J(A) is the set of atoms of A
Every atomic BA is embeddable in P(J(A)) via x — J(A) N | x

Every complete and atomic Boolean algebra is isomorphic to P(J(A))

The atom structure of an atomic relation algebra A is (J(A),”, T,E)
where T = {(x,y,z) € J(A): x;y > z} and E = J(A)N |1

Prove (and extend) or disprove (and fix)

U= (U,”, T,E) is the atom structure of some atomic relation algebra iff
Cm(U) is a relation algebra

If A is complete and atomic then Cm(J(A)) = A
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Integral and finite relation algebras

A relation algebra is integral if x;y =0 = x=0o0ry =0

Prove (and extend) or disprove (and fix)
A relation algebra A is integral iff 1 is an atom of A iff x #0 = x;T =T J

Rel(2) has 4 atoms and is the smallest simple nonintegral relation algebra

Nonintegral RAs can often be decomposed into a “semidirect product” of
integral algebras, so most work has been done on finite integral RAs

For finite relation algebras one usually works with the atom structure
Rel(() is the one-element RA; generates the variety O = Mod(0 = T)
Rel(1) is the two-element RA, with 1 =T, x;y = x -y, x~ = x

It generates the variety A; = Mod(1 = T) of Boolean relation algebras

Peter Jipsen (Chapman University) Tutorial on Universal Algebras July 26, 2009 81 / 109



Varieties of small relation algebras

Define x* = x 4+ x™ and let A® have underlying set A* = {x° : x € A}
A relation algebra A is symmetric if x = x> (iff A* = A)

Prove (and extend) or disprove (and fix)

If A is commutative, then A® is a subalgebra of A
There are two RAs with 4 elements: A, = Cm(Z,) and Az = (Cm(Z3))*

The varieties generated by A, and A3 are denoted A, and Az

By Jénsson's Theorem A1, As and A3 are atoms of Ara

Theorem (Jénsson) J

Every nontrivial variety of relation algebras includes Ay, A or As
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Group RAs and integral RAs of size 8

A complex algebra of a group is called a group relation algebra
GRA is the variety generated by all group relation algebras

Prove (and extend) or disprove (and fix)

If U is a group then Cm(U) is embedded in Rel(U) via Cayley’s
representation, given by h(X) = {(u,uox):u e U,x € X}

= GRA is a subvariety of RRA
For an algebra A and x € A, SgA(x) is the subalgebra generated by x

There are 10 integral relation algebras with 8 elements, all 1-generated
subalgebras of group relation algebras, hence representable

By = Sg“m%4{2}  Bs=Sgt™%s{1,4} Ci = Sg“™%7{1,2,4}
B, = Sgt™%6{2,4} Bg = Sg‘m?s{1,4,7} Cp =Sg"™%r:r>0}
Bs = Sg“™%{3}  B; =Sgt™”12{3,4,6,8,9} Cz = Cm(Z3)

B, = Sg“™%9{3,6}
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Integral relation algebras with 4 atoms

The 8-element integral RAs all have A3 as the only proper subalgebra
= they generate join-irreducible varieties above A3

Bi,...,B7 are symmetric, C1, C,, C3 are nonsymmetric

[Comer] There are 102 integral 16-element RAs, not all representable
(65 are symmetric, and 37 are not)

[Jipsen Hertzel Kramer Maddux] 31 nonrepresentable (20 are symmetric)

Problem

What is the smallest representable RA that is not in GRA?
Is there one with 16 elements?

There are 34 candidates at www.chapman.edu/~jipsen/gap/ramaddux.html that are
representable but not known to be group representable
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Summary of basic classes of structures

Qoset = quasiordered sets = sets with a reflexive and transitive relation
Poset = partially ordered sets = antisymmetric quosets

Equiv = equivalence relations = symmetric quosets

Sgrp = semigroups = associative groupoids

Bnd = bands = idempotent (x + x = x) semigroups

Slat = semilattices = commutative bands

JSlat = join-semilattices = semilattices with x <y & x+y =y

Lat = /attices = two semilattices with absorption laws

Mon = monoids = semigroups with identity x -1 =x=1-x

Mon™ = involutive monoids = monoids with x~~ = x, (x-y)~ = y~-x
Grp = groups = involutive monoids with x~ - x =1

JSLatg = join-semilattices with identity x + 0 = x

LatgT = bounded lattices = lattices with x +0=x and x- T =T
Lat™ = complemented lattices = LatgT with x +x~ =T and x:x~ =0
DLat = distributive lattices = lattices with x-(y + z) = x-y + x-z

BA = Boolean algebras = complemented distributive lattices

~
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Some prominent subclasses of semirings

Srng = semirings = monoids distributing over commutative monoids and 0
IS = (additively) idempotent semirings = semirings with x + x = x

IM = lattice-ordered monoids = idempotent semirings with meet

RL = residuated lattices = ¢-monoids with residuals

KA = Kleene algebra = idempotent semiring with *, unfold and induction
KA* = x-continuous Kleene algebra = KA with ...

