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Some background

Algebraic structure

In algebra, a branch of pure mathematics, an algebraic structure consists of one or more sets closed under one or
more operations, satisfying some axioms. Abstract algebra is primarily the study of algebraic structures and their

properties. The notion of algebraic structure has been formalized in universal algebra.

As an abstraction, an "algebraic structure” is the collection of all possible models of a given set of axioms. More
concretely, an algebraic structure is any particular model of some set of axioms. For example, the monster group
both "is" an algebraic structure in the concrete sense, and abstractly, "has" the group structure in common with all

other groups. This article employs both meanings of "structure."

This definition of an algebraic structure should not be taken as restrictive. Anything that satisfies the axioms defining
a structure is an instance of that structure, regardless of how many other axioms that instance happens to have. For

example, all groups are also semigroups and magmas.

Structures whose axioms are all identities

If the axioms defining a structure are all identities, the structure is a variety (not to be confused with algebraic variety
in the sense of algebraic geometry). Identities are equations formulated using only the operations the structure
allows, and variables that are tacitly universally quantified over the relevant universe. Identities contain no
connectives, existentially quantified variables, or relations of any kind other than the allowed operations. The study

of varieties is an important part of universal algebra.

All structures in this section are varieties. Some of these structures are most naturally axiomatized using one or more
nonidentities, but are nevertheless varieties because there exists an equivalent axiomatization, one perhaps less
perspicuous, composed solely of identities. Algebraic structures that are not varieties are described in the following

section, and differ from varieties in their metamathematical properties.

In this section and the following one, structures are listed in approximate order of increasing complexity,

operationalized as follows:

» Simple structures requiring but one set, the universe S, are listed before composite ones requiring two sets;

» Structures having the same number of required sets are then ordered by the number of binary operations (0 to 4)
they require. Incidentally, no structure mentioned in this entry requires an operation whose arity exceeds 2;

* Let A and B be the two sets that make up a composite structure. Then a composite structure may include 1 or 2
functions of the form AXA—B or AXB—A;

* Structures having the same number and kinds of binary operations and functions are more or less ordered by the

number of required unary and 0O-ary (distinguished elements) operations, O to 2 in both cases.

The indentation structure employed in this section and the one following is intended to convey information. If
structure B is under structure A and more indented, then all theorems of A are theorems of B; the converse does not
hold.

Ringoids and lattices can be clearly distinguished despite both having two defining binary operations. In the case of
ringoids, the two operations are linked by the distributive law; in the case of lattices, they are linked by the

absorption law. Ringoids also tend to have numerical models, while lattices tend to have set-theoretic models.
Simple structures: No binary operation:

e Set: a degenerate algebraic structure having no operations.
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Algebraic structure

* Pointed set: S has one or more distinguished elements, often 0, 1, or both.
e Unary system: S and a single unary operation over S.
* Pointed unary system: a unary system with § a pointed set.

Group-like structures:
One binary operation, denoted by concatenation. For monoids, boundary algebras, and sloops, S is a pointed set.
* Magma or groupoid: S and a single binary operation over S.

e Steiner magma: A commutative magma satisfying x(xy) = y.

e Squag: an idempotent Steiner magma.
* Sloop: a Steiner magma with distinguished element 1, such that xx = 1.
e Semigroup: an associative magma.

* Monoid: a unital semigroup.
* Group: a monoid with a unary operation, inverse, giving rise to an inverse element.

e Abelian group: a commutative group.

* Band: a semigroup of idempotents.
* Semilattice: a commutative band. The binary operation can be called either meet or join.

* Boundary algebra: a unital semilattice (equivalently, an idempotent commutative monoid) with a unary
operation, complementation, denoted by enclosing its argument in parentheses, giving rise to an inverse
element that is the complement of the identity element. The identity and inverse elements bound S. Also,
x(xy) = x(y) holds.

Three binary operations. Quasigroups are listed here, despite their having 3 binary operations, because they are
(nonassociative) magmas. Quasigroups feature 3 binary operations only because establishing the quasigroup

cancellation property by means of identities alone requires two binary operations in addition to the group operation.
* Quasigroup: a cancellative magma. Equivalently, Vx,y€S, 3!a,b€S, such that xa =y and bx = y.
* Loop: a unital quasigroup with a unary operation, inverse.
*  Moufang loop: a loop in which a weakened form of associativity, (zx)(yz) = z(xy)z, holds.
* Group: an associative loop.

Lattice: Two or more binary operations, including meet and join, connected by the absorption law. S is both a meet
and join semilattice, and is a pointed set if and only if S is bounded. Lattices often have no unary operations. Every
true statement has a dual, obtained by replacing every instance of meet with join, and vice versa.

* Bounded lattice: S has two distinguished elements, the greatest lower bound and the least upper bound. Dualizing

requires replacing every instance of one bound by the other, and vice versa.

* Complemented lattice: a lattice with a unary operation, complementation, denoted by postfix ', giving rise to an
inverse element. That element and its complement bound the lattice.

* Modular lattice: a lattice in which the modular identity holds.

» Distributive lattice: a lattice in which each of meet and join distributes over the other. Distributive lattices are
modular, but the converse does not hold.

* Kleene algebra: a bounded distributive lattice with a unary operation whose identities are x"=x, (x+y)'=x'y',
and (x+x")yy'=yy'. See "ring-like structures" for another structure having the same name.
* Boolean algebra: a complemented distributive lattice. Either of meet or join can be defined in terms of the

other and complementation.

* Interior algebra: a Boolean algebra with an added unary operation, the interior operator, denoted by
postfix ' and obeying the identities x'x=x, x"=X, (Xy)'=x'y', and 1'=1.
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Algebraic structure

* Heyting algebra: a bounded distributive lattice with an added binary operation, relative pseudo-complement,

nrn

denoted by infix , and governed by the axioms x'x=1, x(x'y) = xy, X'(yz) = X'y)(x'z), (Xy)'z = (X'z2)(y'2).
Ringoids: Two binary operations, addition and multiplication, with multiplication distributing over addition.

Semirings are pointed sets.

* Semiring: a ringoid such that S is a monoid under each operation. Each operation has a distinct identity element.

Addition also commutes, and has an identity element that annihilates multiplication.

* Commutative semiring: a semiring with commutative multiplication.
* Ring: a semiring with a unary operation, additive inverse, giving rise to an inverse element equal to the
additive identity element. Hence S is an abelian group under addition.
* Rng: aring lacking a multiplicative identity.
¢ Commutative ring: a ring with commutative multiplication.
* Boolean ring: a commutative ring with idempotent multiplication, equivalent to a Boolean algebra.
* Kleene algebra: a semiring with idempotent addition and a unary operation, the Kleene star, denoted by postfix
* and obeying the identities (1+x*x)x*=x* and (1+xx*)x*=x*. See "Lattice-like structures" for another

structure having the same name.

N.B. The above definition of ring does not command universal assent. Some authorities employ "ring" to denote

what is here called a rng, and refer to a ring in the above sense as a "ring with identity."
Modules: Composite Systems Defined over Two Sets, M and R: The members of:

1. R are scalars, denoted by Greek letters. R is a ring under the binary operations of scalar addition and
multiplication;
2. M are module elements (often but not necessarily vectors), denoted by Latin letters. M is an abelian group under

addition. There may be other binary operations.

The scalar multiplication of scalars and module elements is a function RxM—M which commutes, associates
(Vr,s€ER, YxEM, r(sx) = (rs)x ), has 1 as identity element, and distributes over module and scalar addition. If only the

pre(post)multiplication of module elements by scalars is defined, the result is a left (right) module.

* Free module: a module having a free basis, {el, en}CM, where the positive integer n is the dimension of the
free module. For every vEM, there exist Koo KnER such that v = Ke +..+Ke. Let 0 and O be the respective

identity elements for module and scalar addition. If ¥ e + ... + re = 0,thenr =...= r.= 0.

171 1
* Algebra over a ring (also R-algebra): a (free) module where R is a commutative ring. There is a second binary

operation over M, called multiplication and denoted by concatenation, which distributes over module addition
and is bilinear: a(xy) = (ox)y = x(ay).
* Jordan ring: an algebra over a ring whose module multiplication commutes, does not associate, and respects

the Jordan identity.

Vector spaces, closely related to modules, are defined in the next section.

Structures with some axioms that are not identities

The structures in this section are not varieties because they cannot be axiomatized with identities alone. Nearly all of

the nonidentities below are one of two very elementary kinds:

1. The starting point for all structures in this section is a "nontrivial" ring, namely one such that S{0}, 0 being the
additive identity element. The nearest thing to an identity implying S#{0} is the nonidentity O%1, which requires
that the additive and multiplicative identities be distinct.

2. Nearly all structures described in this section include identities that hold for all members of S except 0. In order
for an algebraic structure to be a variety, its operations must be defined for all members of S; there can be no

partial operations.
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Algebraic structure

Structures whose axioms unavoidably include nonidentities are among the most important ones in mathematics, e.g.,
fields and vector spaces. Moreover, much of theoretical physics can be recast as models of multilinear algebras.
Although structures with nonidentities retain an undoubted algebraic flavor, they suffer from defects varieties do not
have. For example, neither the product of integral domains nor a free field over any set exist.

Arithmetics: Two binary operations, addition and multiplication. S is an infinite set. Arithmetics are pointed unary

systems, whose unary operation is injective successor, and with distinguished element 0.

* Robinson arithmetic. Addition and multiplication are recursively defined by means of successor. O is the identity
element for addition, and annihilates multiplication. Robinson arithmetic is listed here even though it is a variety,
because of its closeness to Peano arithmetic.

* Peano arithmetic. Robinson arithmetic with an axiom schema of induction. Most ring and field axioms bearing
on the properties of addition and multiplication are theorems of Peano arithmetic or of proper extensions

thereof.
Field-like structures: Two binary operations, addition and multiplication. S is nontrivial, i.e., S#{0}.
* Domain: a ring whose sole zero divisor is 0.
* Integral domain: a domain whose multiplication commutes. Also a commutative cancellative ring.

* FEuclidean domain: an integral domain with a function f: S—N satisfying the division with remainder

property.
* Division ring (or sfield, skew field): a ring in which every member of S other than 0 has a two-sided multiplicative

inverse. The nonzero members of S form a group under multiplication.

 Field: a division ring whose multiplication commutes. The nonzero members of § form an abelian group under

multiplication.
* Ordered field: a field whose elements are totally ordered.
* Real field: a Dedekind complete ordered field.
The following structures are not varieties for reasons in addition to S#{0}:
* Simple ring: a ring having no ideals other than 0 and S.
* Weyl algebra:
* Artinian ring: a ring whose ideals satisfy the descending chain condition.

Composite Systems: Vector Spaces, and Algebras over Fields. Two Sets, M and R, and at least three binary

operations.
The members of:

1. M are vectors, denoted by lower case letters. M is at minimum an abelian group under vector addition, with
distinguished member 0.
2. R are scalars, denoted by Greek letters. R is a field, nearly always the real or complex field, with O and 1 as
distinguished members.
Three binary operations.
* Vector space: a free module of dimension n except that R is a field.
* Normed vector space: a vector space with a norm, namely a function M — R that is positive homogeneous,
subadditive, and positive definite.
* Inner product space (also Euclidean vector space): a normed vector space such that R is the real field,
whose norm is the square root of the inner product, MxM—R. Let i,j, and n be positive integers such that
1<i,j<n. Then M has an orthonormal basis such that ei°ej = 1 if i=j and O otherwise; see free module above.

» Unitary space: Differs from inner product spaces in that R is the complex field, and the inner product has a

different name, the hermitian inner product, with different properties: conjugate symmetric, bilinear, and
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Algebraic structure

positive definite. See Birkhoff and MacLane (1979: 369).
* Graded vector space: a vector space such that the members of M have a direct sum decomposition. See graded
algebra below.

Four binary operations.
* Algebra over a field: An algebra over a ring except that R is a field instead of a commutative ring.

» Jordan algebra: a Jordan ring except that R is a field.
» Lie algebra: an algebra over a field respecting the Jacobi identity, whose vector multiplication, the Lie bracket
denoted [u,v], anticommutes, does not associate, and is nilpotent.

* Associative algebra: an algebra over a field, or a module, whose vector multiplication associates.

» Linear algebra: an associative unital algebra with the members of M being matrices. Every matrix has a
dimension nxm, n and m positive integers. If one of n or m is 1, the matrix is a vector; if both are 1, itis a
scalar. Addition of matrices is defined only if they have the same dimensions. Matrix multiplication,
denoted by concatenation, is the vector multiplication. Let matrix A be nxm and matrix B be ixj. Then AB is
defined if and only if m=i; BA, if and only if j=n. There also exists an mxm matrix I and an nxn matrix J
such that AI=JA=A. If u and v are vectors having the same dimensions, they have an inner product, denoted

(u,v) . Hence there is an orthonormal basis; see inner product space above. There is a unary function, the
determinant, from square (nxn for any n) matrices to R.

* Commutative algebra: an associative algebra whose vector multiplication commutes.
* Symmetric algebra: a commutative algebra with unital vector multiplication.
Composite Systems: Multilinear algebras. Two sets, V and K. Four binary operations:

1. The members of V are multivectors (including vectors), denoted by lower case Latin letters. V is an abelian group
under multivector addition, and a monoid under outer product. The outer product goes under various names, and
is multilinear in principle but usually bilinear. The outer product defines the multivectors recursively starting from
the vectors. Thus the members of V have a "degree" (see graded algebra below). Multivectors may have an inner
product as well, denoted uev: VxV—K, that is symmetric, linear, and positive definite; see inner product space
above.

2. The properties and notation of K are the same as those of R above, except that K may have -1 as a distinguished
member. K is usually the real field, as multilinear algebras are designed to describe physical phenomena without
complex numbers.

3. The multiplication of scalars and multivectors, VxK—V, has the same properties as the multiplication of scalars

and module elements that is part of a module.

* Graded algebra: an associative algebra with unital outer product. The members of V have a direct sum
decomposition resulting in their having a "degree," with vectors having degree 1. If # and v have degree i and j,
respectively, the outer product of u and v is of degree i+j. V also has a distinguished member 0 for each possible
degree. Hence all members of V having the same degree form an abelian group under addition.

» Exterior algebra (also Grassmann algebra): a graded algebra whose anticommutative outer product, denoted
by infix A, is called the exterior product. V has an orthonormal basis. v [ AV, A e AV = 0if and only if v .
v, are linearly dependent. Multivectors also have an inner product.

* Clifford algebra: an exterior algebra with a symmetric bilinear form Q: VxV—K. The special case 0=0
yields an exterior algebra. The exterior product is written u,v) . Usually, <ei,ei> = -1 (usually) or 1
(otherwise).

* Geometric algebra: an exterior algebra whose exterior (called geometric) product is denoted by
concatenation. The geometric product of parallel multivectors commutes, that of orthogonal vectors

anticommutes. The product of a scalar with a multivector commutes. vv yields a scalar.

* Grassmann-Cayley algebra: a geometric algebra without an inner product.
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Algebraic structure

Examples

Some recurring universes: N=natural numbers; Z=integers; Q=rational numbers; R=real numbers; C=complex

numbers.

N is a pointed unary system, and under addition and multiplication, is both the standard interpretation of Peano

arithmetic and a commutative semiring.

Boolean algebras are at once semigroups, lattices, and rings. They would even be abelian groups if the identity and

inverse elements were identical instead of complements.

Group-like structures

Nonzero N under addition (+) is a magma.

N under addition is a magma with an identity.

Z under subtraction (-) is a quasigroup.

Nonzero Q under division (<) is a quasigroup.

Every group is a loop, because a * x = b if and only if x = alx b,andy *a=>bifandonlyify=>0 * al.
2x2 matrices(of non-zero determinant) with matrix multiplication form a group.

Z under addition (+) is an abelian group.

Nonzero Q under multiplication (X) is an abelian group.

Every cyclic group G is abelian, because if x, y are in G, then xy = a"a" = a™ " = d"™™ = ¢"a"™ = yx. In particular,
Z is an abelian group under addition, as is the integers modulo n Z/n’Z.

A monoid is a category with a single object, in which case the composition of morphisms and the identity
morphism interpret monoid multiplication and identity element, respectively.

The Boolean algebra 2 is a boundary algebra.

More examples of groups and list of small groups.

Lattices

The normal subgroups of a group, and the submodules of a module, are modular lattices.

Any field of sets, and the connectives of first-order logic, are models of Boolean algebra.

The connectives of intuitionistic logic form a model of Heyting algebra.

The modal logic S4 is a model of interior algebra.

Peano arithmetic and most axiomatic set theories, including ZFC, NBG, and New foundations, can be recast as

models of relation algebra.

Ring-like structures

The set R[X] of all polynomials over some coefficient ring R is a ring.
2x2 matrices with matrix addition and multiplication form a ring.
If n is a positive integer, then the set Zn = Z/nZ of integers modulo 7 (the additive cyclic group of order n ) forms

aring having n elements (see modular arithmetic).

Integral domains

Z under addition and multiplication is an integral domain.

The p-adic integers.

Fields

Each of Q, R, and C, under addition and multiplication, is a field.
R totally ordered by "<" in the usual way is an ordered field and is categorical. The resulting real field grounds

real and functional analysis.

* R contains several interesting subfields, the algebraic, the computable, and the definable numbers.
An algebraic number field is a finite field extension of Q, that is, a field containing Q which has finite dimension

as a vector space over Q. Algebraic number fields are very important in number theory.
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Algebraic structure

e If g>1isapower of a prime number, then there exists (up to isomorphism) exactly one finite field with g
elements, usually denoted Fq, or in the case that q is itself prime, by Z/qZ. Such fields are called Galois fields,

whence the alternative notation GF(g). All finite fields are isomorphic to some Galois field.

* Given some prime number p, the set Zp = Z/pZ of integers modulo p is the finite field with p elements: Fp =
{0, 1, ..., p — 1} where the operations are defined by performing the operation in Z, dividing by p and taking
the remainder; see modular arithmetic.

Allowing additional structure

Algebraic structures can also be defined on sets with added structure of a non-algebraic nature, such as a topology.

The added structure must be compatible, in some sense, with the algebraic structure.

* Ordered group: a group with a compatible partial order. L.e., S is partially ordered.

* Linearly ordered group: a group whose S is a linear order.

e Archimedean group: a linearly ordered group for which the Archimedean property holds.

» Lie group: a group whose S has a compatible smooth manifold structure.

» Topological group: a group whose S has a compatible topology.

» Topological vector space: a vector space whose M has a compatible topology; a superset of normed vector spaces.
* Banach spaces, Hilbert spaces, Inner product spaces

* Vertex operator algebras

Category theory

The discussion above has been cast in terms of elementary abstract and universal algebra. Category theory is another
way of reasoning about algebraic structures (see, for example, Mac Lane 1998). A category is a collection of objects
with associated morphisms. Every algebraic structure has its own notion of homomorphism, namely any function
compatible with the operation(s) defining the structure. In this way, every algebraic structure gives rise to a category.
For example, the category of groups has all groups as objects and all group homomorphisms as morphisms. This
concrete category may be seen as a category of sets with added category-theoretic structure. Likewise, the category
of topological groups (whose morphisms are the continuous group homomorphisms) is a category of topological

spaces with extra structure.
There are various concepts in category theory that try to capture the algebraic character of a context, for instance

* algebraic

* essentially algebraic

e presentable

* locally presentable

* monadic functors and categories

* universal property.
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Algebraic structure

See also

e arity

* category theory

* free object

* list of algebraic structures
* list of first order theories
e signature

e variety
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Mathematical logic

Mathematical logic

Mathematical logic (formerly known as symbolic logic) is a subfield of mathematics with close connections to
computer science and philosophical logic.[l] The field includes both the mathematical study of logic and the
applications of formal logic to other areas of mathematics. The unifying themes in mathematical logic include the

study of the expressive power of formal systems and the deductive power of formal proof systems.

Mathematical logic is often divided into the fields of set theory, model theory, recursion theory, and proof theory.
These areas share basic results on logic, particularly first-order logic, and definability. In computer science
(particularly in the ACM Classification) mathematical logic is seen as encompassing additional topics that are not

detailed in this article; see logic in computer science for those.

Since its inception, mathematical logic has contributed to, and has been motivated by, the study of foundations of
mathematics. This study began in the late 19th century with the development of axiomatic frameworks for geometry,
arithmetic, and analysis. In the early 20th century it was shaped by David Hilbert's program to prove the consistency
of foundational theories. Results of Kurt Godel, Gerhard Gentzen, and others provided partial resolution to the
program, and clarified the issues involved in proving consistency. Work in set theory showed that almost all ordinary
mathematics can be formalized in terms of sets, although there are some theorems that cannot be proven in common
axiom systems for set theory. Contemporary work in the foundations of mathematics often focuses on establishing
which parts of mathematics can be formalized in particular formal systems, rather than trying to find theories in

which all of mathematics can be developed.

History

Mathematical logic emerged in the mid-19th century as a subfield of mathematics independent of the traditional
study of logic (Ferreir6s 2001, p.443). Before this emergence, logic was studied with rhetoric, through the
syllogism, and with philosophy. The first half of the 20th century saw an explosion of fundamental results,
accompanied by vigorous debate over the foundations of mathematics.

Early history

Sophisticated theories of logic were developed in many cultures, including China, India, Greece and the Islamic
world. In the 18th century, attempts to treat the operations of formal logic in a symbolic or algebraic way had been
made by philosophical mathematicians including Leibniz and Lambert, but their labors remained isolated and little

known.

19th century

In the middle of the nineteenth century, George Boole and then Augustus De Morgan presented systematic
mathematical treatments of logic. Their work, building on work by algebraists such as George Peacock, extended the
traditional Aristotelian doctrine of logic into a sufficient framework for the study of foundations of
mathematics (Katz 1998, p. 686).