KAT = Kleene algebras with tests = KA with Boolean subalgebra <'1
KAD = Kleene algebras with domain

KL = Kleene lattices = Kleene algebras with meet

BM = Boolean monoids = distributive /-monoids with complements
KBM = Kleene Boolean monoids = Boolean monids with Kleene-x

RA = relation algebras = Boolean monoids with involution and residuals
KRA = Kleene relation algebras = relation algebras with Kleene-x

RRA = representable relation algebras = concrete relation algebras
RKRA = representable Kleene relation algebras = RRA with Kleene-x
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Subclasses from combinations of *, tests, meet, —, ~

KA IST LM 1S~
A = Algebra
\ B = Boolean
| = ldempotent
KAT KL IMT KA~ IST~ M~ K = Kleene
L = Lattice
\ ¢ = lattice-ordered
M = Monoid
KLT BM KAT™ KL~ IMT™ R = Relation
S = Semiring
T = with tests
~ = with converse
KBM KLT~ RA
KRA
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Many, but not all, of these classes are varieties

Recall that quasivarietes are classes defined by implications of equations
Most notably, Kleene algebras and some of its subclasses are quasivarieties
In general, implications are not preserved by homomorphic images

To see that KA is not a variety, find an algebra in H(KA) \ KA

Prove (and extend) or disprove (and fix)

Let A be the powerset Kleene algebra of (N, +,0) and let 6 be the
equivalence relation on A with blocks {0}, {{0}}, {all finite sets # {0}, 0}
and {all infinite subsets}. Then 6 is a congruence, but A/6 is not a Kleene
algebra.

v

Theorem (Mal'cev)

A class KC is a quasivariety iff it is closed under S, P and P,
The smallest quasivariety containing K is QK = SPP,K

v
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Free algebras

Let IC be a class and let F be an algebra that is generated by a set X C F
(i.e. F has no proper subalgebra that contains X)

F is [C-freely generated by X if any f : X — A € K extends to a
homomorphism f : F — A

If also F € IC then F is the [C-free algebra on X and is denoted by Fx(X).

Prove (and extend) or disprove (and fix)

If IC is the class of all T-algebras then the term algebra T.(X) is the
IC-free algebra on X

If IC is any class of T-algebras, let O = (\{kerh | h: T, (X) — Aisa
homomorphism, A € K}. Then F = T.(X)/0x is K-freely generated and
if IC is closed under subdirect products, then F € K

= free algebras exist in all (quasi)varieties (since they are S, P closed)
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Examples of free algebras

A free algebra on m generators satisfies only those equations with < m
variables that hold in all members of

Fsgrp(X) = Unzl X" Fron(X) & UnZO X" x — (x)
These sets of n-tuples are usually denoted by X+ and X*
Fsiat(X) = Prin(X)\ {0} Foiaey(X) = Prin(X)  x— {x}
Fsmng(X) = {finite multisets of X*}  Fi5(X) = Pin(X*)

Prove (and extend) or disprove (and fix)

If equality between elements of all finitely generated free algebras is
decidable, then the equational theory is decidable

= the equational theories of Sgrp, Mon, Slat, Srng, IS are decidable
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Free distributive lattices and Boolean algebras

The free algebras for DLat and BA are also easy to describe
FoLar(X) = Sep 0 (X))

Fea(X) = Sggy ) (h[X])

where in both cases h(x) ={Y e P(X):xe€ Y} and x> h(x)
For finite X, the free BA is actually isomorphic to P(P(X))

For lattices, the free algebra on > 3 generators is infinite but the
equational theory is still decidable [Skolem 1928] (in polynomial time)
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Kleene algebras and regular sets
Deciding equations in KA is also possible, but takes a bit more work

Let 2 be a finite set, called an alphabet
The free monoid generated by ¥ is * = (X*,-,¢)
Here ¢ is the empty sequence (), and - is concatenation

The Kleene algebra of regular sets is Ry = Sg;’(DA(Z*)({{(X)} ix€eX})

Theorem (Kozen 1994)
Ry is the free Kleene algebra on * J

In particular, a regular set is the image of a KA term

So deciding if (s = t) € The(KA) is equivalent to checking if two regular
sets are equal

Membership in regular sets can be determined by finite automata
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Automata

A Y -automaton is a structure U = (U, (a¥)sex, S, T) such that aY is a
binary relation for each a € ¥ and S, T are unary relations.