Charles Sanders Peirce built upon the work of Boole to develop a logical system for relations and quantifiers, which
he published in several papers from 1870 to 1885. Gottlob Frege presented an independent development of logic
with quantifiers in his Begriffsschrift, published in 1879. Frege's work remained obscure, however, until Bertrand
Russell began to promote it near the turn of the century. The two-dimensional notation Frege developed was never

widely adopted and is unused in contemporary texts.

From 1890 to 1905, Ernst Schroder published Vorlesungen iiber die Algebra der Logik in three volumes. This work
summarized and extended the work of Boole, De Morgan, and Peirce, and was a comprehensive reference to

symbolic logic as it was understood at the end of the 19th century.
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Foundational theories

Some concerns that mathematics had not been built on a proper foundation led to the development of axiomatic

systems for fundamental areas of mathematics such as arithmetic, analysis, and geometry.

In logic, the term arithmetic refers to the theory of the natural numbers. Giuseppe Peano (1888) published a set of
axioms for arithmetic that came to bear his name (Peano axioms), using a variation of the logical system of Boole
and Schroder but adding quantifiers. Peano was unaware of Frege's work at the time. Around the same time Richard
Dedekind showed that the natural numbers are uniquely characterized by their induction properties. Dedekind (1888)
proposed a different characterization, which lacked the formal logical character of Peano's axioms. Dedekind's work,
however, proved theorems inaccessible in Peano's system, including the uniqueness of the set of natural numbers (up
to isomorphism) and the recursive definitions of addition and multiplication from the successor function and

mathematical induction.

In the mid-19th century, flaws in Euclid's axioms for geometry became known (Katz 1998, p. 774). In addition to the
independence of the parallel postulate, established by Nikolai Lobachevsky in 1826 (Lobachevsky 1840),
mathematicians discovered that certain theorems taken for granted by Euclid were not in fact provable from his
axioms. Among these is the theorem that a line contains at least two points, or that circles of the same radius whose
centers are separated by that radius must intersect. Hilbert (1899) developed a complete set of axioms for geometry,
building on previous work by Pasch (1882). The success in axiomatizing geometry motivated Hilbert to seek
complete axiomatizations of other areas of mathematics, such as the natural numbers and the real line. This would

prove to be a major area of research in the first half of the 20th century.

The 19th century saw great advances in the theory of real analysis, including theories of convergence of functions
and Fourier series. Mathematicians such as Karl Weierstrass began to construct functions that stretched intuition,
such as nowhere-differentiable continuous functions. Previous conceptions of a function as a rule for computation, or
a smooth graph, were no longer adequate. Weierstrass began to advocate the arithmetization of analysis, which
sought to axiomatize analysis using properties of the natural numbers. The modern (e, 8)-definition of limit and
continuous functions was already developed by Bolzano in 1817 (Felscher 2000), but remained relatively unknown.
Cauchy in 1821 defined continuity in terms of infinitesimals (see Cours d'Analyse, page 34). In 1858, Dedekind
proposed a definition of the real numbers in terms of Dedekind cuts of rational numbers (Dedekind 1872), a

definition still employed in contemporary texts.

Georg Cantor developed the fundamental concepts of infinite set theory. His early results developed the theory of
cardinality and proved that the reals and the natural numbers have different cardinalities (Cantor 1874). Over the
next twenty years, Cantor developed a theory of transfinite numbers in a series of publications. In 1891, he published
a new proof of the uncountability of the real numbers that introduced the diagonal argument, and used this method to
prove Cantor's theorem that no set can have the same cardinality as its powerset. Cantor believed that every set could
be well-ordered, but was unable to produce a proof for this result, leaving it as an open problem in 1895 (Katz 1998,
p- 807).

20th century

In the early decades of the 20th century, the main areas of study were set theory and formal logic. The discovery of
paradoxes in informal set theory caused some to wonder whether mathematics itself is inconsistent, and to look for

proofs of consistency.

In 1900, Hilbert posed a famous list of 23 problems for the next century. The first two of these were to resolve the
continuum hypothesis and prove the consistency of elementary arithmetic, respectively; the tenth was to produce a
method that could decide whether a multivariate polynomial equation over the integers has a solution. Subsequent
work to resolve these problems shaped the direction of mathematical logic, as did the effort to resolve Hilbert's
Entscheidungsproblem, posed in 1928. This problem asked for a procedure that would decide, given a formalized

mathematical statement, whether the statement is true or false.
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Set theory and paradoxes

Ernst Zermelo (1904) gave a proof that every set could be well-ordered, a result Georg Cantor had been unable to
obtain. To achieve the proof, Zermelo introduced the axiom of choice, which drew heated debate and research
among mathematicians and the pioneers of set theory. The immediate criticism of the method led Zermelo to publish
a second exposition of his result, directly addressing criticisms of his proof (Zermelo 1908a). This paper led to the

general acceptance of the axiom of choice in the mathematics community.

Skepticism about the axiom of choice was reinforced by recently discovered paradoxes in naive set theory. Cesare
Burali-Forti (1897) was the first to state a paradox: the Burali-Forti paradox shows that the collection of all ordinal
numbers cannot form a set. Very soon thereafter, Bertrand Russell discovered Russell's paradox in 1901, and Jules
Richard (1905) discovered Richard's paradox.

Zermelo (1908b) provided the first set of axioms for set theory. These axioms, together with the additional axiom of
replacement proposed by Abraham Fraenkel, are now called Zermelo—Fraenkel set theory (ZF). Zermelo's axioms

incorporated the principle of limitation of size to avoid Russell's paradox.

In 1910, the first volume of Principia Mathematica by Russell and Alfred North Whitehead was published. This
seminal work developed the theory of functions and cardinality in a completely formal framework of type theory,
which Russell and Whitehead developed in an effort to avoid the paradoxes. Principia Mathematica is considered
one of the most influential works of the 20th century, although the framework of type theory did not prove popular

as a foundational theory for mathematics (Ferreirds 2001, p. 445).

Fraenkel (1922) proved that the axiom of choice cannot be proved from the remaining axioms of Zermelo's set
theory with urelements. Later work by Paul Cohen (1966) showed that the addition of urelements is not needed, and
the axiom of choice is unprovable in ZF. Cohen's proof developed the method of forcing, which is now an important

tool for establishing independence results in set theory.

Symbolic logic

Leopold Lowenheim (1915) and Thoralf Skolem (1920) obtained the Lowenheim—Skolem theorem, which says that
first-order logic cannot control the cardinalities of infinite structures. Skolem realized that this theorem would apply
to first-order formalizations of set theory, and that it implies any such formalization has a countable model. This

counterintuitive fact became known as Skolem's paradox.

In his doctoral thesis, Kurt Godel (1929) proved the completeness theorem, which establishes a correspondence
between syntax and semantics in first-order logic. Godel used the completeness theorem to prove the compactness
theorem, demonstrating the finitary nature of first-order logical consequence. These results helped establish

first-order logic as the dominant logic used by mathematicians.

In 1931, Godel published On Formally Undecidable Propositions of Principia Mathematica and Related Systems,
which proved the incompleteness (in a different meaning of the word) of all sufficiently strong, effective first-order
theories. This result, known as Godel's incompleteness theorem, establishes severe limitations on axiomatic
foundations for mathematics, striking a strong blow to Hilbert's program. It showed the impossibility of providing a
consistency proof of arithmetic within any formal theory of arithmetic. Hilbert, however, did not acknowledge the

importance of the incompleteness theorem for some time.

Godel's theorem shows that a consistency proof of any sufficiently strong, effective axiom system cannot be obtained
in the system itself, if the system is consistent, nor in any weaker system. This leaves open the possibility of
consistency proofs that cannot be formalized within the system they consider. Gentzen (1936) proved the
consistency of arithmetic using a finitistic system together with a principle of transfinite induction. Gentzen's result
introduced the ideas of cut elimination and proof-theoretic ordinals, which became key tools in proof theory. Godel
(1958) gave a different consistency proof, which reduces the consistency of classical arithmetic to that of

intutitionistic arithmetic in higher types.
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Beginnings of the other branches
Alfred Tarski developed the basics of model theory.

Beginning in 1935, a group of prominent mathematicians collaborated under the pseudonym Nicolas Bourbaki to
publish a series of encyclopedic mathematics texts. These texts, written in an austere and axiomatic style,
emphasized rigorous presentation and set-theoretic foundations. Terminology coined by these texts, such as the
words bijection, injection, and surjection, and the set-theoretic foundations the texts employed, were widely adopted
throughout mathematics.

The study of computability came to be known as recursion theory, because early formalizations by Godel and Kleene

relied on recursive definitions of functions.m

When these definitions were shown equivalent to Turing's
formalization involving Turing machines, it became clear that a new concept — the computable function — had been
discovered, and that this definition was robust enough to admit numerous independent characterizations. In his work
on the incompleteness theorems in 1931, Godel lacked a rigorous concept of an effective formal system; he
immediately realized that the new definitions of computability could be used for this purpose, allowing him to state

the incompleteness theorems in generality that could only be implied in the original paper.

Numerous results in recursion theory were obtained in the 1940s by Stephen Cole Kleene and Emil Leon Post.
Kleene (1943) introduced the concepts of relative computability, foreshadowed by Turing (1939), and the
arithmetical hierarchy. Kleene later generalized recursion theory to higher-order functionals. Kleene and Kreisel

studied formal versions of intuitionistic mathematics, particularly in the context of proof theory.

Subfields and scope
The Handbook of Mathematical Logic makes a rough division of contemporary mathematical logic into four areas:

1. set theory

2. model theory

3. recursion theory, and

4. proof theory and constructive mathematics (considered as parts of a single area).

Each area has a distinct focus, although many techniques and results are shared between multiple areas. The border
lines between these fields, and the lines between mathematical logic and other fields of mathematics, are not always
sharp. Godel's incompleteness theorem marks not only a milestone in recursion theory and proof theory, but has also
led to Lob's theorem in modal logic. The method of forcing is employed in set theory, model theory, and recursion

theory, as well as in the study of intuitionistic mathematics.

The mathematical field of category theory uses many formal axiomatic methods, and includes the study of
categorical logic, but category theory is not ordinarily considered a subfield of mathematical logic. Because of its
applicability in diverse fields of mathematics, mathematicians including Saunders Mac Lane have proposed category
theory as a foundational system for mathematics, independent of set theory. These foundations use toposes, which

resemble generalized models of set theory that may employ classical or nonclassical logic.

Formal logical systems

At its core, mathematical logic deals with mathematical concepts expressed using formal logical systems. These
systems, though they differ in many details, share the common property of considering only expressions in a fixed
formal language, or signature. The system of first-order logic is the most widely studied today, because of its
applicability to foundations of mathematics and because of its desirable proof-theoretic properties.m Stronger
classical logics such as second-order logic or infinitary logic are also studied, along with nonclassical logics such as

intuitionistic logic.
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First-order logic

First-order logic is a particular formal system of logic. Its syntax involves only finite expressions as well-formed

formulas, while its semantics are characterized by the limitation of all quantifiers to a fixed domain of discourse.

Early results about formal logic established limitations of first-order logic. The Lowenheim—Skolem theorem (1919)
showed that if a set of sentences in a countable first-order language has an infinite model then it has at least one
model of each infinite cardinality. This shows that it is impossible for a set of first-order axioms to characterize the
natural numbers, the real numbers, or any other infinite structure up to isomorphism. As the goal of early
foundational studies was to produce axiomatic theories for all parts of mathematics, this limitation was particularly
stark.

Godel's completeness theorem (Godel 1929) established the equivalence between semantic and syntactic definitions
of logical consequence in first-order logic. It shows that if a particular sentence is true in every model that satisfies a
particular set of axioms, then there must be a finite deduction of the sentence from the axioms. The compactness
theorem first appeared as a lemma in Godel's proof of the completeness theorem, and it took many years before
logicians grasped its significance and began to apply it routinely. It says that a set of sentences has a model if and
only if every finite subset has a model, or in other words that an inconsistent set of formulas must have a finite
inconsistent subset. The completeness and compactness theorems allow for sophisticated analysis of logical
consequence in first-order logic and the development of model theory, and they are a key reason for the prominence

of first-order logic in mathematics.

Godel's incompleteness theorems (Godel 1931) establish additional limits on first-order axiomatizations. The first
incompleteness theorem states that for any sufficiently strong, effectively given logical system there exists a
statement which is true but not provable within that system. Here a logical system is effectively given if it is possible
to decide, given any formula in the language of the system, whether the formula is an axiom. A logical system is
sufficiently strong if it can express the Peano axioms. When applied to first-order logic, the first incompleteness
theorem implies that any sufficiently strong, consistent, effective first-order theory has models that are not
elementarily equivalent, a stronger limitation than the one established by the Lowenheim—Skolem theorem. The
second incompleteness theorem states that no sufficiently strong, consistent, effective axiom system for arithmetic

can prove its own consistency, which has been interpreted to show that Hilbert's program cannot be completed.

Other classical logics

Many logics besides first-order logic are studied. These include infinitary logics, which allow for formulas to
provide an infinite amount of information, and higher-order logics, which include a portion of set theory directly in

their semantics.

The most well studied infinitary logic is L, .. In this logic, quantifiers may only be nested to finite depths, as in

first order logic, but formulas may have finite or countably infinite conjunctions and disjunctions within them. Thus,
for example, it is possible to say that an object is a whole number using a formula of Lwl wsuch as
(z=0)V(z=1)V(z=2)V---.

Higher-order logics allow for quantification not only of elements of the domain of discourse, but subsets of the
domain of discourse, sets of such subsets, and other objects of higher type. The semantics are defined so that, rather
than having a separate domain for each higher-type quantifier to range over, the quantifiers instead range over all
objects of the appropriate type. The logics studied before the development of first-order logic, for example Frege's
logic, had similar set-theoretic aspects. Although higher-order logics are more expressive, allowing complete
axiomatizations of structures such as the natural numbers, they do not satisfy analogues of the completeness and

compactness theorems from first-order logic, and are thus less amenable to proof-theoretic analysis.

Another type of logics are fixed-point logics that allow inductive definitions, like one writes for primitive recursive
functions.
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One can formally define an extension of first-order logic — a notion which encompasses all logics in this section
because they behave like first-order logic in certain fundamental ways, but does not encompass all logics in general,
e.g. it does not encompass intuitionistic, modal or fuzzy logic. Lindstrém's theorem implies that the only extension of
first-order logic satisfying both the Compactness theorem and the Downward Lowenheim—Skolem theorem is

first-order logic.

Nonclassical and modal logic

Modal logics include additional modal operators, such as an operator which states that a particular formula is not
only true, but necessarily true. Although modal logic is not often used to axiomatize mathematics, it has been used to
study the properties of first-order provability (Solovay 1976) and set-theoretic forcing (Hamkins and Lowe 2007).

Intuitionistic logic was developed by Heyting to study Brouwer's program of intuitionism, in which Brouwer himself
avoided formalization. Intuitionistic logic specifically does not include the law of the excluded middle, which states
that each sentence is either true or its negation is true. Kleene's work with the proof theory of intuitionistic logic
showed that constructive information can be recovered from intuitionistic proofs. For example, any provably total
function in intuitionistic arithmetic is computable; this is not true in classical theories of arithmetic such as Peano

arithmetic.

Algebraic logic

Algebraic logic uses the methods of abstract algebra to study the semantics of formal logics. A fundamental example
is the use of Boolean algebras to represent truth values in classical propositional logic, and the use of Heyting
algebras to represent truth values in intuitionistic propositional logic. Stronger logics, such as first-order logic and

higher-order logic, are studied using more complicated algebraic structures such as cylindric algebras.

Set theory

Set theory is the study of sets, which are abstract collections of objects. Many of the basic notions, such as ordinal
and cardinal numbers, were developed informally by Cantor before formal axiomatizations of set theory were
developed. The first such axiomatization, due to Zermelo (1908b), was extended slightly to become

Zermelo—Fraenkel set theory (ZF), which is now the most widely used foundational theory for mathematics.

Other formalizations of set theory have been proposed, including von Neumann—Bernays—Gdodel set theory (NBG),
Morse—Kelley set theory (MK), and New Foundations (NF). Of these, ZF, NBG, and MK are similar in describing a
cumulative hierarchy of sets. New Foundations takes a different approach; it allows objects such as the set of all sets
at the cost of restrictions on its set-existence axioms. The system of Kripke-Platek set theory is closely related to

generalized recursion theory.

Two famous statements in set theory are the axiom of choice and the continuum hypothesis. The axiom of choice,
first stated by Zermelo (1904), was proved independent of ZF by Fraenkel (1922), but has come to be widely
accepted by mathematicians. It states that given a collection of nonempty sets there is a single set C that contains
exactly one element from each set in the collection. The set C is said to "choose" one element from each set in the
collection. While the ability to make such a choice is considered obvious by some, since each set in the collection is
nonempty, the lack of a general, concrete rule by which the choice can be made renders the axiom nonconstructive.
Stefan Banach and Alfred Tarski (1924) showed that the axiom of choice can be used to decompose a solid ball into
a finite number of pieces which can then be rearranged, with no scaling, to make two solid balls of the original size.

This theorem, known as the Banach-Tarski paradox, is one of many counterintuitive results of the axiom of choice.

The continuum hypothesis, first proposed as a conjecture by Cantor, was listed by David Hilbert as one of his 23
problems in 1900. Godel showed that the continuum hypothesis cannot be disproven from the axioms of

Zermelo—Fraenkel set theory (with or without the axiom of choice), by developing the constructible universe of set
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theory in which the continuum hypothesis must hold. In 1963, Paul Cohen showed that the continuum hypothesis
cannot be proven from the axioms of Zermelo—Fraenkel set theory (Cohen 1966). This independence result did not
completely settle Hilbert's question, however, as it is possible that new axioms for set theory could resolve the
hypothesis. Recent work along these lines has been conducted by W. Hugh Woodin, although its importance is not
yet clear (Woodin 2001).

Contemporary research in set theory includes the study of large cardinals and determinacy. Large cardinals are
cardinal numbers with particular properties so strong that the existence of such cardinals cannot be proved in ZFC.
The existence of the smallest large cardinal typically studied, an inaccessible cardinal, already implies the
consistency of ZFC. Despite the fact that large cardinals have extremely high cardinality, their existence has many
ramifications for the structure of the real line. Determinacy refers to the possible existence of winning strategies for
certain two-player games (the games are said to be defermined). The existence of these strategies implies structural

properties of the real line and other Polish spaces.

Model theory

Model theory studies the models of various formal theories. Here a theory is a set of formulas in a particular formal
logic and signature, while a model is a structure that gives a concrete interpretation of the theory. Model theory is
closely related to universal algebra and algebraic geometry, although the methods of model theory focus more on

logical considerations than those fields.

The set of all models of a particular theory is called an elementary class; classical model theory seeks to determine
the properties of models in a particular elementary class, or determine whether certain classes of structures form

elementary classes.

The method of quantifier elimination can be used to show that definable sets in particular theories cannot be too
complicated. Tarski (1948) established quantifier elimination for real-closed fields, a result which also shows the
theory of the field of real numbers is decidable. (He also noted that his methods were equally applicable to
algebraically closed fields of arbitrary characteristic.) A modern subfield developing from this is concerned with

o-minimal structures.

Morley's categoricity theorem, proved by Michael D. Morley (1965), states that if a first-order theory in a countable
language is categorical in some uncountable cardinality, i.e. all models of this cardinality are isomorphic, then it is

categorical in all uncountable cardinalities.

A trivial consequence of the continuum hypothesis is that a complete theory with less than continuum many
nonisomorphic countable models can have only countably many. Vaught's conjecture, named after Robert Lawson
Vaught, says that this is true even independently of the continuum hypothesis. Many special cases of this conjecture

have been established.

Recursion theory

Recursion theory, also called computability theory, studies the properties of computable functions and the Turing
degrees, which divide the uncomputable functions into sets which have the same level of uncomputability. Recursion
theory also includes the study of generalized computability and definability. Recursion theory grew from of the work
of Alonzo Church and Alan Turing in the 1930s, which was greatly extended by Kleene and Post in the 1940s.

Classical recursion theory focuses on the computability of functions from the natural numbers to the natural
numbers. The fundamental results establish a robust, canonical class of computable functions with numerous
independent, equivalent characterizations using Turing machines, A calculus, and other systems. More advanced

results concern the structure of the Turing degrees and the lattice of recursively enumerable sets.

Generalized recursion theory extends the ideas of recursion theory to computations that are no longer necessarily

finite. It includes the study of computability in higher types as well as areas such as hyperarithmetical theory and
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a-recursion theory.

Contemporary research in recursion theory includes the study of applications such as algorithmic randomness and

computable model theory as well as new results in pure recursion theory.

Algorithmically unsolvable problems

An important subfield of recursion theory studies algorithmic unsolvability; a decision problem or function problem
is algorithmically unsolvable if there is no possible computable algorithm which returns the correct answer for all
legal inputs to the problem. The first results about unsolvability, obtained independently by Church and Turing in
1936, showed that the Entscheidungsproblem is algorithmically unsolvable. Turing proved this by establishing the
unsolvability of the halting problem, a result with far-ranging implications in both recursion theory and computer

science.

There are many known examples of undecidable problems from ordinary mathematics. The word problem for groups
was proved algorithmically unsolvable by Pyotr Novikov in 1955 and independently by W. Boone in 1959. The busy

beaver problem, developed by Tibor Radé in 1962, is another well-known example.

Hilbert's tenth problem asked for an algorithm to determine whether a multivariate polynomial equation with integer
coefficients has a solution in the integers. Partial progress was made by Julia Robinson, Martin Davis and Hilary

Putnam. The algorithmic unsolvability of the problem was proved by Yuri Matiyasevich in 1970 (Davis 1973).