Elements of U, S, T are called states, start states and terminal states
respectively

For w € ¥* define wY by eV = I and (a- w)! = a!¥;wVY
The language recognized by Uis L(U) = {w € =* : w¥ N (S x T) # 0}

Recy is the set of all languages recognized by some 2-automaton

Prove (and extend) or disprove (and fix)
0, {e}, {a} € Recs forallac ¥ J
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Regular sets are recognizable

A finite automaton can be viewed as a directed graph with states as nodes
and an arrow labelled a from u; to u; iff (u;, u;) € aV

Given automata U, V, define U + V to be the disjoint union of U,V
U V=UuwV,(%wavw(aVTY x SV))aes, S, TV) where

o sY ifSUNnTY =90
| SYuUSY  otherwise
VTV = {u:3v(y,v) €Y, ve TY}

and

Ut = (U, (% & (a¥TY x §Y)),ex, SY, TY)

Prove (and extend) or disprove (and fix)
L(U + V) = L(U) U L(V), L(U; V) = L(U); L(V), and L(UT) = L(U)* J

= every regular set is recognized by some finite automaton
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Matrices in semirings and Kleene algebras

For a semiring A, let M,(A) = A" " be the set of n X n matrices over A
M,(A) is again a semiring with usual matrix addition and multiplication

0 is the zero matrix, and I, is the identity matrix

If Ais a Kleene algebra and M = [ g g ] € Mp(A) define

v — | (N+PRQ)" | N*P(R + QN*P)* ]
T L RPQIN+PR*Q)*| (R+ QN*P)*

This is motivated by the diagram:

Prove (and extend) or disprove (and fix)

The definition of M* is independent of the chosen decomposition

If A is a Kleene algebra, so is M,(A)
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Finite automata as matrices
Given U = (U, (a%).ex, S, T) with U = {uy, ..., u,} let (s, M, t) be a
0, 1-row n-vector, an n X n matrix and a 0, 1-column n-vector where

si=leueS Mj=3{a:(u,uy)€a}, andti=1uyeT

Prove (and extend) or disprove (and fix)
L(U) = h(s; M; t) where h: Tka(X) — Ry is induced by h(x) = {(x)} J

= every recognizable language is a regular set [Kleene 1956]
But many different automata may correspond to the same regular set

U is a deterministic automaton if each aV is a function on U and S is a
singleton set

Prove (and extend) or disprove (and fix)

Any nondeterministic automaton U can be converted to a deterministic
one U’ with U' = P(U), a'(X) = {v: (u,v) € aY for some u € X},
S'={S} and T' ={X: XN T # 0} such that L(U") = L(U)
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Minimal automata
A state v is accessible if (u,v) € wY for some u € S and w € T*

In a deterministic automaton, the accessible states are the subalgebra
generated from the start state

Theorem (Myhill, Nerode 1958)

Given a deterministic automaton U with no inaccessible states, the
relation ufv iffYw € ¥* w(u) € T < w(v) € T is a congruence on the
automaton and L(U/6) = L(U)

An automaton is minimal if all states are accessible and the congruence 6
defined in the preceding theorem is the identity relation

Prove (and extend) or disprove (and fix)
Let U,V be minimal automata. Then L(U) = L(V) iffU =V, J

= The equational theory of Kleene algebras is decidable

Try it in JFLAP: An Interactive Formal Languages and Automata Package
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Thg((idempotent)semirings) is undecidable
Theorem (Post 1947, Markov 1949) J

The quasiequational theory of semigroups is undecidable

For a semigroup A, let A; be the monoid obtained by adjoining 1
Prove (and extend) or disprove (and fix)
Any semigroup A is a subalgebra of the ;-reduct of P(A)

If K = {;-reducts of semirings} then SKC = the class of semigroups

A quasiequation that uses only ; holds in IC iff it holds in all semigroups

= the quasiequational theory of (idempotent) semirings is undecidable

Since P(A) is a reduct of KA, KAT, KAD, BM the same result holds
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The equational theory of RA is undecidable

Prove (and extend) or disprove (and fix)

For any semigroup A, the monoid A1 is embedded in the ;-reduct of
Rel(A1) via the Cayley map x — {(x,xy) : y € A1}

If IC = {;-reducts of simple RAs} then SIKC = the class of semigroups

The quasiequational theory of RAs;, RA and RRA is undecidable

RA is a discriminator variety, hence any quasiequation (in fact any
quantifier free formula) ¢ can be translated into an equation ¢' = 1 which
holds in RA iff ¢ holds in RAg;

= Th¢(RA) is undecidable
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Undecidability is pervasive in Ara

Theorem (Andréka Givant Nemeti 1997)

If I CRA such that for each n > 1 there is an algebra in s with at least
n elements below the identity then ThK is undecidable

If I CRA such that for each n > 1 there is an algebra in IC with a subset
of at least n pairwise disjoint elements that form a group under ; and ~
then The/C is undecidable

Prove (and extend) or disprove (and fix)

The varieties of integral RAs, symmetric RAs and group relation algebras
are undecidable
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Summary of decidability and other properties

The dec

Thy dec

Th dec
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Categories

A category is a structure C = (C, O, 0,1,dom, cod) such that

@ C is a class of morphisms, O is a class of objects,
dom, cod : C — O give the domain and codomain,
1: 0 — C gives an identity morphism, and
composition o is a partial binary operation on C

@ 1(X) is denoted 1x, f: X — Y means domf = X and codf =Y

@ gof exists iff domg = codf, in which case dom(g o f) = domf,
cod(g o f) = codg and if domg = codh then (fog)oh="fo(goh)

& dole:X:codlx, 1d0mfof:f and folcodf:f
@ The class Hom(X, Y) = {f : domf = X and codf = Y} is a set

Set is a category with sets as objects and functions as morphisms

Rel is a category with sets as objects and binary relations as morphisms
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Functors

Category theory is well suited for relating areas of mathematics
Functors are structure preserving maps (homomorphisms) of categories

For categories C, D a covariant functor F : C — D maps C — D and
0C€ — 0P such that

o F(1x) =1gx and if f : X — Y then Ff : FX — FY
oiff:X—Y,g:Y—ZthenF(gof)=FgoFf

For a contravariant functor F : C — D the definition becomes

o F(1x) =1gx andif f : X — Y then Ff : FY — FX
oiff:X—Y,g:Y—ZthenF(gof)=FfoFg
Prove (and extend) or disprove (and fix)

A category with one object is (equivalent to) a monoid, and covariant
functors between such categories are monoid homomorphisms
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Heterogeneous relation algebras
The category Rel of typed binary relations is usually enriched by adding
converse and Boolean operation on the sets Hom(X, Y)

In this setting it is also natural to write composition S o R as R;S

A heterogeneous relation algebra (HRA) is a structure
C=(C,0,;1,dom,cod,” ,+,T,-,0,7 ) such that

e (C,0,;,1,dom,cod) is a category

@ 7 :Hom(x,y) — Hom(y, x) satisfies r=~ =r, 1, =1,,
(rs)” =s"r~

@ for all objects x, y, (Hom(x,y),+, T,-,0,7 ) is a Boolean algebra and
o for all r;s,t € Hom(x,y), (r;s)t=0< (r7;t)s=0<(t;s7)r=0

Prove (and extend) or disprove (and fix)

Relation algebras are (equivalent to) HRAs with one object J
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Other enriched categories

Suitably weakening the axioms of HRAs (see e.g. [Kahl 2004]) gives
ordered categories (with converse)

(join/meet)-semilattice categories

(idempotent) semiring categories

Kleene categories (with tests)

(distributive/division) allegories

Given a semiring (A, +, ), the set Mat(A) = {A™*" : m,n > 1} of all
matrices over A is an important example of a semiring category, with
matrix multiplication as composition

The categorical approach is helpful in applications since it matches well
with typed specification languages
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Conclusion

The foundations of relation algebras and Kleene algebras span a
substantial part of algebra, logic and computer science

Here we have only been able to mention some of the basics, with an
emphasis on concepts from universal algebra

Participants are encouraged to read further in some of the primary sources
and excellent expository works, some of which are listed below

[The following pages have at least one (intensionally) false statement in the “Prove or disprove”
box(es): 8, 10, 11, 23, 36, 37, 49]

The “Prove (and extend) or disprove (and fix)" format is from Ed Burger's book “Extending the

Frontiers of Mathematics: Inquiries into argumentation and proof”, Key College Press, 2006
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