Proof theory and constructive mathematics

Proof theory is the study of formal proofs in various logical deduction systems. These proofs are represented as
formal mathematical objects, facilitating their analysis by mathematical techniques. Several deduction systems are
commonly considered, including Hilbert-style deduction systems, systems of natural deduction, and the sequent

calculus developed by Gentzen.

The study of constructive mathematics, in the context of mathematical logic, includes the study of systems in
non-classical logic such as intuitionistic logic, as well as the study of predicative systems. An early proponent of
predicativism was Hermann Weyl, who showed it is possible to develop a large part of real analysis using only
predicative methods (Weyl 1918).

Because proofs are entirely finitary, whereas truth in a structure is not, it is common for work in constructive
mathematics to emphasize provability. The relationship between provability in classical (or nonconstructive) systems
and provability in intuitionistic (or constructive, respectively) systems is of particular interest. Results such as the
Godel—-Gentzen negative translation show that it is possible to embed (or translate) classical logic into intuitionistic

logic, allowing some properties about intuitionistic proofs to be transferred back to classical proofs.

Recent developments in proof theory include the study of proof mining by Ulrich Kohlenbach and the study of
proof-theoretic ordinals by Michael Rathjen.

Connections with computer science

The study of computability theory in computer science is closely related to the study of computability in
mathematical logic. There is a difference of emphasis, however. Computer scientists often focus on concrete
programming languages and feasible computability, while researchers in mathematical logic often focus on

computability as a theoretical concept and on noncomputability.

The theory of semantics of programming languages is related to model theory, as is program verification (in
particular, model checking). The Curry-Howard isomorphism between proofs and programs relates to proof theory,
especially intuitionistic logic. Formal calculi such as the lambda calculus and combinatory logic are now studied as

idealized programming languages.
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Computer science also contributes to mathematics by developing techniques for the automatic checking or even

finding of proofs, such as automated theorem proving and logic programming.

Descriptive complexity theory relates logics to computational complexity. The first significant result in this area,
Fagin's theorem (1974) established that NP is precisely the set of languages expressible by sentences of existential

second-order logic.

Foundations of mathematics

In the 19th century, mathematicians became aware of logical gaps and inconsistencies in their field. It was shown
that Euclid's axioms for geometry, which had been taught for centuries as an example of the axiomatic method, were
incomplete. The use of infinitesimals, and the very definition of function, came into question in analysis, as

pathological examples such as Weierstrass' nowhere-differentiable continuous function were discovered.

Cantor's study of arbitrary infinite sets also drew criticism. Leopold Kronecker famously stated "God made the
integers; all else is the work of man," endorsing a return to the study of finite, concrete objects in mathematics.
Although Kronecker's argument was carried forward by constructivists in the 20th century, the mathematical
community as a whole rejected them. David Hilbert argued in favor of the study of the infinite, saying "No one shall

expel us from the Paradise that Cantor has created."

Mathematicians began to search for axiom systems that could be used to formalize large parts of mathematics. In
addition to removing ambiguity from previously-naive terms such as function, it was hoped that this axiomatization
would allow for consistency proofs. In the 19th century, the main method of proving the consistency of a set of
axioms was to provide a model for it. Thus, for example, non-Euclidean geometry can be proved consistent by
defining point to mean a point on a fixed sphere and line to mean a great circle on the sphere. The resulting structure,

a model of elliptic geometry, satisfies the axioms of plane geometry except the parallel postulate.

With the development of formal logic, Hilbert asked whether it would be possible to prove that an axiom system is
consistent by analyzing the structure of possible proofs in the system, and showing through this analysis that it is
impossible to prove a contradiction. This idea led to the study of proof theory. Moreover, Hilbert proposed that the
analysis should be entirely concrete, using the term finitary to refer to the methods he would allow but not precisely
defining them. This project, known as Hilbert's program, was seriously affected by Godel's incompleteness theorems,
which show that the consistency of formal theories of arithmetic cannot be established using methods formalizable in
those theories. Gentzen showed that it is possible to produce a proof of the consistency of arithmetic in a finitary
system augmented with axioms of transfinite induction, and the techniques he developed to so do were seminal in

proof theory.

A second thread in the history of foundations of mathematics involves nonclassical logics and constructive
mathematics. The study of constructive mathematics includes many different programs with various definitions of
constructive. At the most accommodating end, proofs in ZF set theory that do not use the axiom of choice are called
constructive by many mathematicians. More limited versions of constructivism limit themselves to natural numbers,
number-theoretic functions, and sets of natural numbers (which can be used to represent real numbers, facilitating
the study of mathematical analysis). A common idea is that a concrete means of computing the values of the function

must be known before the function itself can be said to exist.

In the early 20th century, Luitzen Egbertus Jan Brouwer founded intuitionism as a philosophy of mathematics. This
philosophy, poorly understood at first, stated that in order for a mathematical statement to be true to a
mathematician, that person must be able to intfuit the statement, to not only believe its truth but understand the reason
for its truth. A consequence of this definition of truth was the rejection of the law of the excluded middle, for there
are statements that, according to Brouwer, could not be claimed to be true while their negations also could not be
claimed true. Brouwer's philosophy was influential, and the cause of bitter disputes among prominent
mathematicians. Later, Kleene and Kreisel would study formalized versions of intuitionistic logic (Brouwer rejected

formalization, and presented his work in unformalized natural language). With the advent of the BHK interpretation
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and Kripke models, intuitionism became easier to reconcile with classical mathematics.

See also

List of mathematical logic topics

List of computability and complexity topics
List of set theory topics

List of first-order theories

Knowledge representation

Metalogic
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Structure (mathematical logic)

In universal algebra and in model theory, a structure consists of a set along with a collection of finitary functions
and relations which are defined on it.

Universal algebra studies structures that generalize the algebraic structures such as groups, rings, fields, vector

spaces and lattices. The term (universal) algebra is used for structures with no relation symbols.m

Model theory has a different scope that encompasses more arbitrary theories, including foundational structures such
as models of set theory. From the model-theoretic point of view, structures are the objects used to define the
semantics of first-order logic.

In database theory, structures with no functions are studied as models for relational databases, in the form of
relational models.

Definition

Formally, a structure can be defined as a triple A = ( Ao 1 )consisting of a domain A, a signature o, and an

interpretation function / that indicates how the signature is to be interpreted on the domain. To indicate that a

structure has a particular signature o one can refer to it as a o-structure.

Domain

The domain of a structure is an arbitrary set; it is also called the underlying set of the structure, its carrier
(especially in universal algebra), or its universe (especially in model theory). Very often the definition of a structure

prohibits the empty domain. !

Sometimes the notation dom(.A)or |.A| is used for the domain of 4 , but often no notational distinction is made

between a structure and its domain. (L.e. the same symbol 4 refers both to the structure and its domain.)m

Signature

The signature of a structure consists of a set of function symbols and relation symbols along with a function that
ascribes to each symbol s a natural number n — ar(s) which is called the arity of s because it is the arity of the
interpretation of s.

Since the signatures that arise in algebra often contain only function symbols, a signature with no relation symbols is
called an algebraic signature. A structure with such a signature is also called an algebra; this should not be

confused with the notion of an algebra over a field.

Interpretation function

The interpretation function / of A assigns functions and relations to the symbols of the signature. Each function
symbol f of arity n is assigned an n-ary function fA =17 ( f )on the domain. Each relation symbol R of arity n is
assigned an n-ary relation R4 = | ( R) - A2r(®) on the domain. A nullary function symbol ¢ is called a constant

symbol, because its interpretation /(c) can be identified with a constant element of the domain.
When a structure (and hence an interpretation function) is given by context, no notational distinction is made

between a symbol s and its interpretation /(s). For example if fis a binary function symbol of _4 , one simply writes

f: A? — A rather than fA : |‘A|2 — |A| -
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Examples

The standard signature o, for fields consists of two binary function symbols + and X, a unary function symbol —, and
the two constant symbols O and 1. Thus a structure (algebra) for this signature consists of a set of elements A
together with two binary functions, a unary function, and two distinguished elements; but there is no requirement
that it satisfy any of the field axioms. The rational numbers Q, the real numbers R and the complex numbers C, like

any other field, can be regarded as o-structures in an obvious way:

Q: (Q;O—fJIQ)
R = (R7O'f,[1g)
C = (C, O'f,[c)

where

Io(+): Q x Q — @ is addition of rational numbers,
To(X): @ x Q — () is multiplication of rational numbers,
Io(—): @ — @ is the function that takes each rational number x to -x, and
IQ(O) € () is the number 0 and
Io(1) € @ is the number 1;
and [ and [ are similarly defined.

But the ring Z of integers, which is not a field, is also a o f-structure in the same way. In fact, there is no requirement

that any of the field axioms hold in a ¢ f—structure.

A signature for ordered fields needs an additional binary relation such as < or <, and therefore structures for such a

signature are not algebras, even though they are of course algebraic structures in the usual, loose sense of the word.

The ordinary signature for set theory includes a single binary relation €. A structure for this signature consists of a

set of elements and an interpretation of the € relation as a binary relation on these elements.

Induced substructures and closed subsets
A is called an (induced) substructure of [3 if

A and J3 have the same signature o (A) = o (B);

* the domain of 4 is contained in the domain of 3 : ; and

* the interpretations of all function and relation symbols agree on |B‘ .

The usual notation for this relationis 4 C B .

Asubset B C |,A‘ of the domain of a structure 4 is called closed if it is closed under the functions of A , i.e. if

the following condition is satisfied: for every natural number n, every n-ary function symbol f (in the signature of
A ) and all elements by, bs, ..., b, € B, the result of applying f to the n-tuple by by . .. b, is again an element

of B: f(bl, by, ..., bn) €DB.
For every subset B C |.A| there is a smallest closed subset of |.A| that contains B. It is called the closed subset

generated by B, or the hull of B, and denoted by (B) or {B) 4 . The operator () is a finitary closure operator on

the set of subsets of |A]| .

If A= (A, o I)and B C Ais aclosed subset, then (B, o, I ’)is an induced substructure of _4 , where J’
assigns to every symbol of ¢ the restriction to B of its interpretation in _4 . Conversely, the domain of an induced
substructure is a closed subset.

The closed subsets (or induced substructures) of a structure form a lattice. The meet of two subsets is their
intersection. The join of two subsets is the closed subset generated by their union. Universal algebra studies the

lattice of substructures of a structure in detail.
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Examples

Let 0 = {+, X, —, 0, 1} be again the standard signature for fields. When regarded as o-structures in the natural way,
the rational numbers form a substructure of the real numbers, and the real numbers form a substructure of the
complex numbers. The rational numbers are the smallest substructure of the real (or complex) numbers that also

satisfies the field axioms.

The set of integers gives an even smaller substructure of the real numbers which is not a field. Indeed, the integers
are the substructure of the real numbers generated by the empty set, using this signature. The notion in abstract
algebra that corresponds to a substructure of a field, in this signature, is that of a subring, rather than that of a
subfield.

The most obvious way to represent a graph as a structure is with a signature o consisting of a single binary relation
symbol E. The vertices of the graph form the domain of the structure, and for two vertices a and b, (a7 b) ckE

means that a and b are connected by an edge. In this encoding, the notion of induced substructure is more restrictive
than the notion of subgraph. For example, let G be a graph consisting of two vertices connected by an edge, and let H
be the graph consisting of the same vertices but no edges. H is a subgraph of G, but not an induced substructure. The

notion in graph theory that corresponds to induced substructures is that of induced subgraphs.

Homomorphisms and embeddings

Homomorphisms

Given two structures 4 and J3 of the same signature o, a (¢-)homomorphism from A4 to [3is a map

h : |.A| — |B| which preserves the functions and relations. More precisely:

* For every n-ary function symbol f of o and any elements a4, as, ..., a, € |A| , the following equation holds:
h(f(a’la az, ... 7an)) = f(h’(a’l)) h(a2)7 T h’(an))
* For every n-ary relation symbol R of o and any elements a4, as, ..., a, € ‘_A , the following implication

holds:
(&1, as, ... ,an) €R — (h(al), h(@g), ce h(an)) cR.
The notation for a homomorphism 4 from A to Bish: 4 — B.

For every signature o there is a concrete category o-Hom which has o-structures as objects and o-homomorphisms

as morphisms.

A homomorphism }, : A4 — [3is sometimes called strong if for every n-ary relation symbol R and any elements
bi,ba, ... b, €|B|such that (by, by, ..., b,) € R, there are ay, as,...,a, € |A|such that
(ay,as,...,a,) € Rand by = h(ay), by = h(as), ..., b, = h(a,).The strong homomorphisms give

rise to a subcategory of o-Hom.

Embeddings

A (0-)homomorphism }, - A — J3is called a (o-)embedding if it is one-to-one and

» for every n-ary relation symbol R of o and any elements @1, A2, . . . , @n, the following equivalence holds:
(Ql, as, ..., an) € R «— (h(al)a h(a2): SRR h(an)) ch.

Thus an embedding is the same thing as a strong homomorphism which is one-to-one. The category o-Emb of
o-structures and o-embeddings is a concrete subcategory of o-Hom.

Induced substructures correspond to subobjects in o-Emb. If o has only function symbols, o-Emb is the subcategory

of monomorphisms of o-Hom. In this case induced substructures also correspond to subobjects in o-Hom.



http://en.wikipedia.org/w/index.php?title=Rational_number
http://en.wikipedia.org/w/index.php?title=Real_number
http://en.wikipedia.org/w/index.php?title=Complex_number
http://en.wikipedia.org/w/index.php?title=Subring
http://en.wikipedia.org/w/index.php?title=Subfield
http://en.wikipedia.org/w/index.php?title=Graph_%28mathematics%29
http://en.wikipedia.org/w/index.php?title=Subgraph
http://en.wikipedia.org/w/index.php?title=Graph_theory
http://en.wikipedia.org/w/index.php?title=Map_%28mathematics%29
http://en.wikipedia.org/w/index.php?title=Concrete_category
http://en.wikipedia.org/w/index.php?title=Category_%28mathematics%29
http://en.wikipedia.org/w/index.php?title=Morphism_%28category_theory%29
http://en.wikipedia.org/w/index.php?title=Injective_function
http://en.wikipedia.org/w/index.php?title=Subcategory
http://en.wikipedia.org/w/index.php?title=Subobject
http://en.wikipedia.org/w/index.php?title=Monomorphism

Structure (mathematical logic)

25

Example

As seen above, in the standard encoding of graphs as structures the induced substructures are precisely the induced
subgraphs. However, a homomorphism between graphs is the same thing as a homomorphism between the two
structures coding the graph. In the example of the previous section, even though the subgraph H of G is not induced,
the identity map id: H — G is a homomorphism. This map is in fact a monomorphism in the category o-Hom, and

therefore H is a subobject of G which is not an induced substructure.

Homomorphism problem
The following problem is known as the homomorphism problem:

Given two finite structures 4 and J3 of a finite relational signature, find a homomorphism f : A — 3 or

show that no such homomorphism exists.

Every constraint satisfaction problem (CSP) has a translation into the homomorphism problem.[4] Therefore the

complexity of CSP can be studied using the methods of finite model theory.

Another application is in database theory, where a relational model of a database is essentially the same thing as a
relational structure. It turns out that a conjunctive query on a database can be described by another structure in the
same signature as the database model. A homomorphism from the relational model to the structure representing the
query is the same thing as a solution to the query. This shows that the conjunctive query problem is also equivalent

to the homomorphism problem.

Structures and first-order logic

Structures are sometimes referred to as "first-order structures”. This is misleading, as nothing in their definition ties
them to any specific logic, and in fact they are suitable as semantic objects both for very restricted fragments of
first-order logic such as that used in universal algebra, and for second-order logic. In connection with first-order
logic and model theory, structures are often called models, even when the question "models of what?" has no

obvious answer.

Satisfaction relation

Each first-order structure A/ has a satisfaction relation M = ¢ defined for all formulas ¢ in the language
consisting of the language of A4 together with a constant symbol for each element of M, which is interpreted as that
element. This relation is defined inductively using Tarski's T-schema.

A structure A/ is said to be a model of a theory T if the language of A/ is the same as the language of T and every
sentence in T is satisfied by A/ . Thus, for example, a "ring" is a structure for the language of rings that satisfies
each of the ring axioms, and a model of ZFC set theory is a structure in the language of set theory that satisfies each
of the ZFC axioms.

Definable relations

An n-ary relation R on the universe M of a structure A/ is said to be definable (or explicitly definable, or ()
-definable) if there is a formula cp(x1 ,...,xn) such that
R={(ay,...,a,) € M": M F ¢(aq,...,a,)}.
In other words, R is definable if and only if there is a formula ¢ such that
(ay,...,a,) € R ME ¢(ay, ..., a,)
is correct.

An important special case is the definability of specific elements. An element m of M is definable in A1 if and only

if there is a formula ¢(x) such that
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MEVYz(z = m < ¢(z)).

Definability with parameters

A relation R is said to be definable with parameters (or |_/\/l| -definable) if there is a formula ¢ with parameters

from A/ such that R is definable using ¢. Every element of a structure is definable using the element itself as a

parameter.

Implicit definability

Recall from above that an n-ary relation R on the universe M of a structure A/ is explicitly definable if there is a

formula cp(xl,...,xn) such that

R={(a1,...,a,) € M": ME ¢(ay,...,a,)}
Here the formula ¢ used to define a relation R must be over the signature of A4 and so ¢ may not mention R itself,
since R is not in the signature of A . If there is a formula ¢ in the extended language containing the language of
M and a new symbol R, and the relation R is the only relation on A such that ME gé , then R is said to be
implicitly definable over A1 .

There are many examples of implicitly definable relations that are not explicitly definable.

Many-sorted structures

Structures as defined above are sometimes called one-sorted structures to distinguish them from the more general
many-sorted structures. A many-sorted structure can have an arbitrary number of domains. The sorts are part of
the signature, and they play the role of names for the different domains. Many-sorted signatures also prescribe on
which sorts the functions and relations of a many-sorted structure are defined. Therefore the arities of function

symbols or relation symbols must be more complicated objects such as tuples of sorts rather than natural numbers.

Vector spaces, for example, can be regarded as two-sorted structures in the following way. The two-sorted signature

of vector spaces consists of two sorts V (for vectors) and S (for scalars) and the following function symbols:

. +S and xS of arity (S, S; S). +, of arity (V, V; V).  xofarity (S, V; V).
= of arity (S; S). . —Vof arity (V; V).
. Os and lsof arity (S). . OV of arity (V).

If V is a vector space over a field F, the corresponding two-sorted structure )/ consists of the vector domain
]V|V = V/, the scalar domain ‘V’S — F, and the obvious functions, such as the vector zero 03 =0c |V|V,
the scalar zero 0¥ = () & ‘V‘S, or scalar multiplication x Y : |V|S X |V‘V — |V‘V.

Many-sorted structures are often used as a convenient tool even when they could be avoided with a little effort. But
they are rarely defined in a rigorous way, because it is straightforward and tedious (hence unrewarding) to carry out

the generalization explicitly.

In most mathematical endeavours, not much attention is paid to the sorts. A many-sorted logic however naturally
leads to a type theory. As Bart Jacobs puts it: "A logic is always a logic over a type theory." This emphasis in turn
leads to categorical logic because a logic over a type theory categorically corresponds to one ("total") category,

capturing the logic, being fibred over another ("base") category, capturing the type theory.[s]



http://en.wikipedia.org/w/index.php?title=Signature_%28logic%29%23Many-sorted_signatures
http://en.wikipedia.org/w/index.php?title=Vector_space
http://en.wikipedia.org/w/index.php?title=Many-sorted_logic
http://en.wikipedia.org/w/index.php?title=Type_theory
http://en.wikipedia.org/w/index.php?title=Bart_Jacobs
http://en.wikipedia.org/w/index.php?title=Categorical_logic
http://en.wikipedia.org/w/index.php?title=Fibred_category

Structure (mathematical logic)

27

Other generalizations

Partial algebras

Both universal algebra and model theory study classes of (structures or) algebras that are defined by a signature and
a set of axioms. In the case of model theory these axioms have the form of first-order sentences. The formalism of
universal algebra is much more restrictive; essentially it only allows first-order sentences that have the form of
universally quantified equations between terms, e.g. ¥ x ¥ y (x + y =y + x). One consequence is that the choice of

a signature is more significant in universal algebra than it is in model theory. For example the class of groups, in the
signature consisting of the binary function symbol x and the constant symbol 1, is an elementary class, but it is not a

variety. Universal algebra solves this problem by adding a unary function symbol 1

In the case of fields this strategy works only for addition. For multiplication it fails because 0 does not have a
multiplicative inverse. An ad hoc attempt to deal with this would be to define 0! =o0. (This attempt fails, essentially
because with this definition 0x 07" =1 is not true.) Therefore one is naturally led to allow partial functions, i.e.,
functions which are defined only on a subset of their domain. However, there are several obvious ways to generalize

notions such as substructure, homomorphism and identity.

Structures for typed languages

In type theory, there are many sorts of variables, each of which has a type. Types are inductively defined; given two
types 0 and o there is also a type 0 — O that represents functions from objects of type o to objects of type 5. A
structure for a typed language (in the ordinary first-order semantics) must include a separate set of objects of each
type, and for a function type the structure must have complete information about the function represented by each

object of that type.

Higher-order languages

There is more than one possible semantics for higher-order logic, as discussed in the article on second-order logic.
When using full higher-order semantics, a structure need only have a universe for objects of type O, and the
T-schema is extended so that a quantifier over a higher-order type is satisfied by the model if and only if it is
disquotationally true. When using first-order semantics, an additional sort is added for each higher-order type, as in

the case of a many sorted first order language.

Structures that are proper classes

In the study of set theory and category theory, it is sometimes useful to consider structures in which the domain of
discourse is a proper class instead of a set. These structures are sometimes called class models to distinguish them
from the "set models" discussed above. When the domain is a proper class, each function and relation symbol may

also be represented by a proper class.

In Bertrand Russell's Principia Mathematica, structures were also allowed to have a proper class as their domain.
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Universal algebra

Universal algebra (sometimes called general algebra) is the field of mathematics that studies algebraic structures
themselves, not examples ("models") of algebraic structures. For instance, rather than take particular groups as the

object of study, in universal algebra one takes "the theory of groups" as an object of study.

Basic idea

From the point of view of universal algebra, an algebra (or algebraic structure) is a set A together with a collection
of operations on A. An nr-ary operation on A is a function that takes n elements of A and returns a single element of
A. Thus, a 0-ary operation (or nullary operation) can be represented simply as an element of A, or a constant, often
denoted by a letter like a. A 1-ary operation (or unary operation) is simply a function from A to A, often denoted by
a symbol placed in front of its argument, like ~x. A 2-ary operation (or binary operation) is often denoted by a
symbol placed between its arguments, like x * y. Operations of higher or unspecified arity are usually denoted by
function symbols, with the arguments placed in parentheses and separated by commas, like f(x,y,z) or f(xl,...,xn).
Some researchers allow infinitary operations, such as A ; T, where J is an infinite index set, thus leading into the
algebraic theory of complete lattices. One way of talking about an algebra, then, is by referring to it as an algebra of
a certain type (), where ()is an ordered sequence of natural numbers representing the arity of the operations of the

algebra.

Equations

After the operations have been specified, the nature of the algebra can be further limited by axioms, which in
universal algebra often take the form of identities, or equational laws. An example is the associative axiom for a
binary operation, which is given by the equation x * (y * z) = (x * y) * z. The axiom is intended to hold for all

elements x, y, and z of the set A.

Varieties

An algebraic structure which can be defined by identities is called a variety, and these are sufficiently important that
some authors consider varieties the only object of study in universal algebra, while others consider them an object.
Restricting one's study to varieties rules out:

» Predicate logic, notably quantification, including existential quantification ( 3 ) and universal quantification ( \/

)

* Relations, including inequalities, both a 75 b and order relations

In this narrower definition, universal algebra can be seen as a special branch of model theory, in which we are
typically dealing with structures having operations only (i.e. the type can have symbols for functions but not for

relations other than equality), and in which the language used to talk about these structures uses equations only.

Not all algebraic structures in a wider sense fall into this scope. For example ordered groups are not studied in

mainstream universal algebra because they involve an ordering relation.

A more fundamental restriction is that universal algebra cannot study the class of fields, because there is no type in
which all field laws can be written as equations (inverses of elements are defined for all non-zero elements in a field,

so inversion cannot simply be added to the type).

One advantage of this restriction is that the structures studied in universal algebra can be defined in any category

which has finite products. For example, a topological group is just a group in the category of topological spaces.
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Examples

Most of the usual algebraic systems of mathematics are examples of varieties, but not always in an obvious way —

the usual definitions often involve quantification or inequalities.

Groups

To see how this works, let's consider the definition of a group. Normally a group is defined in terms of a single
binary operation *, subject to these axioms:

* Associativity (as in the previous section): x * (y ¥z) = (x *y) * z.

 Identity element: There exists an element e such that for each element x, ¢ * x = x = x *e.

* Inverse element: It can easily be seen that the identity element is unique. If we denote this unique identity element

by e then for each x, there exists an element i such that x *i = e = i * x.

(Sometimes you will also see an axiom called "closure", stating that x * y belongs to the set A whenever x and y do.

But from a universal algebraist's point of view, that is already implied when you call * a binary operation.)

Now, this definition of a group is problematic from the point of view of universal algebra. The reason is that the
axioms of the identity element and inversion are not stated purely in terms of equational laws but also have clauses
involving the phrase "there exists ... such that ...". This is inconvenient; the list of group properties can be simplified
to universally quantified equations if we add a nullary operation e and a unary operation ~ in addition to the binary
operation *, then list the axioms for these three operations as follows:

* Associativity: x ¥ (y *z) = (x *y) * z.

e Identity element: e *x = x = x *e.

¢ Inverse element: x * (~x) = ¢ = (~x) * x.
(Of course, we usually write "x “Ln instead of "~x", which shows that the notation for operations of low arity is not

always as given in the second paragraph.)

What has changed is that in the usual definition there are:
* asingle binary operation (signature (2))

* | equational law (associativity)

e 2 quantified laws (identity and inverse)
...while in the universal algebra definition there are

* 3 operations: one binary, one unary, and one nullary (signature (2,1,0))
* 3 equational laws (associativity, identity, and inverse)

* no quantified laws

It's important to check that this really does capture the definition of a group. The reason that it might not is that
specifying one of these universal groups might give more information than specifying one of the usual kind of group.
After all, nothing in the usual definition said that the identity element e was unique; if there is another identity
element €', then it's ambiguous which one should be the value of the nullary operator e. However, this is not a
problem because identity elements can be proved to be always unique. The same thing is true of inverse elements. So

the universal algebraist's definition of a group really is equivalent to the usual definition.
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Basic constructions

We assume that the type, (), has been fixed. Then there are three basic constructions in universal algebra:

homomorphic image, subalgebra, and product.

A homomorphism between two algebras A and B is a function #: A — B from the set A to the set B such that, for
every operation f (of arity, say, n), h(f A(xl,...,xn)) = fB(h(xl),...,h(xn)). (Here, subscripts are placed on f to indicate
whether it is the version of fin A or B. In theory, you could tell this from the context, so these subscripts are usually
left off.) For example, if e is a constant (nullary operation), then h(e A) =ep If ~ is a unary operation, then h(~x) =
~h(x). If * is a binary operation, then h(x * y) = h(x) * h(y). And so on. A few of the things that can be done with
homomorphisms, as well as definitions of certain special kinds of homomorphisms, are listed under the entry

Homomorphism. In particular, we can take the homomorphic image of an algebra, h(A).

A subalgebra of A is a subset of A that is closed under all the operations of A. A product of some set of algebraic

structures is the cartesian product of the sets with the operations defined coordinatewise.

Some basic theorems

e The Isomorphism theorems, which encompass the isomorphism theorems of groups, rings, modules, etc.
» Birkhoff's HSP Theorem, which states that a class of algebras is a variety if and only if it is closed under

homomorphic images, subalgebras, and arbitrary direct products.

Motivations and applications

In addition to its unifying approach, universal algebra also gives deep theorems and important examples and
counterexamples. It provides a useful framework for those who intend to start the study of new classes of algebras. It
can enable the use of methods invented for some particular classes of algebras to other classes of algebras, by
recasting the methods in terms of universal algebra (if possible), and then interpreting these as applied to other
classes. It has also provided conceptual clarification; as J.D.H. Smith puts it, "What looks messy and complicated in

a particular framework may turn out to be simple and obvious in the proper general one."

In particular, universal algebra can be applied to the study of monoids, rings, and lattices. Before universal algebra
came along, many theorems (most notably the isomorphism theorems) were proved separately in all of these fields,

but with universal algebra, they can be proven once and for all for every kind of algebraic system.

Category theory and operads

A more generalised programme along these lines is carried out by category theory. Given a list of operations and
axioms in universal algebra, the corresponding algebras and homomorphisms are the objects and morphisms of a
category. Category theory applies to many situations where universal algebra does not, extending the reach of the
theorems. Conversely, many theorems that hold in universal algebra do not generalise all the way to category theory.
Thus both fields of study are useful.

A more recent development in category theory that generalizes operations is operad theory — an operad is a set of

operations, similar to a universal algebra.
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History

In Alfred North Whitehead's book A Treatise on Universal Algebra, published in 1898, the term universal algebra
had essentially the same meaning that it has today. Whitehead credits William Rowan Hamilton and Augustus De

Morgan as originators of the subject matter, and James Joseph Sylvester with coining the term itselfl!!

At the time structures such as Lie algebras and hyperbolic quaternions drew attention to the need to expand algebraic
structures beyond the associatively multiplicative class. In a review Alexander Macfarlane wrote: "The main idea of
the work is not unification of the several methods, nor generalization of ordinary algebra so as to include them, but
rather the comparative study of their several structures.” At the time George Boole's algebra of logic made a strong

counterpoint to ordinary number algebra, so the term "universal" served to calm strained sensibilities.

Whitehead's early work sought to unify quaternions (due to Hamilton), Grassmann's Ausdehnungslehre, and Boole's

algebra of logic. Whitehead wrote in his book:

"Such algebras have an intrinsic value for separate detailed study; also they are worthy of comparative study,
for the sake of the light thereby thrown on the general theory of symbolic reasoning, and on algebraic
symbolism in particular. The comparative study necessarily presupposes some previous separate study,

comparison being impossible without knowledge. 2]

Whitehead, however, had no results of a general nature. Work on the subject was minimal until the early 1930s,
when Garrett Birkhoff and @ystein Ore began publishing on universal algebras. Developments in metamathematics
and category theory in the 1940s and 1950s furthered the field, particularly the work of Abraham Robinson, Alfred
Tarski, Andrzej Mostowski, and their students (Brainerd 1967).

In the period between 1935 and 1950, most papers were written along the lines suggested by Birkhoff's papers,
dealing with free algebras, congruence and subalgebra lattices, and homomorphism theorems. Although the
development of mathematical logic had made applications to algebra possible, they came about slowly; results
published by Anatoly Maltsev in the 1940s went unnoticed because of the war. Tarski's lecture at the 1950
International Congress of Mathematicians in Cambridge ushered in a new period in which model-theoretic aspects
were developed, mainly by Tarski himself, as well as C.C. Chang, Leon Henkin, Bjarni Jénsson, R. C. Lyndon, and

others.

In the late 1950s, E. Marczewski'™ emphasized the importance of free algebras, leading to the publication of more
than 50 papers on the algebraic theory of free algebras by Marczewski himself, together with J. Mycielski, W.
Narkiewicz, W. Nitka, J. Plonka, S. Swierczkowski, K. Urbanik, and others.

See also
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* graph algebra
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Model theory

In mathematics, model theory is the study of (classes of) mathematical structures such as groups, fields, graphs, or

even universes of set theory, using tools from mathematical logic. A structure that gives meaning to the sentences of
a formal language is called a model for the language. If a model for a language moreover satisfies a particular
sentence or theory (set of sentences), it is called a model of the sentence or theory. Model theory has close ties to

algebra and universal algebra.

This article focuses on finitary first order model theory of infinite structures. Finite model theory, which concentrates
on finite structures, diverges significantly from the study of infinite structures in both the problems studied and the
techniques used. Model theory in higher-order logics or infinitary logics is hampered by the fact that completeness
does not in general hold for these logics. However, a great deal of study has also been done in such languages.

Introduction

Model theory recognises and is intimately concerned with a duality: It examines semantical elements by means of

syntactical elements of a corresponding language. To quote the first page of Chang and Keisler (1990):
universal algebra + logic = model theory.

In a similar way to proof theory, model theory is situated in an area of interdisciplinarity between mathematics,
philosophy, and computer science. The most important professional organization in the field of model theory is the

Association for Symbolic Logic.

An incomplete and somewhat arbitrary subdivision of model theory is into classical model theory, model theory
applied to groups and fields, and geometric model theory. A missing subdivision is computable model theory, but
this can arguably be viewed as an independent subfield of logic. Examples of early theorems from classical model
theory include Godel's completeness theorem, the upward and downward Lowenheim—Skolem theorems, Vaught's
two-cardinal theorem, Scott's isomorphism theorem, the omitting types theorem, and the Ryll-Nardzewski theorem.
Examples of early results from model theory applied to fields are Tarski's elimination of quantifiers for real closed
fields, Ax's theorem on pseudo-finite fields, and Robinson's development of nonstandard analysis. An important step
in the evolution of classical model theory occurred with the birth of stability theory (through Morley's theorem on
uncountably categorical theories and Shelah's classification program), which developed a calculus of independence
and rank based on syntactical conditions satisfied by theories. During the last several decades applied model theory
has repeatedly merged with the more pure stability theory. The result of this synthesis is called geometric model
theory in this article (which is taken to include o-minimality, for example, as well as classical geometric stability
theory). An example of a theorem from geometric model theory is Hrushovski's proof of the Mordell-Lang
conjecture for function fields. The ambition of geometric model theory is to provide a geography of mathematics by
embarking on a detailed study of definable sets in various mathematical structures, aided by the substantial tools

developed in the study of pure model theory.

Example

To illustrate the basic relationship involving syntax and semantics in the context of a non-trivial models, one can
start, on the syntactic side, with suitable axioms for the natural numbers such as Peano axioms, and the associated
theory. Going on to the semantic side, one has the usual counting numbers as a model. In the 1930s, Skolem
developed alternative models satisfying the axioms. This illustrates what is meant by interpretating a language or
theory in a particular model. A more traditional example is interpreting the axioms of a particular algebraic system

such as a group, in the context of a model provided by a specific group.
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Universal algebra

Fundamental concepts in universal algebra are signatures o and o-algebras. Since these concepts are formally
defined in the article on structures, the present article can content itself with an informal introduction which consists

in examples of how these terms are used.

The standard signature of rings is Oring = {x,+,—,0,1}, where x and + are binary, — is unary, and O and 1 are

nullary.
The standard signature of semirings is O™ {x,+,0,1}, where the arities are as above.
The standard signature of (multiplicative) groups is ogrp = {x,_l,l}, where X is binary, “1is unary and 1 is
nullary.
The standard signature of monoids is O 4= {x,1}.
A ring is a oring—structure which satisfies the identitiesu + v+ w)=wu+v)+w,u+v=v+u,u+0=u, u +
Fw)=0,ux(vxw)y=uxv)xw,uXl=u,1xu=u,uxvV+w)=wxv)+wmxw)and (v +w) xu=(vXx
u) + (w X u).
A group is a 0 -structure which satisfies the identities u X (v X w) = (u X v) xw,ux 1l =u, | X u = u, u x u_]
=1landu ' x 53 1.
A monoid is a O .g-structure which satisfies the identities u X (v X w) = (uxXv)Xxw,ux l=uand 1 X u = u.
A semigroup is a o 4 Structure which satisfies the identity u X (v X w) = (4 X v) X w.
A magma is just a {x}-structure.
This is a very efficient way to define most classes of algebraic structures, because there is also the concept of
o-homomorphism, which correctly specializes to the usual notions of homomorphism for groups, semigroups,
magmas and rings. For this to work, the signature must be chosen well.
Terms such as the Oring-term t(u,v,w) given by (u + (v x w)) + (1) are used to define identities ¢ = ¢', but also to

construct free algebras. An equational class is a class of structures which, like the examples above and many others,

is defined as the class of all o-structures which satisfy a certain set of identities. Birkhoff's theorem states:

A class of o-structures is an equational class if and only if it is not empty and closed under subalgebras,

homomorphic images, and direct products.

An important non-trivial tool in universal algebra are ultraproducts ;- A; / U , where [ is an infinite set indexing
a system of o-structures Al_, and U is an ultrafilter on /1.

While model theory is generally considered a part of mathematical logic, universal algebra, which grew out of Alfred
North Whitehead's (1898) work on abstract algebra, is part of algebra. This is reflected by their respective MSC

classifications. Nevertheless model theory can be seen as an extension of universal algebra.

Finite model theory

Finite model theory is the area of model theory which has the closest ties to universal algebra. Like some parts of
universal algebra, and in contrast with the other areas of model theory, it is mainly concerned with finite algebras, or
more generally, with finite o-structures for signatures o which may contain relation symbols as in the following

example:

The standard signature for graphs is Ggrph={E }, where E is a binary relation symbol.

A graph is a O pp-SIUCHUTE satisfying the sentences YuVv(uEv — vEu)and Yu—(uFu).
A o-homomorphism is a map that commutes with the operations and preserves the relations in o. This definition
gives rise to the usual notion of graph homomorphism, which has the interesting property that a bijective
homomorphism need not be invertible. Structures are also a part of universal algebra; after all, some algebraic
structures such as ordered groups have a binary relation <. What distinguishes finite model theory from universal
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algebra is its use of more general logical sentences (as in the example above) in place of identities. (In a

model-theoretic context an identity /=¢'is written as a sentence Yuqus . . . U, (t = t’) )

The logics employed in finite model theory are often substantially more expressive than first-order logic, the

standard logic for model theory of infinite structures.

First-order logic

Whereas universal algebra provides the semantics for a signature, logic provides the syntax. With terms, identities
and quasi-identities, even universal algebra has some limited syntactic tools; first-order logic is the result of making

quantification explicit and adding negation into the picture.

A first-order formula is built out of atomic formulas such as R(f(x,y),z) or y = x + 1 by means of the Boolean
connectives —, A, V, — and prefixing of quantifiers \¢yyor Jy;. A sentence is a formula in which each occurrence
of a variable is in the scope of a corresponding quantifier. Examples for formulas are ¢ (or ¢(x) to mark the fact that

at most X is an unbound variable in ¢) and 1 defined as follows:
¢ = VuYw(Fuw(z x w=uxv) = Fw(zxw=u)VIwzxXw=v)Az£0Ax#]1,
= VuYw((uxv=z) > (u=z)V(v=x)Az#0Az # L.
(Note that the equality symbol has a double meaning here.) It is intuitively clear how to translate such formulas into
mathematical meaning. In the osmr—structure A of the natural numbers, for example, an element n satisfies the

formula ¢ if and only if 7 is a prime number. The formula 1 similarly defines irreducibility. Tarski gave a rigorous

definition, sometimes called "Tarski's definition of truth", for the satisfaction relation |:, so that one easily proves:

N = gb(n) <—> nis a prime number.
N = l/(n) <—> nisirreducible.
A set T of sentences is called a (first-order) theory. A theory is satisfiable if it has a model AA |: T,ie. a

structure (of the appropriate signature) which satisfies all the sentences in the set 7. Consistency of a theory is
usually defined in a syntactical way, but in first-order logic by the completeness theorem there is no need to
distinguish between satisfiability and consistency. Therefore model theorists often use "consistent" as a synonym for
"satisfiable".
A theory is called categorical if it determines a structure up to isomorphism, but it turns out that this definition is not
useful, due to serious restrictions in the expressivity of first-order logic. The Lowenheim—Skolem theorem implies
that for every theory 7' which has an infinite model and for every infinite cardinal number x, there is a model
M ): " such that the number of elements of A{ is exactly k. Therefore only finite structures can be described by
a categorical theory.
Lack of expressivity (when compared to higher logics such as second-order logic) has its advantages, though. For
model theorists the Lowenheim—Skolem theorem is an important practical tool rather than the source of Skolem's
paradox. First-order logic is in some sense (for which see Lindstrom's theorem) the most expressive logic for which
both the Lowenheim—Skolem theorem and the compactness theorem hold:

Compactness theorem

Every unsatisfiable first-order theory has a finite unsatisfiable subset.
This important theorem, due to Godel, is of central importance in infinite model theory, where the words "by

compactness" are commonplace. One way to prove it is by means of ultraproducts. An alternative proof uses the

completeness theorem, which is otherwise reduced to a marginal role in most of modern model theory.
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Axiomatizability, elimination of quantifiers, and model-completeness

The first step, often trivial, for applying the methods of model theory to a class of mathematical objects such as
groups, or trees in the sense of graph theory, is to choose a signature ¢ and represent the objects as o-structures. The
next step is to show that the class is an elementary class, i.e. axiomatizable in first-order logic (i.e. there is a theory T
such that a o-structure is in the class if and only if it satisfies 7). E.g. this step fails for the trees, since connectedness
cannot be expressed in first-order logic. Axiomatizability ensures that model theory can speak about the right
objects. Quantifier elimination can be seen as a condition which ensures that model theory does not say too much

about the objects.

A theory T has quantifier elimination if every first-order formula (p(xl,...,xn) over its signature is equivalent modulo
T to a first-order formula y(x .....x ) without quantifiers, i.e. Vo, . Ve, (d(xy, .. zy,) < P(z, .., 2,))
holds in all models of T. For example the theory of algebraically closed fields in the signature oring=(x,+,—,0,l) has
quantifier elimination because every formula is equivalent to a Boolean combination of equations between
polynomials.

A substructure of a o-structure is a subset of its domain, closed under all functions in its signature o, which is
regarded as a o-structure by restricting all functions and relations in ¢ to the subset. An embedding of a o-structure
A into another o-structure 3 is a map f: A — B between the domains which can be written as an isomorphism of
A with a substructure of /3. Every embedding is an injective homomorphism, but the converse holds only if the
signature contains no relation symbols.

If a theory does not have quantifier elimination, one can add additional symbols to its signature so that it does. Early
model theory spent much effort on proving axiomatizability and quantifier elimination results for specific theories,
especially in algebra. But often instead of quantifier elimination a weaker property suffices:

A theory T is called model-complete if every substructure of a model of 7 which is itself a model of T is an
elementary substructure. There is a useful criterion for testing whether a substructure is an elementary substructure,
called the Tarski—Vaught test. It follows from this criterion that a theory T is model-complete if and only if every
first-order formula (p(xl,...,xn) over its signature is equivalent modulo 7T to an existential first-order formula, i.e. a

formula of the following form:

Juy . T (T, X V1 U ) s
where 1 is quantifier free. A theory that is not model-complete may or may not have a model completion, which is
a related model-complete theory that is not, in general, an extension of the original theory. A more general notion is

that of model companions.

Categoricity
As observed in the section on first-order logic, first-order theories cannot be categorical, i.e. they cannot describe a
unique model up to isomorphism, unless that model is finite. But two famous model-theoretic theorems deal with the
weaker notion of k-categoricity for a cardinal k. A theory T is called k-categorical if any two models of 7 that are of
cardinality ¥ are isomorphic. It turns out that the question of k-categoricity depends critically on whether x is bigger
than the cardinality of the language (i.e. Ng +lol, where lol is the cardinality of the signature). For finite or
countable signatures this means that there is a fundamental difference between N -cardinality and x-cardinality for
uncountable x.
The following characterization of Ng-categoricity is due independently to Ryll-Nardzewski, Engeler and
Svenonius:

Ryll-Nardzewski's theorem

For a complete first-order theory 7 in a finite or countable signature the following conditions are equivalent:

1. Tis Ny-categorical.
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2. For every natural number n, the Stone space Sn(T) is finite.
3. For every natural number n, the number of formulas cp(xl, e xn) in n free variables, up to equivalence modulo
T, is finite.
N -categorical theories and their countable models have strong ties with oligomorphic groups. They are often
constructed as Fraissé limits.
Michael Morley's highly non-trivial result that (for countable languages) there is only one notion of uncountable

categoricity was the starting point for modern model theory, and in particular classification theory and stability

theory:
Morley's categoricity theorem

If a first-order theory T in a finite or countable signature is k-categorical for some uncountable cardinal x, then

T is x-categorical for all uncountable cardinals k.

Uncountably categorical (i.e. k-categorical for all uncountable cardinals k) theories are from many points of view

the most well-behaved theories. A theory that is both Ng-categorical and uncountably categorical is called totally

categorical.

Model theory and set theory

Set theory (which is expressed in a countable language) has a countable model; this is known as Skolem's paradox,
since there are sentences in set theory which postulate the existence of uncountable sets and yet these sentences are
true in our countable model. Particularly the proof of the independence of the continuum hypothesis requires
considering sets in models which appear to be uncountable when viewed from within the model, but are countable to

someone outside the model.

The model-theoretic viewpoint has been useful in set theory; for example in Kurt Godel's work on the constructible
universe, which, along with the method of forcing developed by Paul Cohen can be shown to prove the (again
philosophically interesting) independence of the axiom of choice and the continuum hypothesis from the other

axioms of set theory.

Other basic notions of model theory

Reducts and expansions

A field or a vector space can be regarded as a (commutative) group by simply ignoring some of its structure. The
corresponding notion in model theory is that of a reduct of a structure to a subset of the original signature. The
opposite relation is called an expansion - e.g. the (additive) group of the rational numbers, regarded as a structure in
the signature {+,0} can be expanded to a field with the signature {x,+,1,0} or to an ordered group with the signature
{+,0.<}.

Similarly, if ¢' is a signature that extends another signature o, then a complete o'-theory can be restricted to o by
intersecting the set of its sentences with the set of o-formulas. Conversely, a complete o-theory can be regarded as a
o'-theory, and one can extend it (in more than one way) to a complete o'-theory. The terms reduct and expansion are

sometimes applied to this relation as well.
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Interpretability

Given a mathematical structure, there are very often associated structures which can be constructed as a quotient of

part of the original structure via an equivalence relation. An important example is a quotient group of a group.

One might say that to understand the full structure one must understand these quotients. When the equivalence
relation is definable, we can give the previous sentence a precise meaning. We say that these structures are

interpretable.

A key fact is that one can translate sentences from the language of the interpreted structures to the language of the
original structure. Thus one can show that if a structure M interprets another whose theory is undecidable, then M

itself is undecidable.

Using the compactness and completeness theorems

Godel's completeness theorem (not to be confused with his incompleteness theorems) says that a theory has a model
if and only if it is consistent, i.e. no contradiction is proved by the theory. This is the heart of model theory as it lets
us answer questions about theories by looking at models and vice-versa. One should not confuse the completeness
theorem with the notion of a complete theory. A complete theory is a theory that contains every sentence or its
negation. Importantly, one can find a complete consistent theory extending any consistent theory. However, as
shown by Godel's incompleteness theorems only in relatively simple cases will it be possible to have a complete
consistent theory that is also recursive, i.e. that can be described by a recursively enumerable set of axioms. In
particular, the theory of natural numbers has no recursive complete and consistent theory. Non-recursive theories are
of little practical use, since it is undecidable if a proposed axiom is indeed an axiom, making proof-checking a
supertask.

The compactness theorem states that a set of sentences S is satisfiable if every finite subset of S is satisfiable. In the
context of proof theory the analogous statement is trivial, since every proof can have only a finite number of
antecedents used in the proof. In the context of model theory, however, this proof is somewhat more difficult. There
are two well known proofs, one by Godel (which goes via proofs) and one by Malcev (which is more direct and

allows us to restrict the cardinality of the resulting model).

Model theory is usually concerned with first-order logic, and many important results (such as the completeness and
compactness theorems) fail in second-order logic or other alternatives. In first-order logic all infinite cardinals look
the same to a language which is countable. This is expressed in the Lowenheim—Skolem theorems, which state that
any countable theory with an infinite model 9[has models of all infinite cardinalities (at least that of the language)

which agree with 9(on all sentences, i.e. they are 'elementarily equivalent'.

Types

Fix an [, -structure )/, and a natural number 71 . The set of definable subsets of }/™ over some parameters 4

is a Boolean algebra. By Stone's representation theorem for Boolean algebras there is a natural dual notion to this.
One can consider this to be the topological space consisting of maximal consistent sets of formulae over 4 . We
call this the space of (complete) 72 -types over 4 , and write S,,(A).

Now consider an element ¢, € M ™. Then the set of all formulae ¢ with parameters in 4 in free variables
T1,. .. Tpsothat M |= ¢(m)is consistent and maximal such. It is called the rype of m over A .

One can show that for any 7 -type P, there exists some elementary extension [\ of }/and some g € N™so
that P is the type of aover 4 .

Many important properties in model theory can be expressed with types. Further many proofs go via constructing

models with elements that contain elements with certain types and then using these elements.

Ilustrative Example: Suppose AJ is an algebraically closed field. The theory has quantifier elimination . This

allows us to show that a type is determined exactly by the polynomial equations it contains. Thus the space of n
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-types over a subfield A is bijective with the set of prime ideals of the polynomial ring A[:clj .. ,ggn] . This is the same set as
spectrum of A[;cl, ceey mn] . Note however that the topology considered on the type space is the constructible topology: a set ¢

types is basic open iff it is of the form {p : f(z) = 0 € p} orof the form {p : f(x) # 0 € p} . This is finer than the Zariski t

Early history

Model theory as a subject has existed since approximately the middle of the 20th century. However some earlier
research, especially in mathematical logic, is often regarded as being of a model-theoretical nature in retrospect. The
first significant result in what is now model theory was a special case of the downward Lowenheim—Skolem
theorem, published by Leopold Lowenheim in 1915. The compactness theorem was implicit in work by Thoralf
Skolem,[z] but it was first published in 1930, as a lemma in Kurt Godel's proof of his completeness theorem. The
Lowenheim—Skolems theorem and the compactness theorem received their respective general forms in 1936 and
1941 from Anatoly Maltsev.

See also
¢ Axiomatizable class ¢ First-order theories * Kripke semantics
¢ Compactness theorem ¢ Forcing * Lowenheim—Skolem theorem
e Descriptive complexity ¢ Hyperreal number e Proof theory
¢ Elementary equivalence ¢ Institutional model theory ¢ Saturated model
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Proof theory

Proof theory is a branch of mathematical logic that represents proofs as formal mathematical objects, facilitating
their analysis by mathematical techniques. Proofs are typically presented as inductively-defined data structures such
as plain lists, boxed lists, or trees, which are constructed according to the axioms and rules of inference of the logical
system. As such, proof theory is syntactic in nature, in contrast to model theory, which is semantic in nature.
Together with model theory, axiomatic set theory, and recursion theory, proof theory is one of the so-called four

pillars of the foundations of mathematics.'

Proof theory is important in philosophical logic, where the primary interest is in the idea of a proof-theoretic

semantics, an idea which depends upon technical ideas in structural proof theory to be feasible.

History

Although the formalisation of logic was much advanced by the work of such figures as Gottlob Frege, Giuseppe
Peano, Bertrand Russell, and Richard Dedekind, the story of modern proof theory is often seen as being established
by David Hilbert, who initiated what is called Hilbert's program in the foundations of mathematics. Kurt Godel's
seminal work on proof theory first advanced, then refuted this program: his completeness theorem initially seemed to
bode well for Hilbert's aim of reducing all mathematics to a finitist formal system; then his incompleteness theorems

showed that this is unattainable. All of this work was carried out with the proof calculi called the Hilbert systems.

In parallel, the foundations of structural proof theory were being founded. Jan Lukasiewicz suggested in 1926 that
one could improve on Hilbert systems as a basis for the axiomatic presentation of logic if one allowed the drawing of
conclusions from assumptions in the inference rules of the logic. In response to this Stanistaw Jaskowski (1929) and
Gerhard Gentzen (1934) independently provided such systems, called calculi of natural deduction, with Gentzen's
approach introducing the idea of symmetry between the grounds for asserting propositions, expressed in introduction
rules, and the consequences of accepting propositions in the elimination rules, an idea that has proved very important
in proof theory[z] . Gentzen (1934) further introduced the idea of the sequent calculus, a calculus advanced in a

3] , and went on to make fundamental

similar spirit that better expressed the duality of the logical connectives
advances in the formalisation of intuitionistic logic, and provide the first combinatorial proof of the consistency of

Peano arithmetic. Together, the presentation of natural deduction and the sequent calculus introduced the



http://www.logique.jussieu.fr/~zoe/papiers/MTluminy.dvi
http://en.wikipedia.org/w/index.php?title=Device_independent_file_format
http://www.math.uiuc.edu/People/pillay/lecturenotes_modeltheory.pdf
http://en.wikipedia.org/w/index.php?title=Wilfrid_Hodges
http://plato.stanford.edu/entries/modeltheory-fo/
http://www.cs.man.ac.uk/~hsimmons/BOOKS/ModelTheory.pdf
http://projecteuclid.org/euclid.pl/1235417263
http://www.logique.jussieu.fr/~zoe/papiers/MTluminy.dvi
http://www.math.uiuc.edu/People/pillay/lecturenotes_modeltheory.pdf
http://www.cs.man.ac.uk/~hsimmons/BOOKS/ModelTheory.pdf
http://projecteuclid.org/euclid.pl/1235417263
http://en.wikipedia.org/w/index.php?title=Mathematical_proof
http://en.wikipedia.org/w/index.php?title=Mathematical_object
http://en.wikipedia.org/w/index.php?title=Data_structures
http://en.wikipedia.org/w/index.php?title=Axiom
http://en.wikipedia.org/w/index.php?title=Rule_of_inference
http://en.wikipedia.org/w/index.php?title=Syntax_%28logic%29
http://en.wikipedia.org/w/index.php?title=Formal_semantics
http://en.wikipedia.org/w/index.php?title=Axiomatic_set_theory
http://en.wikipedia.org/w/index.php?title=Recursion_theory
http://en.wikipedia.org/w/index.php?title=Foundations_of_mathematics
http://en.wikipedia.org/w/index.php?title=Philosophical_logic
http://en.wikipedia.org/w/index.php?title=Proof-theoretic_semantics
http://en.wikipedia.org/w/index.php?title=Proof-theoretic_semantics
http://en.wikipedia.org/w/index.php?title=Structural_proof_theory
http://en.wikipedia.org/w/index.php?title=Gottlob_Frege
http://en.wikipedia.org/w/index.php?title=Giuseppe_Peano
http://en.wikipedia.org/w/index.php?title=Giuseppe_Peano
http://en.wikipedia.org/w/index.php?title=Bertrand_Russell
http://en.wikipedia.org/w/index.php?title=Richard_Dedekind
http://en.wikipedia.org/w/index.php?title=David_Hilbert
http://en.wikipedia.org/w/index.php?title=Hilbert%27s_program
http://en.wikipedia.org/w/index.php?title=Foundations_of_mathematics
http://en.wikipedia.org/w/index.php?title=Kurt_G%C3%B6del
http://en.wikipedia.org/w/index.php?title=G%C3%B6del%27s_completeness_theorem
http://en.wikipedia.org/w/index.php?title=G%C3%B6del%27s_incompleteness_theorem
http://en.wikipedia.org/w/index.php?title=Hilbert_system
http://en.wikipedia.org/w/index.php?title=Structural_proof_theory
http://en.wikipedia.org/w/index.php?title=Jan_%C5%81ukasiewicz
http://en.wikipedia.org/w/index.php?title=Hilbert_system
http://en.wikipedia.org/w/index.php?title=Stanis%C5%82aw_Ja%C5%9Bkowski
http://en.wikipedia.org/w/index.php?title=Gerhard_Gentzen
http://en.wikipedia.org/w/index.php?title=Introduction_rule
http://en.wikipedia.org/w/index.php?title=Introduction_rule
http://en.wikipedia.org/w/index.php?title=Elimination_rule
http://en.wikipedia.org/w/index.php?title=Combinatorial_proof
http://en.wikipedia.org/w/index.php?title=Peano_arithmetic

Proof theory

42

fundamental idea of analytic proof to proof theory,

Formal and informal proof

The informal proofs of everyday mathematical practice are unlike the formal proofs of proof theory. They are rather
like high-level sketches that would allow an expert to reconstruct a formal proof at least in principle, given enough
time and patience. For most mathematicians, writing a fully formal proof is too pedantic and long-winded to be in

common use.

Formal proofs are constructed with the help of computers in interactive theorem proving. Significantly, these proofs
can be checked automatically, also by computer. (Checking formal proofs is usually simple, whereas finding proofs
(automated theorem proving) is generally hard.) An informal proof in the mathematics literature, by contrast,

requires weeks of peer review to be checked, and may still contain errors.

Kinds of proof calculi
The three most well-known styles of proof calculi are:

e The Hilbert calculi
e The natural deduction calculi

* The sequent calculi

Each of these can give a complete and axiomatic formalization of propositional or predicate logic of either the
classical or intuitionistic flavour, almost any modal logic, and many substructural logics, such as relevance logic or

linear logic. Indeed it is unusual to find a logic that resists being represented in one of these calculi.

Consistency proofs

As previously mentioned, the spur for the mathematical investigation of proofs in formal theories was Hilbert's
program. The central idea of this program was that if we could give finitary proofs of consistency for all the
sophisticated formal theories needed by mathematicians, then we could ground these theories by means of a
metamathematical argument, which shows that all of their purely universal assertions (more technically their

provable H(l) sentences) are finitarily true; once so grounded we do not care about the non-finitary meaning of their

existential theorems, regarding these as pseudo-meaningful stipulations of the existence of ideal entities.

The failure of the program was induced by Kurt Godel's incompleteness theorems, which showed that any
w-consistent theory that is sufficiently strong to express certain simple arithmetic truths, cannot prove its own
consistency, which on Godel's formulation is a H(l) sentence.

Much investigation has been carried out on this topic since, which has in particular led to:

» Refinement of Godel's result, particularly J. Barkley Rosser's refinement, weakening the above requirement of
w-consistency to simple consistencys;

* Axiomatisation of the core of Godel's result in terms of a modal language, provability logic;

* Transfinite iteration of theories, due to Alan Turing and Solomon Feferman;

* The recent discovery of self-verifying theories, systems strong enough to talk about themselves, but too weak to

carry out the diagonal argument that is the key to Godel's unprovability argument.

See also Mathematical logic
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Structural proof theory

Structural proof theory is the subdiscipline of proof theory that studies proof calculi that support a notion of analytic
proof. The notion of analytic proof was introduced by Gentzen for the sequent calculus; there the analytic proofs are
those that are cut-free. His natural deduction calculus also supports a notion of analytic proof, as shown by Dag
Prawitz. The definition is slightly more complex: we say the analytic proofs are the normal forms, which are related
to the notion of normal form in term rewriting. More exotic proof calculi such as Jean-Yves Girard's proof nets also
support a notion of analytic proof.

Structural proof theory is connected to type theory by means of the Curry-Howard correspondence, which observes a
structural analogy between the process of normalisation in the natural deduction calculus and beta reduction in the
typed lambda calculus. This provides the foundation for the intuitionistic type theory developed by Per Martin-Lof,
and is often extended to a three way correspondence, the third leg of which are the cartesian closed categories.

Proof-theoretic semantics

In linguistics, type-logical grammar, categorial grammar and Montague grammar apply formalisms based on

structural proof theory to give a formal natural language semantics.

Tableau systems

Analytic tableaux apply the central idea of analytic proof from structural proof theory to provide decision procedures

and semi-decision procedures for a wide range of logics.

Ordinal analysis

Ordinal analysis is a powerful technique for providing combinatorial consistency proofs for theories formalising

arithmetic and analysis.

Logics from proof analysis

Several important logics have come from insights into logical structure arising in structural proof theory.

See also

e Proof techniques

* Intermediate logics
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Sequent calculus

In proof theory and mathematical logic, sequent calculus is a family of formal systems sharing a certain style of
inference and certain formal properties. The first sequent calculi, systems LK and LJ, were introduced by Gerhard
Gentzen in 1934 as a tool for studying natural deduction in first-order logic (in classical and intuitionistic versions,
respectively). Gentzen's so-called "Main Theorem" (Hauptsatz) about LK and LJ was the cut-elimination theorem, a
result with far-reaching meta-theoretic consequences, including consistency. Gentzen further demonstrated the
power and flexibility of this technique a few years later, applying a cut-elimination argument to give a (transfinite)
proof of the consistency of Peano arithmetic, in surprising response to Godel's incompleteness theorems. Since this
early work, sequent calculi (also called Gentzen systems) and the general concepts relating to them have been

widely applied in the fields of proof theory, mathematical logic, and automated deduction.

Introduction

One way to classify different styles of deduction systems is to look at the form of judgments in the system, i.e.,
which things may appear as the conclusion of a (sub)proof. The simplest judgment form is used in Hilbert-style

deduction systems, where a judgment has the form

B

where B is any formula of first-order-logic (or whatever logic the deduction system applies to, e.g., propositional
calculus or a higher-order logic or a modal logic). The theorems are those formulae that appear as the concluding
judgment in a valid proof. A Hilbert-style system needs no distinction between formulae and judgments; we make

one here solely for comparison with the cases that follow.

The price paid for the simple syntax of a Hilbert-style system is that complete formal proofs tend to get extremely
long. Concrete arguments about proofs in such a system almost always appeal to the deduction theorem. This leads
to the idea of including the deduction theorem as a formal rule in the system, which happens in natural deduction. In

natural deduction, judgments have the shape
Al As,. . A FB

where the A;'s and [ are again formulae and 72 2> 0. In words, a judgment consists of a list (possibly empty) of

n

formulae on the left-hand side of a turnstile symbol " |- ", with a single formula on the right-hand side. The
theorems are those formulae 1 such that - B (with an empty left-hand side) is the conclusion of a valid proof. (In
some presentations of natural deduction, the A;'s and the turnstile are not written down explicitly; instead a

two-dimensional notation from which they can be inferred is used).
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The standard semantics of a judgment in natural deduction is that it asserts that whenever[l] Ay, Ay, etc., are all
true, 3 will also be true. The judgments

Ay,...,A,FB and F(A;A---NA,)— B
are equivalent in the strong sense that a proof of either one may be extended to a proof of the other.

Finally, sequent calculus generalizes the form of a natural deduction judgment to

A, . A+ By, ..., By,
a syntactic object called a sequent. Again, A; and B, are formulae, and 7 and k are nonnegative integers, that is,
the left-hand-side or the right-hand-side (or neither or both) may be empty. As in natural deduction, theorems are
those B where | B is the conclusion of a valid proof.
The standard semantics of a sequent is an assertion that whenever all of the A;'s is true, at least one of the B; will
also be true. One way to express this is that a comma to the left of the turnstile should be thought of as an "and", and
a comma to the right of the turnstile should be thought of as an (inclusive) "or". The sequents

Ay, AL E By, .., By and F (A A---ANA,) — (B V-V By)
are equivalent in the strong sense that a proof of either one may be extended to a proof of the other.
At first sight, this extension of the judgment form may appear to be a strange complication — it is not motivated by
an obvious shortcoming of natural deduction, and it is initially confusing that the comma seems to mean entirely

different things on the two sides of the turnstile. However, in a classical context the semantics of the sequent can also

(by propositional tautology) be expressed either as
A VoAV VA VBV By VeV By

(at least one of the A's is false, or one of the B's is true) or as

(A ANAs A~ NA, AN=By A=By A -+ A —DBy)
(it cannot be the case that all of the A's are true and all of the B's are false). In these formulations, the only difference
between formulae on either side of the turnstile is that one side is negated. Thus, swapping left for right in a sequent
corresponds to negating all of the constituent formulae. This means that a symmetry such as De Morgan's laws,
which manifests itself as logical negation on the semantic level, translates directly into a left-right symmetry of
sequents — and indeed, the inference rules in sequent calculus for dealing with conjunction (A) are mirror images of

those dealing with disjunction (v).

Many logicians feel that this symmetric presentation offers a deeper insight in the structure of the logic than other
styles of proof system, where the classical duality of negation is not as apparent in the rules.

The system LK

This section introduces the rules of the sequent calculus LK (which is short for “logistischer klassischer Kalkiil”), as
introduced by Gentzen in 1934. (21 A (formal) proof in this calculus is a sequence of sequents, where each of the

sequents is derivable from sequents appearing earlier in the sequence by using one of the rules below.

Inference rules
The following notation will be used:

* | known as the turnstile, separates the assumptions on the left from the propositions on the right
* A and BB denote formulae of first-order predicate logic (one may also restrict this to propositional logic),
« I'VA, Y, and ]] are finite (possibly empty) sequences of formulae, called contexts,
* when on the left of the |- , the sequence of formulas is considered conjunctively (all assumed to hold at the

same time),
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* while on the right of the |- , the sequence of formulas is considered disjunctively (at least one of the formulas
must hold for any assignment of variables),
* ¢ denotes an arbitrary term,
e 1z and Y denote variables,
. A[t / 3:] denotes the formula that is obtained by substituting the term £ for the variable x in formula 4 ,
* avariable is said to occur free within a formula if it occurs outside the scope of quantifiers %/ or 5 .
e WL and T}/ R stand for Weakening Left/Right, C [, and (' R for Contraction, and PJ, and P R for

Permutation.

Axiom: Cut:

Left logical rules: Right logical rules:

Left structural rules: Right structural rules:

Restrictions: In the rules (IR) and (UL), the variable y must not be free within I, A, or A.

An intuitive explanation

The above rules can be divided into two major groups: logical and structural ones. Each of the logical rules
introduces a new logical formula either on the left or on the right of the turnstile |- . In contrast, the structural rules
operate on the structure of the sequents, ignoring the exact shape of the formulae. The two exceptions to this general
scheme are the axiom of identity (I) and the rule of (Cut).

Although stated in a formal way, the above rules allow for a very intuitive reading in terms of classical logic.
Consider, for example, the rule (ALl). It says that, whenever one can prove that A can be concluded from some
sequence of formulae that contain A, then one can also conclude A from the (stronger) assumption, that AAB holds.
Likewise, the rule (—R) states that, if I' and A suffice to conclude A, then from I" alone one can either still conclude

A or A must be false, i.e. =A holds. All the rules can be interpreted in this way.

For an intuition about the quantifier rules, consider the rule (VR). Of course concluding that ¥x A holds just from the
fact that A[y/x] is true is not in general possible. If, however, the variable y is not mentioned elsewhere (i.e. it can
still be chosen freely, without influencing the other formulae), then one may assume, that A[y/x] holds for any value

of y. The other rules should then be pretty straightforward.

Instead of viewing the rules as descriptions for legal derivations in predicate logic, one may also consider them as
instructions for the construction of a proof for a given statement. In this case the rules can be read bottom-up; for
example, (AR) says that, to prove that AAB follows from the assumptions I" and Z, it suffices to prove that A can be

concluded from I" and B can be concluded from X, respectively. Note that, given some antecedent, it is not clear how
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this is to be split into I' and 2. However, there are only finitely many possibilities to be checked since the antecedent
by assumption is finite. This also illustrates how proof theory can be viewed as operating on proofs in a
combinatorial fashion: given proofs for both A and B, one can construct a proof for AAB.

When looking for some proof, most of the rules offer more or less direct recipes of how to do this. The rule of cut is
different: It states that, when a formula A can be concluded and this formula may also serve as a premise for
concluding other statements, then the formula A can be "cut out” and the respective derivations are joined. When
constructing a proof bottom-up, this creates the problem of guessing A (since it does not appear at all below). The
cut-elimination theorem is thus crucial to the applications of sequent calculus in automated deduction: it states that
all uses of the cut rule can be eliminated from a proof, implying that any provable sequent can be given a cut-free
proof.

The second rule that is somewhat special is the axiom of identity (I). The intuitive reading of this is obvious: every
formula proves itself. Like the cut rule, the axiom of identity is somewhat redundant: the completeness of atomic
initial sequents states that the rule can be restricted to atomic formulas without any loss of provability.

Observe that all rules have mirror companions, except the ones for implication. This reflects the fact that the usual
language of first-order logic does not include the "is not implied by" connective <~ that would be the De Morgan
dual of implication. Adding such a connective with its natural rules would make the calculus completely left-right

symmetric.

An example derivation

As for an example, this is the sequential derivation of | (A v =A), known as the Law of excluded middle (tertium

non datur in Latin).

(1)

(—17)

(VIRaz)
(PR)
(VI )
(C'R)

AF A
A A

FAV A, A
FA, AV A
AV A AV A
- AV A

This derivation also emphasizes the strictly formal structure of the sequent calculus. For example, the right logical
rules as defined above always act on the first formula of the right sequent, such that the application of (PR) is
formally required. Note, though, that this is in part an artifact of the presentation, in the original style of Gentzen. A
common simplification is the use of multisets of formulas, rather than sequences, eliminating the need for an explicit

permutation rule.
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Structural rules
The structural rules deserve some additional discussion.

Weakening (W) allows the addition of arbitrary elements to a sequence. Intuitively, this is allowed in the antecedent
because we can always add assumptions to our proof, and in the succedent because we can always allow for

alternative conclusions.

Contraction (C) and Permutation (P) assure that neither the order (P) nor the multiplicity of occurrences (C) of
elements of the sequences matters. Thus, one could instead of sequences also consider sets.

The extra effort of using sequences, however, is justified since part or all of the structural rules may be omitted.

Doing so, one obtains the so-called substructural logics.

Properties of the system LK

This system of rules can be shown to be both sound and complete with respect to first-order logic, i.e. a statement A
follows semantically from a set of premises I' ( " = A ) iff the sequent T" |- 4 can be derived by the above rules.

In the sequent calculus, the rule of cut is admissible. This result is also referred to as Gentzen's Hauptsatz ("Main

Theorem").

Variants

The above rules can be modified in various ways:

Minor structural alternatives

There is some freedom of choice regarding the technical details of how sequents and structural rules are formalized.
As long as every derivation in LK can be effectively transformed to a derivation using the new rules and vice versa,
the modified rules may still be called LK.

First of all, as mentioned above, the sequents can be viewed to consist of sets or multisets. In this case, the rules for

permuting and (when using sets) contracting formulae are obsolete.

The rule of weakening will become admissible, when the axiom (I) is changed, such that any sequent of the form
I') A+ A, Acan be concluded. This means that 4 proves A in any context. Any weakening that appears in a
derivation can then be performed right at the start. This may be a convenient change when constructing proofs
bottom-up.

Independent of these one may also change the way in which contexts are split within the rules: In the cases (AR),
(vL), and (—L) the left context is somehow split into I and £ when going upwards. Since contraction allows for the
duplication of these, one may assume that the full context is used in both branches of the derivation. By doing this,
one assures that no important premises are lost in the wrong branch. Using weakening, the irrelevant parts of the

context can be eliminated later.
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Substructural logics

Alternatively, one may restrict or forbid the use of some of the structural rules. This yields a variety of substructural
logic systems. They are generally weaker than LK (i.e., they have fewer theorems), and thus not complete with
respect to the standard semantics of first-order logic. However, they have other interesting properties that have led to

applications in theoretical computer science and artificial intelligence.

Intuitionistic sequent calculus: System LJ

Surprisingly, some small changes in the rules of LK suffice to turn it into a proof system for intuitionistic logic. To
this end, one has to restrict to sequents with exactly one formula on the right-hand side, and modify the rules to

maintain this invariant. For example, (VL) is reformulated as follows (where C is an arbitrary formula):
IAFC S,BFC
(VL)
S, AVBFC

The resulting system is called LJ. It is sound and complete with respect to intuitionistic logic and admits a similar

cut-elimination proof.

See also

* Resolution (logic)
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Python (programming language)

& python’

Paradigm multi-paradigm: object-oriented, imperative, functional, reflective

Appeared in 1991

Designed by Guido van Rossum

Developer Python Software Foundation

Stable release 3.1.2/ March 21, 2010
2.7/ July 3, 2010

Typing discipline duck, dynamic, strong

Major implementations | CPython, IronPython, Jython, Python for S60, PyPy, Unladen
Swallow

Dialects Stackless Python, RPython

Influenced by ABC, ALGOL 68,!'! C, Haskell, Tcon, Lisp, Modula-3, Perl, Java

Influenced Boo, Cobra, D, Falcon, Groovy, Ruby, JavaScript

0S Cross-platform

License Python Software Foundation License

Usual file extensions .PY, -PYW, .pyc, .pyo, .pyd
[2]

Website www.python.org

Python is a general-purpose high-level programming languagem whose design philosophy emphasizes code
readability.w Python aims to combine "remarkable power with very clear syntax",[s] and its standard library is large

and comprehensive. Its use of indentation for block delimiters is unusual among popular programming languages.

Python supports multiple programming paradigms, primarily but not limited to object oriented, imperative and, to a
lesser extent, functional programming styles. It features a fully dynamic type system and automatic memory
management, similar to that of Scheme, Ruby, Perl, and Tcl. Like other dynamic languages, Python is often used as a

scripting language, but is also used in a wide range of non-scripting contexts.

The reference implementation of Python (CPython) is free and open source software and has a community-based
development model, as do all or nearly all of its alternative implementations. CPython is managed by the non-profit
Python Software Foundation.

History

(61 and its implementation was started in December 1989!"! by Guido van

8
)lJ

Python was conceived in the late 1980s
Rossum at CWI in the Netherlands as a successor to the ABC programming language (itself inspired by SETL
capable of exception handling and interfacing with the Amoeba operating system.[g] Van Rossum is Python's
principal author, and his continuing central role in deciding the direction of Python is reflected in the title given to
him by the Python community, Benevolent Dictator for Life (BDFL).
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Python 2.0 was released on 16 October 2000, with many major new features including a full garbage collector and
support for Unicode. However, the most important change was to the development process itself, with a shift to a
more transparent and community-backed process.[lo] Python 3.0, a major, backwards-incompatible release, was
released on 3 December 2008 ! after a long period of testing. Many of its major features have been backported to

the backwards-compatible Python 2.6.12

Programming philosophy

Python is a multi-paradigm programming language. Rather than forcing programmers to adopt a particular style of
programming, it permits several styles: object-oriented programming and structured programming are fully

supported, and there are a number of language features which support functional programming and aspect-oriented

(131 and by magic methods).[14] Many other paradigms are supported

[16]

programming (including by metaprogramming

using extensions, such as pyDBCUS] and Contracts for Python' ™ which allow Design by Contract.

Python uses dynamic typing and a combination of reference counting and a cycle-detecting garbage collector for
memory management. An important feature of Python is dynamic name resolution (late binding), which binds

method and variable names during program execution.

Rather than requiring all desired functionality to be built into the language's core, Python was designed to be highly
extensible. New built-in modules can be easily written in C, C++ or Cython. Python can also be used as an extension
language for existing modules and applications that need a programmable interface. This design of a small core
language with a large standard library and an easily extensible interpreter was intended by Van Rossum from the

very start because of his frustrations with ABC (which espoused the opposite mindset).[G]

The design of Python offers only limited support for functional programming in the Lisp tradition. However,
Python's design philosophy exhibits significant similarities to those of minimalist Lisp-family languages, such as
Scheme. The library has two modules (itertools and functools) that implement proven functional tools borrowed
from Haskell and Standard ML.['”!

While offering choice in coding methodology, the Python philosophy rejects exuberant syntax, such as in Perl, in
favor of a sparser, less-cluttered grammar. Python's developers expressly promote a particular "culture" or ideology
based on what they want the language to be, favoring language forms they see as "beautiful”, "explicit" and "simple".
As Alex Martelli put it in his Python Cookbook (2nd ed., p.230): "To describe something as clever is NOT
considered a compliment in the Python culture.” Python's philosophy rejects the Perl "there is more than one way to
do it" approach to language design in favor of "there should be one—and preferably only one—obvious way to do
it 18]

Python's developers eschew premature optimization, and moreover, reject patches to non-critical parts of CPython
which would offer a marginal increase in speed at the cost of clarity.[lg] Python is sometimes described as "slow" 120!
However, by the Pareto principle, most problems and sections of programs are not speed critical. When speed is a
problem, Python programmers tend to try to optimize bottlenecks by algorithm improvements or data structure
changes, using a JIT compiler such as Psyco, rewriting the time-critical functions in "closer to the metal" languages

such as C, or by translating (a dialect of) Python code to C code using tools like Cython.[zl]

The core philosophy of the language is summarized by the document "PEP 20 (The Zen of Python)“.[lg]

Name and neologisms

An important goal of the Python developers is making Python fun to use. This is reflected in the origin of the name
(based on the television series Monty Python's Flying Circus), in the common practice of using Monty Python
references in example code, and in an occasionally playful approach to tutorials and reference materials.[*? 23! For
example, the metasyntactic variables often used in Python literature are spam and eggs, instead of the traditional foo

and bar.
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A common neologism in the Python community is pythonic, which can have a wide range of meanings related to
program style. To say that a piece of code is pythonic is to say that it uses Python idioms well, that it is natural or
shows fluency in the language. Likewise, to say of an interface or language feature that it is pythonic is to say that it

works well with Python idioms, that its use meshes well with the rest of the language.

In contrast, a mark of unpythonic code is that it attempts to write C++ (or Lisp, Perl, or Java) code in Python—that
is, provides a rough transcription rather than an idiomatic translation of forms from another language. The concept of
pythonicity is tightly bound to Python's minimalist philosophy of readability and avoiding the "there's more than one

way to do it" approach. Unreadable code or incomprehensible idioms are unpythonic.

Users and admirers of Python—most especially those considered knowledgeable or experienced—are often referred

to as Pythonists, Pythonistas, and Pythoneers.[24]

The prefix Py can be used to show that something is related to Python. Examples of the use of this prefix in names of
Python applications or libraries include Pygame, a binding of SDL to Python (commonly used to create games);
PyS60, an implementation for the Symbian Series 60 Operating System; PyQt and PyGTK, which bind Qt and GTK,
respectively, to Python; and PyPy, a Python implementation written in Python. The prefix is also used outside of

naming software packages: the major Python conference is named PyCon.

Usage

Python is often used as a scripting language for web applications, e.g. via mod_wsgi for the Apache web server.
With Web Server Gateway Interface a standard API has been developed to facilitate these applications. Web
application frameworks or application servers like Django, Pylons, TurboGears, web2py and Zope support
developers in the design and maintenance of complex applications. Libraries like NumPy, SciPy and Matplotlib

allow Python to be used effectively in scientific computing.

Python has been successfully embedded in a number of software products as a scripting language, including in finite
element method software such as Abaqus, 3D animation packages such as Maya, MotionBuilder, Softimage, Cinema
4D, BodyPaint 3D, modo, and Blender, and 2D imaging programs like GIMP, Inkscape, Scribus, and Paint Shop

Pro.[>>) ESRI is now promoting Python as the best choice for writing scripts in ArcGIS.1?9 1t has even been used in
several videogames.uﬂ

For many operating systems, Python is a standard component; it ships with most Linux distributions, with NetBSD,
and OpenBSD, and with Mac OS X and can be used from the terminal. Ubuntu uses the Ubiquity installer, while Red
Hat Linux and Fedora use the Anaconda installer, and both installers are written in Python. Gentoo Linux uses

Python in its package management system, Portage, and the standard tool to access it, emerge. Pardus uses it for

administration and during system boot.[¥!

Python has also seen extensive use in the information security industry, including exploit development.[29]

Among the users of Python are YouTube” and the original BitTorrent client.2!! Large organizations that make use
of Python include Google,[m Yahoo!,[33] CERN,[34] NASA,BS] and ITA.[36] Most of the Sugar software for the One

Laptop Per Child XO, now developed at Sugar Labs, is written in Python.[37]
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Syntax and semantics

Python was intended to be a highly readable
def add5(x):

language. It is designed to have an uncluttered return x+5

visual layout, frequently using English def dotwrite (ast)

keywords where other languages use nodename = getNodename ()

. . . label=symbol. sym_name. get (int (ast[0]), ast[0])
punctuation. Python requires less boilerplate oranE %s [label="%s’ % (nodename. label),
than traditional manifestly typed structured if isinstance(ast[1], str):

if ast[1].strip():
languages such as C or Pascal, and has a print "= %s"1;' % ast[1]
smaller number of syntactic exceptions and else:
. . [38] print "1’
special cases than either of these. else:
print ""1;°
. children = []
Indentation for n, child in enumerate(ast[1:]1):
children. append(dotwrite(child))
Python uses whitespace indentation, rather print _ %4s > {" % nodename,
o for name in children:
than curly braces or keywords, to delimit print '%s' % name,
blocks (a feature also known as the off-side Syntax-highlighted Python 2.x code.

rule). An increase in indentation comes after

certain statements; a decrease in indentation signifies the end of the current block.1”]

Statements and control flow
Python's statements include (among others):

» The if statement, which conditionally executes a block of code, along with else and elif (a contraction of else-if).

» The for statement, which iterates over an iterable object, capturing each element to a local variable for use by the
attached block.

* The while statement, which executes a block of code as long as its condition is true.

e The try statement, which allows exceptions raised in its attached code block to be caught and handled by except
clauses; it also ensures that clean-up code in a finally block will always be run regardless of how the block exits.

» The class statement, which executes a block of code and attaches its local namespace to a class, for use in
object-oriented programming.

¢ The def statement, which defines a function or method.

* The with statement (from Python 2.6), which encloses a code block within a context manager (for example,
acquiring a lock before the block of code is run, and releasing the lock afterwards).

* The pass statement, which serves as a NOP and can be used in place of a code block.

* The assert statement, used during debugging to check for conditions that ought to apply.

* The yield statement, which returns a value from a generator function. (From Python 2.5, yield is also an operator.
This form is used to implement coroutines -- see below.)

* The print statement, which writes a value to an output stream (e.g. file or console). From Python 3, this statement
is replaced by a function.

* The exec statement, which dynamically executes a string or file containing Python code in the form of one or

more statements. From Python 3, this statement is replaced by a function.

Each statement has its own semantics: for example, the def statement does not execute its block immediately, unlike

most other statements.

CPython does not support continuations, and according to Guido van Rossum it never will.[4%! However, better
support for coroutine-like functionality is provided in 2.5, by extending Python's generators.w] Prior to 2.5,
generators were lazy iterators; information was passed unidirectionally out of the generator. As of Python 2.5, it is

possible to pass information back into a generator function.
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Expressions

Python expressions are similar to languages such as C and Java. Some important notes:

In Python 2, the / operator on integers does integer division, i.e. it truncates the result to an integer. In Python 3,
however, the result of /is always a floating-point value, and a new operator // is introduced to do integer division.
This behavior can be enabled using the statement from __future__ import division.

In Python, == compares by value, in contrast to Java, where it compares by reference (value comparisons in Java
use the equals method). To compare by reference in Python, use the is operator.

Python uses named and, or, not operators rather than symbolic &&, I, /.

Python has an important type of expression known as a list comprehension. Recent versions of Python have
extended list comprehensions into a more general expression known as a generator expression.

Anonymous functions are implemented using lambda expressions; however, these are limited in that the body can
only be a single expression.

Conditional expressions in Python are written as y if x else z (different in order of operands from the ?: operator
common to many other languages).

Python makes a distinction between lists and tuples. Lists are written as [/, 2, 3] are mutable, and cannot be used
as the keys of dictionaries (dictionary keys must be immutable in Python). Tuples are written as (1, 2, 3), are
immutable and thus can be used as the keys of dictionaries. The parentheses around the tuple are optional in some
contexts. Tuples can appear on the left side of an equal sign; hence an expression like x, y = y, x can be used to
swap two variables.

Python has a "string format" operator %. This functions analogous to printf expressions in C, e.g. "foo=%s
bar=%d" % ("blah", 2) evaluates to "foo=blah bar=2".

Python has various kinds of strings.

 Either single or double quotes can be used to quote strings. Unlike in Unix shell languages, Perl or
Perl-influenced languages such as Ruby or Groovy, single quotes and double quotes function identically, i.e.
there is no string interpolation of $foo expressions.

* There are also multi-line strings, which begin and end with a series of three single or double quotes and
function like here documents in shell languages, Perl and Ruby.

* Finally, all of the previously-mentioned string types come in "raw" varieties (denoted by placing a literal r
before the opening quote), which do no backslash-interpolation and hence are very useful for regular
expressions or Windows-style paths; compare "@-quoting" in C#.

Python has slice expressions on lists, denoted as ...[left:right] or ...[left:right:stride]. For example, if the variable

nums is assigned the list [/, 3, 5, 7, 8, 13, 20], then:

e nums[2:5] == [5, 7, 8], i.e. the slice goes up to, but not including, the right index.

» nums[l:]==[3,5,7,8, 13, 20],i.e. all elements but the first, because an omitted right index means "the end".

e nums[:-3] ==[1, 3, 5, 7], i.e. an omitted left index means "the start", and a negative index (either left or right)
counts from the end.

e nums/:] makes a copy of the list. This means nums == nums/:] is true but nums is nums/: | is false. Changes to
the copy will not affect the original.

e nums[1:5:2] == [3, 7], i.e. if three numbers are given, the third is the "stride", indicating in this case that

every second element will be selected.

In Python, a distinction between expressions and statements is rigidly enforced, in contrast to languages such as

Common Lisp, Scheme or Ruby. This leads to some duplication of functionality, e.g.

list comprehensions vs. "for" loops
conditional expressions vs. "if" blocks
The eval() vs. exec() builtins (in Python 2, exec is a statement declarator); eval() is for expressions, exec() is for

statements.
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Statements cannot be a part of an expression and so list and other comprehensions or lambda expressions, all being
expressions, cannot contain statements. A particular case of this is that an assignment statement such as 'a =1' cannot
form part of the conditional expression of a conditional statement, this has the advantage of avoiding a classic C
error of mistaking an assignment token '=', for an equality operator '=="which would remain valid Cinif (c=1){ ...
Jbutifc=1:.. is invalid Python code.

Methods

Methods on objects are functions attached to the object's class; the syntax instance.method(argument) is, for normal
methods and functions, syntactic sugar for Class.method(instance, argument). Python methods have an explicit self
parameter to access instance data, in contrast to the implicit self in some other object-oriented programming

languages (for example, Java, C++ or Ruby).[42]

Typing

Python uses duck typing and has typed objects but untyped variable names. Type constraints are not checked at
compile time; rather, operations on an object may fail, signifying that the given object is not of a suitable type.
Despite being dynamically typed, Python is strongly typed, forbidding operations that are not well-defined (for

example, adding a number to a string) rather than silently attempting to make sense of them.

Python allows programmers to define their own types using classes, which are most often used for object-oriented
programming. New instances of classes are constructed by calling the class (for example, SpamClass() or
EggsClass()), and the classes themselves are instances of the metaclass type (itself an instance of itself), allowing

metaprogramming and reflection.

Prior to version 3.0, Python had two kinds of classes: "old-style" and "new-style". Old-style classes were eliminated
in Python 3.0, making all classes new-style. In versions between 2.2 and 3.0, both kinds of classes could be used.
The syntax of both styles is the same, the difference being whether the class object is inherited from, directly or

indirectly (all new-style classes inherit from object and are instances of type).

Here is a summary of Python's built-in types:

Type Description Syntax example
str An immutable sequence of Unicode characters 'Wikipedia'
"Wikipedia"
"""Spanning
multiple
lines™"™
bytes An immutable sequence of bytes b'Some ASCII'

b"Some ASCII"

list Mutable, can contain mixed types [4.0, 'string', True]
tuple Immutable, can contain mixed types (4.0, 'string', True)
set, frozenset | Unordered, contains no duplicates {4.0, 'string', True}

frozenset([4.0, 'string’, True])

dict A mutable group of key and value pairs {'key1": 1.0, 3: False}
int An immutable fixed precision number of unlimited magnitude 42
float An immutable floating point number (system-defined precision) 3.1415927
complex An immutable complex number with real number and imaginary 3+2.7]
parts
bool An immutable truth value True

False
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long An immutable fixed precision number of unlimited magnitude 10L

While many programming languages round the result of integer division towards zero, Python always rounds it down
towards minus infinity; so that 7//3 is 2, but (-=7)//3 is -3.

Python provides a round function for rounding floats to integers. Version 2.6.1 and lower use round-away-from-zero:
round(0.5) is 1.0, round(-0.5) is -1.0. Version 3.0 and higher use round-to-even: round(1.5) is 2.0, round(2.5) is 2.0.
The Decimal type/class in module decimal (since version 2.4) provides exact numerical representation and several

rounding modes.

Implementations

CPython

The mainstream Python implementation, known as CPython, is written in C meeting the C89 standard.*! CPython

1441 Which are then executed by the virtual machine.* Tt is

compiles Python programs into intermediate bytecode,
distributed with a large standard library written in a mixture of C and Python. CPython ships in versions for many
platforms, including Microsoft Windows and most modern Unix-like systems. CPython was intended from almost its
very conception to be cross-platform; its use and development on esoteric platforms such as Amoeba, alongside

more conventional ones like Unix and Mac OS, has greatly helped in this regard.[46]

Stackless Python is a significant fork of CPython that implements microthreads; it does not use the C memory stack.

It can be expected to run on approximately the same platforms that CPython runs on.

Google started a project called Unladen Swallow in 2009 with the aims of increasing the speed of the Python

interpreter by 5 times and improving its multithreading ability to scale to thousands of cores. 47!

Alternative implementations

Jython compiles the Python program into Java byte code, which can then be executed by every Java Virtual Machine
implementation. This also enables the use of Java class library functions from the Python program. IronPython
follows a similar approach in order to run Python programs on the .NET Common Language Runtime. PyPy is an
experimental self-hosting implementation of Python, written in Python, that can output several types of bytecode,
object code and intermediate languages. There also exist compilers to high-level object languages, with either
unrestricted Python, a restricted subset of Python, or a language similar to Python as the source language. PyPy is of
this type, compiling RPython to several languages; other examples include Pyjamas compiling to Javascript; Shed

Skin compiling to C++; and Cython & Pyrex compiling to C.
In 2005 Nokia released a Python interpreter for the Series 60 mobile phones called PyS60. It includes many of the

modules from the CPython implementations and some additional modules for integration with the Symbian
operating system. This project has been kept up to date to run on all variants of the S60 platform and there are
several third party modules available. The Nokia N90O also supports Python with gtk windows libraries, with the
feature that programs can be both written and run on the device itself. There is also a Python interpreter for Windows
CE devices (including Pocket PC). It is called PythonCE. There are additional tools available for easy application
and GUI development.

Around 2004 and 2006, the Pyastra project and the PyMite project started porting Python to some very

resource-constrained microcontrollers -- less than 4 KBytes of RAM. 148!

ChinesePython ({') is a Python programming language using Chinese language lexicon. Besides reserved words

and variable names, most data type operations can be coded in Chinese as well.
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Interpretational semantics

Most Python implementations (including CPython, the primary implementation) can function as a command line
interpreter, for which the user enters statements sequentially and receives the results immediately. In short, Python
acts as a shell. While the semantics of the other modes of execution (bytecode compilation, or compilation to native
code) preserve the sequential semantics, they offer a speed boost at the cost of interactivity, so they are usually only

used outside of a command-line interaction (e.g., when importing a module).

Other shells add capabilities beyond those in the basic interpreter, including IDLE and IPython. While generally
following the visual style of the Python shell, they implement features like auto-completion, retention of session
state, and syntax highlighting.

Some implementations can compile not only to bytecode, but can turn Python code into machine code. So far, this
has only been done for restricted subsets of Python. PyPy takes this approach, naming its restricted compilable
version of Python RPython.

Psyco is a specialising just in time compiler that integrates with CPython and transforms bytecode to machine code
at runtime. The produced code is specialised for certain data types and is faster than standard Python code. Psyco is

compatible with all Python code, not only a subset. 4!

Development

Python development is conducted largely through the Python Enhancement Proposal (or "PEP") process. PEPs are
standardized design documents providing general information related to Python, including proposals, descriptions,
design rationales, and explanations for language features.!>"! Outstanding PEPs are reviewed and commented upon
by Van Rossum, the Python project's Benevolent Dictator for Life (leader / language architect).[su CPython's
developers also communicate over a mailing list, python-dev, which is the primary forum for discussion about the
language's development; specific issues are discussed in the Roundup bug tracker maintained at python.org.[sz]
Development takes place at the self-hosted svn.python.org.

CPython's public releases come in three types, distinguished by which part of the version number is incremented:

* backwards-incompatible versions, where code is expected to break and must be manually ported. The first part of
the version number is incremented. These releases happen infrequently—for example, version 3.0 was released 8
years after 2.0.

* major or 'feature’ releases, which are largely compatible but introduce new features. The second part of the
version number is incremented. These releases are scheduled to occur roughly every 18 months, and each major
version is supported by bugfixes for several years after its release.>!

* bugfix releases, which introduce no new features but fix bugs. The third and final part of the version number is
incremented. These releases are made whenever a sufficient number of bugs have been fixed upstream since the

last release, or roughly every 3 months. Security vulnerabilities are also patched in bugfix releases. >

A number of alpha, beta, and release-candidates are also released as previews and for testing before the final release
is made. Although there is a rough schedule for each release, this is often pushed back if the code is not ready. The
development team monitor the state of the code by running the large unit test suite during development, and using

the BuildBot continuous integration system.[SS]
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Standard library

Python has a large standard library, commonly cited as one of Python's greatest strengths,[56]

providing pre-written
tools suited to many tasks. This is deliberate and has been described as a "batteries included">”! Python philosophy.
The modules of the standard library can be augmented with custom modules written in either C or Python. Recently,
Boost C++ Libraries includes a library, Boost.Python, to enable interoperability between C++ and Python. Because
of the wide variety of tools provided by the standard library, combined with the ability to use a lower-level language
such as C and C++, which is already capable of interfacing between other libraries, Python can be a powerful glue

language between languages and tools.

The standard library is particularly well tailored to writing Internet-facing applications, with a large number of
standard formats and protocols (such as MIME and HTTP) already supported. Modules for creating graphical user
interfaces, connecting to relational databases, arithmetic with arbitrary precision decimals, manipulating regular

expressions, and doing unit testing are also included.>®!

Some parts of the standard library are covered by specifications (for example, the WSGI implementation wsgiref
follows PEP 333 [59]), but the majority of the modules are not. They are specified by their code, internal
documentation, and test suite (if supplied). However, because most of the standard library is cross-platform Python

code, there are only a few modules that must be altered or completely rewritten by alternative implementations.

The standard library is not essential to run python or embed python within an application. Blender 2.49 for instance

omits most of the standard library.

Influences on other languages
Python's design and philosophy have influenced several programming languages, including:

* Pyrex and its derivative Cython are code translators that are targeted at writing fast C extensions for the CPython
interpreter. The language is mostly Python with syntax extensions for C and C++ features. Both languages
produce compilable C code as output.

* Boo uses indentation, a similar syntax, and a similar object model. However, Boo uses static typing and is closely
integrated with the NET framework.!®!

* Cobra uses indentation and a similar syntax. Cobra's "Acknowledgements" document lists Python first among
languages that influenced it.[o1] However, Cobra directly supports design-by-contract, unit tests and optional static
typing.[(’z]

* ECMAScript borrowed iterators, generators, and list comprehensions from Python.[63]

* Go is described as incorporating the "development speed of working in a dynamic language like Python".[64]

* Groovy was motivated by the desire to bring the Python design philosophy to J ava.[%!

* OCaml has an optional syntax, called twt (The Whitespace Thing), inspired by Python and Haskell.[6%!

Python's development practices have also been emulated by other languages. The practice of requiring a document
describing the rationale for, and issues surrounding, a change to the language (in Python's case, a PEP) is also used in

Tl and Erlangms] because of Python's influence.
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SDAE

Initial release 24 February 2005

Stable release 4.4.4 / June 23, 2010
Written in Python, Cython

Operating Cross-platform

system

Platform Python

Type Computer algebra system
License GNU General Public License
Website www.sagemath.org o

Sage is a software application which covers many aspects of mathematics, including algebra, combinatorics,

numerical mathematics, and calculus.

The first version of Sage was released on 24 February 2005 as free and open source software under the terms of the
GNU General Public License, with the initial goals of creating an "open source alternative to Magma, Maple,

Mathematica, and MATLAB."[Z] The lead developer of Sage, William Stein, is a mathematician at the University of

Washington.
Features
Some of the many features of Sage
A [3] SCGE The sage Notebook Tomle | Mome | Publihed | Log | Sestogs | Melp | Boporsa Problem | Sunous
include™ . o

Untitled [Save J[Save & avt ) Discod & aut |
* A notebook document interface, for e W [sden ¥ w9 O s YOO Vorknee ] Ecit] Toxt] Undo | tare | Fubish

review and re-use of previous inputs

var('x')

and outputs, including graphics and

text annotations usable from most

web browsers including Firefox,
Opera, Konqueror, and Safari. A
secure connection via HTTPS to the e

notebook is supported when

security or confidentiality are

important, and allows Sage to be

used both 10cally and remotely_ The Sage notebook document interface works with Firefox (and Mozilla), Opera,

] Konqueror, and Safari.
¢ A text-based command line

interface using [Python

* The Python programming language supporting procedural, functional and object oriented constructs.
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* Support for parallel processing
using both multi-core processors
found in many modern computers,
multiple processors, in addition to
distributed computing.

e Calculus using Maxima and SymPy

e Numerical Linear Algebra using the
GSL, SciPy and NumPy.

* Libraries of elementary and special
mathematical functions

* 2D and 3D graphs of both functions
and data.

e Matrix and data manipulation tools

including support for sparse arrays

Worksheet: screenshots Edit | Text| Print | Evaluate All| Hide | Show/| Upload | Download

Use SAGE to Solve Algebraic Equations
show(solve(a*x"2 + b*x + ¢ == 0, x)[0])
'_7—\/‘62—4-m-c—b
= 2-a
show(solve(x"3 + a*x + b == 0, x)[0])
(=B N (Ve dsad b 3 i
=2l N ) s
3. ((
solve([a*x + b*y == ¢, d¥x + e*y == f], x,y)
[[x == ((b*f - e*c)/(b*d - e*a)), y == ({c*d - a*f)/(b*d - e*a}}]] =]

Equation solving and typesetting using the Sage notebook web interface.

* Multivariate statistics libraries, using the functionality of R and SciPy.

* A toolkit for adding user interfaces to calculations and applications.

(4]

* Tools for image processing using Pylab as well as the Python programming language.

* Graph theory visualization and analysis tools

* Libraries of number theory functions

* Import and export filters for data, images, video, sound, CAD, GIS, document and biomedical formats

* Support for complex number, arbitrary precision and symbolic computation for functions where this is

appropriate.

* Technical word processing including formula editing and the ability to embed Sage inside LaTeX documents

(5]

* Network tools for connecting to SQL, Java, .NET, C++, FORTRAN provide by Twisted, This supports a large
number of protocols including HTTP, NNTP, IMAP, SSH, IRC, FTP and others.

* Interfaces to some third-party software like Mathematica, Magma, and Maple, which allows users to combine

software and compare output and performance. It is thus also a "front-end" to other mathematical tools similar to

GNU TeXmacs.

* MoinMoin as a Wiki system for knowledge management.

* Documentation using Sphinx.

* An automated test-suite, which allows for testing on an end-user's computer.

Although not provided by Sage directly, Sage can be called from within Mathematica.!®! A Mathematica notebook is

available for this.m

Design Philosophy of Sage

William Stein realized several important facts when designing Sage.

» To create viable alternatives to Magma, Maple, Mathematica, and MATLAB, would take hundreds, or thousands

of man-years if one started from the beginning.

* There was a large collection of open-source mathematics software already written, but which was written in

different languages (C, C++, Fortran and Python being the most common).

So rather than start from the beginning, Sage (which is written in Python and Cython) integrates all their specialized

mathematics software into a common interface. A user needs to know only Python.

Where no open-source option exists for a particular class of problem, then this would be written in Sage. But Sage

does not reinvent the wheel. The same design philosophy is used in commercial mathematics program such as

Mathematica, but Sage can use a much wider range of open source software solutions than nonfree software, since

some open source licensing imposes restrictions on commercial use of code.
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Sage development uses both students and professionals for development. The development of Sage is supported by

both volunteer work and grants.[S]

Performance

Both binaries and source code are available for sage from the download page. If Sage is built from source code,
many of the included libraries such as ATLAS, FLINT, and NTL will be tuned and optimized for that computer,
taking into account the number of processors, the size of their caches, whether there is hardware support for SSE

instructions etc.

Licensing and availability

Sage is free software, distributed under the terms of the GNU General Public License version 2+. Sage is available in

many ways:

* The source code can be downloaded from the downloads page o1 Although not recommended for end users,
development releases of Sage are also available.

* Binaries can be downloaded for Linux, OS X and Solaris (both x86 and SPARC), though the latest version of
Sage does not build on Solaris x86, although it does on SPARC.

* A live CD containing a bootable Linux operating system is also available. This allows Sage to be tried, without
being installed.

» Users can use an online version of Sage at sagenb.org (101 5 http://t2nb.math. washington.edu:8000/ [11], but

with a limit to the amount of memory a user can use, as well as security restrictions.

[12]

Although Microsoft was sponsoring a native version of Sage for the Windows operating system , users of

Windows will currently have to use virtualization technology and run Sage under one of the aforementioned

operating systems. The preferred system is VirtualBox.

Software packages contained in Sage

As stated above, the philosophy of Sage is to use existing open source libraries wherever they exist. Therefore it
borrows from many projects in producing the final product.

Mathematics packages contained in Sage

Algebra GAP, Maxima, Singular
Algebraic Geometry Singular

Arbitrary Precision Arithmetic | GMP, MPFR, MPFI, NTL
Arithmetic Geometry PARI/GP, NTL, mwrank, ecm
Calculus Maxima, SymPy, GiNaC
Combinatorics Symmetrica, Sage-Combinat
Linear Algebra ATLAS, BLAS, LAPACK, NumPy, LinBox, IML, GSL
Graph Theory NetworkX

Group Theory GAP

Numerical computation GSL, SciPy, NumPy, ATLAS
Number Theory PARI/GP, FLINT, NTL
Statistical computing R, SciPy
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Other packages contained in Sage

Command line IPython

Database ZODB, Python Pickles, SQLite

Graphical Interface Sage Notebook, jsmath

Graphics Matplotlib, Tachyon3d, GD,
Jmol

Interactive programming language | Python

Networking Twisted

Command interface examples

Calculus

x,a,b,c = var('x,a,b,c'")

log(sgrt(a)) .simplify_log() # returns log(a)/2
log(a/b) .simplify_log() # returns log(a) - log(b)
sin(atb) .simplify_trig() # returns cos(a)*sin(b) + sin(a) *cos (b)
cos (atb) .simplify trig() # returns cos(a)*cos(b) — sin(a)*sin(b)
(a+b) "5 # returns (b + a)’5
expand ( (a+b)"5) # returns b'5 + 5*a*b’™4 + 10*a"2*b"3 +

# 10%*a"3*b"2 + 5%*a 4*b + a’5

limit ((x"2+1)/ (2+x+3*x"2), x=infinity) # returns 1/3

limit (sin(x)/x, x=0) # returns 1

diff (acos (x),x) # returns -1/sqgrt(l — x°2)
f = exp(x)*log(x)

f.diff (x,3) # returns e’"x*log(x) + 3*e"x/x — 3*e’x/x"2 + 2*e"x/x"3

solve (a*x"2 + b*x + ¢, X) # returns [x == (-sqgrt (b"2 - 4*a*c) -
b)/ (2*a),
# x == (sqrt (b"2 - 4*a*c) - b)/(2*a)]

f = x"2 + 432/x%
solve (f.diff (x)==0,x) # returns [x == 3*sqrt (3)*I - 3,
# x == —3*sqgrt (3)*I - 3, x == 6]
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Differential equations

t = var('t') # define a variable t

x = function('x',t) # define x to be a function of that variable
DE = lambda y: diff(y,t) + y - 1

desolve (DE (x(t)), [x,t]) # returns '%e’ -t*(%e’t+3%c)’

Linear algebra

A = Matrix([[1,2,3],[3,2,11,[1,1,111])
y = vector ([0,-4,-11)
A.solve_right (y) # returns (-2, 1, O0)
A

.eigenvalues () # returns [5, 0, -1]

B = Matrix([[1,2,31,I[3,2,1],01,2,111)
B.inverse () # returns [ 0 1/2 -1/2]
# [-1/4 -1/4 1]
# [ 1/2 0 -1/2]

# Call numpy for the Moore-Penrose pseudo—-inverse,

# since Sage does not support that yet.

import numpy
C = Matrix([[1 , 1], [2 , 211)

matrix (numpy.linalg.pinv(C.numpy())) # returns [0.1 0.2]
# [0.1 0.2]
Number Theory
prime_pi (1000000) # returns 78498, the number of primes less than one
million
E = EllipticCurve('389a') # construct an elliptic curve from its

Cremona label
P, Q = E.gens ()
7*P + Q # returns (2869/676 : —-171989/17576 : 1)

History

Only the major releases are listed below. Sage practices the "release early, release often" concept, with releases every

two to three weeks.



http://en.wikipedia.org/w/index.php?title=Release_early%2C_release_often

Sage (mathematics software)

Sage versions

Version Release Date Description
0.1 January, 2005 Included Pari, but not GAP or Singular
0.2-0.4 | March to July 2005 Cremona's database, multivariate polynomials, large finite fields and more documentation

0.5-0.7 | August to September 2005 | Vector spaces, rings, modular symbols, and windows usage

0.8 October 2005 Full distribution of GAP, Singular
0.9 November, 2005 Maxima and clisp added

1.0 February, 2006

2.0 January, 2007

3.0 April, 2008

4.0 May, 2009

5.0 future [13]

5.0 Milestone

In 2007, Sage won first prize in the scientific software division of Les Trophées du Libre, an international

competition for free software.[1#!

See also

» Comparison of computer algebra systems
* Comparison of statistical packages

* Comparison of numerical analysis software

External links

* Project home page [

* Official Sage Documentation Manual, Reference, Tutorials, ... (151

* Sage introduction videos 161

* Use Sage online in your web-browser [10]

* Free software brings affordability, transparency to mathematics (7]

* AMS Notices Opinion - Open Source Mathematical Software [18]

* W. Stein's blog post on history of Sage (1]
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Decision procedures and implementations

Decision problem

In computability theory and computational complexity theory, a

decision problem is a question in some formal system with a
yes-or-no answer, depending on the values of some input In DUt
parameters. For example, the problem "given two numbers x and
y, does x evenly divide y?" is a decision problem. The answer can

be either 'yes' or 'no', and depends upon the values of x and y. —
- .

Algorithm

Decision problems are closely related to function problems, which -

can have answers that are more complex than a simple 'yes' or 'no'. (

A corresponding function problem is "given two numbers x and y,

what is x divided by y?". They are also related to optimization

problems, which are concerned with finding the best answer to a S
. e
particular problem. / \

A method for solving a decision problem given in the form of an YES |

algorithm is called a decision procedure for that problem. A
decision procedure for the decision problem "given two numbers x =, gecision problem has only two possible outputs, yes
and y, does x evenly divide y?" would give the steps for or no (or alternately 1 or 0) on any input.
determining whether x evenly divides y, given x and y. One such

algorithm is long division, taught to many school children. If the remainder is zero the answer produced is 'yes',

otherwise it is 'no'. A decision problem which can be solved by an algorithm, such as this example, is called
decidable.

The field of computational complexity categorizes decidable decision problems by how difficult they are to solve.
"Difficult", in this sense, is described in terms of the computational resources needed by the most efficient algorithm
for a certain problem. The field of recursion theory, meanwhile, categorizes undecidable decision problems by

Turing degree, which is a measure of the noncomputability inherent in any solution.

Research in computability theory has typically focused on decision problems. As explained in the section

Equivalence with function problems below, there is no loss of generality.

Definition

A decision problem is any arbitrary yes-or-no question on an infinite set of inputs. Because of this, it is traditional to
define the decision problem equivalently as: the set of inputs for which the problem returns yes.

These inputs can be natural numbers, but also other values of some other kind, such as strings of a formal language.
Using some encoding, such as Godel numberings, the strings can be encoded as natural numbers. Thus, a decision
problem informally phrased in terms of a formal language is also equivalent to a set of natural numbers. To keep the

formal definition simple, it is phrased in terms of subsets of the natural numbers.

Formally, a decision problem is a subset of the natural numbers. The corresponding informal problem is that of

deciding whether a given number is in the set.
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Examples

A classic example of a decidable decision problem is the set of prime numbers. It is possible to effectively decide
whether a given natural number is prime by testing every possible nontrivial factor. Although much more efficient

methods of primality testing are known, the existence of any effective method is enough to establish decidability.

Decidability

A decision problem A is called decidable or effectively solvable if A is a recursive set. A problem is called partially
decidable, semidecidable, solvable, or provable if A is a recursively enumerable set. Partially decidable problems

and any other problems that are not decidable are called undecidable.

The halting problem is an important undecidable decision problem; for more examples, see list of undecidable

problems.

Complete problems

Decision problems can be ordered according to many-one reducibility and related feasible reductions such as
Polynomial-time reductions. A decision problem P is said to be complete for a set of decision problems S if P is a
member of S and every problem in S can be reduced to P. Complete decision problems are used in computational
complexity to characterize complexity classes of decision problems. For example, the Boolean satisfiability problem

is complete for the class NP of decision problems under polynomial-time reducibility.

History

The Entscheidungsproblem, German for "Decision-problem", is attributed to David Hilbert: "At [the] 1928
conference Hilbert made his questions quite precise. First, was mathematics complete... Second, was mathematics
consistent... And thirdly, was mathematics decidable? By this he meant, did there exist a definite method which
could, in principle be applied to any assertion, and which was guaranteed to produce a correct decision on whether
that assertion was true" (Hodges, p. 91). Hilbert believed that "in mathematics there is no ignorabimus' (Hodges, p.

91ff) meaning 'we will not know'. See David Hilbert and Halting Problem for more.

Equivalence with function problems

A function problem consists of a partial function f; the informal "problem" is to compute the values of f on the inputs

for which it is defined.

Every function problem can be turned into a decision problem; the decision problem is just the graph of the
associated function. (The graph of a function f is the set of pairs (x,y) such that fix) = y.) If this decision problem
were effectively solvable then the function problem would be as well. This reduction does not respect computational
complexity, however. For example, it is possible for the graph of a function to be decidable in polynomial time (in
which case running time is computed as a function of the pair (x,y) ) when the function is not computable in
polynomial time (in which case running time is computed as a function of x alone). The function f(x) = 2" has this
property.

Every decision problem can be converted into the function problem of computing the characteristic function of the
set associated to the decision problem. If this function is computable then the associated decision problem is
decidable. However, this reduction is more liberal than the standard reduction used in computational complexity
(sometimes called polynomial-time many-one reduction); for example, the complexity of the characteristic functions
of an NP-complete problem and its co-NP-complete complement is exactly the same even though the underlying

decision problems may not be considered equivalent in some typical models of computation.
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Practical decision

Having practical decision procedures for classes of logical formulas is of considerable interest for program
verification and circuit verification. Pure Boolean logical formulas are usually decided using SAT-solving
techniques based on the DPLL algorithm. Conjunctive formulas over linear real or rational arithmetic can be decided
using the Simplex algorithm, formulas in linear integer arithmetic (Presburger arithmetic) can be decided using
Cooper's algorithm or William Pugh's Omega test. Formulas with negations, conjunctions and disjunctions combine
the difficulties of satisfiability testing with that of decision of conjunctions; they are generally decided nowadays
using SMT-solving technique, which combine SAT-solving with decision procedures for conjunctions and
propagation techniques. Real polynomial arithmetic, also known as the theory of real closed fields, is decidable, for
instance using the Cylindrical algebraic decomposition; unfortunately the complexity of that algorithm is excessive

for most practical uses.

A leading scientific conference in this field is CAV.

See also

e ALL (complexity)

* Decidability (logic) — for the problem of deciding whether a formula is a consequence of a logical theory.
* yes-no question

* Optimization problem

* Search problem

* Counting problem (complexity)

* Function problem
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Boolean satisfiability problem

Satisfiability is the problem of determining if the variables of a given Boolean formula can be assigned in such a
way as to make the formula evaluate to TRUE. Equally important is to determine whether no such assignments exist,
which would imply that the function expressed by the formula is identically FALSE for all possible variable
assignments. In this latter case, we would say that the function is unsatisfiable; otherwise it is satisfiable. To
emphasize the binary nature of this problem, it is frequently referred to as Boolean or propositional satisfiability.
The shorthand "SAT" is also commonly used to denote it, with the implicit understanding that the function and its

variables are all binary-valued.

Basic definitions, terminology and applications

In complexity theory, the satisfiability problem (SAT) is a decision problem, whose instance is a Boolean
expression written using only AND, OR, NOT, variables, and parentheses. The question is: given the expression, is
there some assignment of TRUE and FALSE values to the variables that will make the entire expression true? A
formula of propositional logic is said to be satisfiable if logical values can be assigned to its variables in a way that
makes the formula true. The boolean satisfiability problem is NP-complete. The propositional satisfiability problem
(PSAT), which decides whether a given propositional formula is satisfiable, is of central importance in various areas
of computer science, including theoretical computer science, algorithmics, artificial intelligence, hardware design,

electronic design automation, and verification.

A literal is either a variable or the negation of a variable (the negation of an expression can be reduced to negated

variables by De Morgan's laws). For example, Z1is a positive literal and not(:tg) is a negative literal.

A clause is a disjunction of literals. For example, 1 V not(xs)is a clause.

There are several special cases of the Boolean satisfiability problem in which the formulae are required to be
conjunctions of clauses (i.e. formulae in conjunctive normal form). Determining the satisfiability of a formula in
conjunctive normal form where each clause is limited to at most three literals is NP-complete; this problem is called
"3SAT", "3CNFSAT", or "3-satisfiability". Determining the satisfiability of a formula in which each clause is
limited to at most two literals is NL-complete; this problem is called "2SAT". Determining the satisfiability of a
formula in which each clause is a Horn clause (i.e. it contains at most one positive literal) is P-complete; this

problem is called Horn-satisfiability.

The Cook—Levin theorem proves that the Boolean satisfiability problem is NP-complete, and in fact, this was the
first decision problem proved to be NP-complete. However, beyond this theoretical significance, efficient and
scalable algorithms for SAT that were developed over the last decade have contributed to dramatic advances in our
ability to automatically solve problem instances involving tens of thousands of variables and millions of constraints.
Examples of such problems in electronic design automation (EDA) include formal equivalence checking, model
checking, formal verification of pipelined microprocessors, automatic test pattern generation, routing of FPGAs, and

so on. A SAT-solving engine is now considered to be an essential component in the EDA toolbox.
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Complexity and restricted versions

NP-completeness

SAT was the first known NP-complete problem, as proved by Stephen Cook in 1971 (see Cook's theorem for the
proof). Until that time, the concept of an NP-complete problem did not even exist. The problem remains
NP-complete even if all expressions are written in conjunctive normal form with 3 variables per clause (3-CNF),

yielding the 3SAT problem. This means the expression has the form:
(x11 OR X\, OR x13) AND
(x21 OR X OR x23) AND
(x31 OR X1 OR x33) AND ...
where each x is a variable or a negation of a variable, and each variable can appear multiple times in the expression.

A useful property of Cook's reduction is that it preserves the number of accepting answers. For example, if a graph

has 17 valid 3-colorings, the SAT formula produced by the reduction will have 17 satisfying assignments.

NP-completeness only refers to the run-time of the worst case instances. Many of the instances that occur in practical

applications can be solved much more quickly. See runtime behavior below.

SAT is easier if the formulas are restricted to those in disjunctive normal form, that is, they are disjunction (OR) of
terms, where each term is a conjunction (AND) of literals (possibly negated variables). Such a formula is indeed
satisfiable if and only if at least one of its terms is satisfiable, and a term is satisfiable if and only if it does not

contain both x and NOT x for some variable x. This can be checked in polynomial time.

2-satisfiability

SAT is also easier if the number of literals in a clause is limited to 2, in which case the problem is called 2SAT. This
problem can also be solved in polynomial time, and in fact is complete for the class NL. Similarly, if we limit the
number of literals per clause to 2 and change the AND operations to XOR operations, the result is exclusive-or
2-satisfiability, a problem complete for SL = L.

One of the most important restrictions of SAT is HORNSAT, where the formula is a conjunction of Horn clauses.
This problem is solved by the polynomial-time Horn-satisfiability algorithm, and is in fact P-complete. It can be seen

as P's version of the Boolean satisfiability problem.

Provided that the complexity classes P and NP are not equal, none of these restrictions are NP-complete, unlike SAT.

The assumption that P and NP are not equal is currently not proven.

3-satisfiability

3-satisfiability is a special case of k-satisfiability (k-SAT) or simply satisfiability (SAT), when each clause contains
exactly k = 3 literals. It was one of Karp's 21 NP-complete problems.

Here is an example, where — indicates negation:

E= (x1 or —ix,, or —nx3) and ()c1 or x_ or x4)

2 2
E has two clauses (denoted by parentheses), four variables (xl, Xpp Xy, X 4), and k=3 (three literals per clause).

To solve this instance of the decision problem we must determine whether there is a truth value (TRUE or FALSE)
we can assign to each of the literals (x | through x 4) such that the entire expression is TRUE. In this instance, there is
such an assignment ()c1 = TRUE, X, = TRUE, x3=TRUE, X 4=TRUE), so the answer to this instance is YES. This is
one of many possible assignments, with for instance, any set of assignments including x = TRUE being sufficient. If

there were no such assignment(s), the answer would be NO.

Since k-SAT (the general case) reduces to 3-SAT, and 3-SAT can be proven to be NP-complete, it can be used to
prove that other problems are also NP-complete. This is done by showing how a solution to another problem could
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be used to solve 3-SAT. An example of a problem where this method has been used is "Clique". It's often easier to

use reductions from 3-SAT than SAT to problems that researchers are attempting to prove NP-complete.

3-SAT can be further restricted to One-in-three 3SAT, where we ask if exactly one of the variables in each clause is
true, rather than at least one. One-in-three 3SAT remains NP-complete.

Horn-satisfiability

A clause is Horn if it contains at most one positive literal. Such clauses are of interest because they are able to
express implication of one variable from a set of other variables. Indeed, one such clause —x1 V - -+ V =z, V ¥y
can be rewritten as £1 A - - - A T, — Y, thatis, if 1, ..., Tnare all true, then ¥ needs to be true as well.

The problem of deciding whether a set of Horn clauses is satisfiable is in P. This problem can indeed be solved by a
single step of the Unit propagation, which produces the single minimal (w.r.t. the set of literal assigned to true)

model of the set of Horn clauses.

A generalization of the class of Horn formulae is that of renamable-Horn formulae, which is the set of formulae that
can be placed in Horn form by replacing some variables with their respective negation. Checking the existence of
such a replacement can be done in linear time; therefore, the satisfiability of such formulae is in P as it can be solved

by first performing this replacement and then checking the satisfiability of the resulting Horn formula.

Schaefer's dichotomy theorem

The restrictions above (CNF, 2CNF, 3CNF, Horn) bound the considered formulae to be conjunction of subformulae;

each restriction states a specific form for all subformulae: for example, only binary clauses can be subformulae in
2CNF.

Schaefer's dichotomy theorem states that, for any restriction to Boolean operators that can be used to form these
subformulae, the corresponding satisfiability problem is in P or NP-complete. The membership in P of the

satisfiability of 2CNF and Horn formulae are special cases of this theorem.

Runtime behavior

As mentioned briefly above, though the problem is NP-complete, many practical instances can be solved much more
quickly. Many practical problems are actually "easy", so the SAT solver can easily find a solution, or prove that none
exists, relatively quickly, even though the instance has thousands of variables and tens of thousands of constraints.
Other much smaller problems exhibit run-times that are exponential in the problem size, and rapidly become
impractical. Unfortunately, there is no reliable way to tell the difficulty of the problem without trying it. Therefore,
almost all SAT solvers include time-outs, so they will terminate even if they cannot find a solution. Finally, different
SAT solvers will find different instances easy or hard, and some excel at proving unsatisfiability, and others at

finding solutions. All of these behaviors can be seen in the SAT solving contests.'

Extensions of SAT

An extension that has gained significant popularity since 2003 is Satisfiability modulo theories (SMT) that can
enrich CNF formulas with linear constraints, arrays, all-different constraints, uninterpreted functions, etc. Such
extensions typically remain NP-complete, but very efficient solvers are now available that can handle many such

kinds of constraints.

The satisfiability problem becomes more difficult (PSPACE-complete) if we extend our logic to include
second-order Booleans, allowing quantifiers such as "for all" and "there exists" that bind the Boolean variables. An

example of such an expression would be:

Ve (Jy (Fz((zVyVz)A(—-zV-yV-z)))).
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SAT itself uses only I quantifiers. If we allow only Y quantifiers, it becomes the Co-NP-complete tautology
problem. If we allow both, the problem is called the quantified Boolean formula problem (QBF), which can be
shown to be PSPACE-complete. It is widely believed that PSPACE-complete problems are strictly harder than any
problem in NP, although this has not yet been proved.

A number of variants deal with the number of variable assignments making the formula true. Ordinary SAT asks if
there is at least one such assignment. MAJSAT, which asks if the majority of all assignments make the formula true,
is complete for PP, a probabilistic class. The problem of how many variable assignments satisfy a formula, not a
decision problem, is in #P. UNIQUE-SAT or USAT is the problem of determining whether a formula known to have
either zero or one satisfying assignments has zero or has one. Although this problem seems easier, it has been shown
that if there is a practical (randomized polynomial-time) algorithm to solve this problem, then all problems in NP can

be solved just as easily.

The maximum satisfiability problem, an FNP generalization of SAT, asks for the maximum number of clauses which
can be satisfied by any assignment. It has efficient approximation algorithms, but is NP-hard to solve exactly. Worse
still, it is APX-complete, meaning there is no polynomial-time approximation scheme (PTAS) for this problem
unless P=NP.

NP-Complete Solutions in SAT
Theorem (Karp-Lipton-Sipser): If NP C P/poly then PH = Zp2.
Note if NP C P/poly then SAT has a polynomial-size circuit family.

Namely, for some ¢ > 0 there is a sequence of circuits W1,W2,W3,..., where Wn is a circuit of size nk deciding

satisfiability of all Boolean formulas whose encoding size is < n.

Of course, NP C P/poly merely implies the existence of such a family; there may be no easy way to construct the

circuits.

Lemma (Self-reducibility of SAT)

There is a polynomial-time computable function h such that if {Wn}n=1 is a circuit family that solves SAT, then for
all Boolean formula ¢:¢ € SAT iff h (¢, Wlol) is a satisfying assignment for ¢. (1)

Proof: The main idea is to use the circuit to generate a satisfying assignment as follows.

Ask the circuit if ¢ is satisfiable.

If so, ask it if ¢p(x1 =T) (i.e., ¢ with the first variable assigned True) is satisfiable.

The circuit’s answer allows us to reduce the size of the formula.

If the circuit says no, we can conclude ¢p(x1 = F) is true, and have thus reduced the number of variables by 1.
If the circuit says yes, we can substitute x1 = T and again reduced the number of variables by 1.

Continuing this way, we can generate a satisfying assignment. This proves the Lemma. (Aside: The formal name for

the above property of SAT is downward self-reducibility. All NP-complete languages have this property.)QED
Now we prove the Theorem.

We show NP C P/poly implies [Ip2 € Zp2. Let L. € IIp2. Then there is a language .1 € NP and ¢ > 0 such that L =
{x € {0, 1}*: Vy, lyllkxle, (x,y) €L1}. (2)

Since L1 € NP, there is a polynomial-time reduction, say g, from L1 to SAT.
Thus V z € {0,1}*: z € L1 iff g(z) € SAT.

Suppose further that d > 0 is such that Ig(z)I<IzId.

Now we can rewrite (2) asL = {x € {0,1}*: V y lyl<Ixlc1, g(x, y) € SAT}.
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Note that Ig(x, y)I < (IxI + lyhd.
Let us simplify this as Ixlcd.
Thus if Wn=1 is a nk-sized circuit family for SAT, then by 1) we have L = {x : V¥ y lyl<Ixlc1, h(g(x, y), Wixled ) is a

satisfying assignment for g(x, y)}.
Now we are almost done.
Even though there may be no way for us to construct the circuit for SAT, we can just try to “guess” it.

Namely, an input x is in L iff IW, a circuit with Ixlcd inputs and size Ixlcdk such that ¥ y, lyl<Ixlc1, h(g(x, y), W) is a

satisfying assignment for g(x, y).

Since h is computable in polynomial time, we have thus shown L € Zp2. QED1[2]

Algorithms for solving SAT

There are two classes of high-performance algorithms for solving instances of SAT in practice: modern variants of
the DPLL algorithm, such as Chaff, GRASP or march [3]; and stochastic local search algorithms, such as WalkSAT.

A DPLL SAT solver employs a systematic backtracking search procedure to explore the (exponentially-sized) space
of variable assignments looking for satisfying assignments. The basic search procedure was proposed in two seminal
papers in the early 60s (see references below) and is now commonly referred to as the
Davis-Putnam-Logemann-Loveland algorithm (“DPLL” or “DLL”). Theoretically, exponential lower bounds have

been proved for the DPLL family of algorithms.

Modern SAT solvers (developed in the last ten years) come in two flavors: "conflict-driven" and "look-ahead".
Conflict-driven solvers augment the basic DPLL search algorithm with efficient conflict analysis, clause learning,
non-chronological backtracking (aka backjumping), as well as "two-watched-literals" unit propagation, adaptive
branching, and random restarts. These "extras" to the basic systematic search have been empirically shown to be
essential for handling the large SAT instances that arise in Electronic Design Automation (EDA). Look-ahead
solvers have especially strengthened reductions (going beyond unit-clause propagation) and the heuristics, and they
are generally stronger than conflict-driven solvers on hard instances (while conflict-driven solvers can be much

better on large instances which have inside actually an easy instance).

Modern SAT solvers are also having significant impact on the fields of software verification, constraint solving in
artificial intelligence, and operations research, among others. Powerful solvers are readily available as free and open
source software. In particular, the conflict-driven MiniSAT [4], which was relatively successful at the 2005 SAT

[5] 1 31

competition , which won a

prize at the 2007 SAT competition

, only has about 600 lines of code. An example for look-ahead solvers is march_d
[5]

Genetic algorithms and other general-purpose stochastic local search methods are also being used to solve SAT
problems, especially when there is no or limited knowledge of the specific structure of the problem instances to be
solved. Certain types of large random satisfiable instances of SAT can be solved by survey propagation (SP).
Particularly in hardware design and verification applications, satisfiability and other logical properties of a given
propositional formula are sometimes decided based on a representation of the formula as a binary decision diagram
(BDD).

Propositional satisfiability has various generalisations, including satisfiability for quantified Boolean formula
problem, for first- and second-order logic, constraint satisfaction problems, 0-1 integer programming, and maximum
satisfiability problem.

Many other decision problems, such as graph coloring problems, planning problems, and scheduling problems, can

be easily encoded into SAT.
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External links

More information on SAT:

e SAT and MAX-SAT for the Lay-researcher (http://users.ecs.soton.ac.uk/mqq06r/sat/)

SAT Applications:

e WinSAT v2.04 (http://users.ecs.soton.ac.uk/mqq06r/winsat/): A Windows-based SAT application made

particularly for researchers.
SAT Solvers:

e Chaff (http://www.princeton.edu/~chaff/)

e HyperSAT (http://www.domagoj-babic.com/index.php/ResearchProjects/HyperSAT)

* Spear (http://www.domagoj-babic.com/index.php/ResearchProjects/Spear)

e The MiniSAT Solver (http://minisat.se/)

e UBCSAT (http://www.satlib.org/ubcsat/)

e Sat4j (http://www.sat4j.org/)

* RSat (http://reasoning.cs.ucla.edu/rsat/home.html)

* Fast SAT Solver (http://dudka.cz/fss) - simple but fast implementation of SAT solver based on genetic
algorithms

e CVC3 (http://www.cs.nyu.edu/acsys/cvc3/)

Conferences/Publications:

e SAT 2009: Twelfth International Conference on Theory and Applications of Satisfiability Testing (http://www.

cs.swansea.ac.uk/~csoliver/SAT2009/)

* SAT 2008: Eleventh International Conference on Theory and Applications of Satisfiability Testing (http://

wwwcs.uni-paderborn.de/cs/ag-klbue/en/workshops/sat-08/sat08-main.php)

e SAT 2007: Tenth International Conference on Theory and Applications of Satisfiability Testing (http://sat07.

ecs.soton.ac.uk/)
* Journal on Satisfiability, Boolean Modeling and Computation (http://jsat.ewi.tudelft.nl)
* Survey Propagation (http://www.ictp.trieste.it/~zecchina/SP/)

Benchmarks:

* Forced Satisfiable SAT Benchmarks (http://www.nlsde.buaa.edu.cn/~kexu/benchmarks/benchmarks.htm)

e IBM Formal Verification SAT Benchmarks (http://www.haifa.il.ibm.com/projects/verification/
RB_Homepage/bmcbenchmarks.html)

* SATLIB (http://www.satlib.org)

* Software Verification Benchmarks (http://www.cs.ubc.ca/~babic/index_benchmarks.htm)

* Fadi Aloul SAT Benchmarks (http://www.aloul.net/benchmarks.html)

SAT solving in general:

* http://www.satlive.org

* http://www.satisfiability.org
Evaluation of SAT solvers:

* Yearly evaluation of SAT solvers (http://www.maxsat.udl.cat/)
* SAT solvers evaluation results for 2008 (http://www.maxsat.udl.cat/08/ms08.pdf)
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This article includes material from a column in the ACM SIGDA (http://www.sigda. org) e-newsletter (http://
www.sigda.org/newsletter/index.html) by Prof. Karem Sakallah (http://www.eecs.umich.edu/~karem)
Original text is available here (http://www.sigda.org/newsletter/2006/eNews_061201.html)

Constraint satisfaction

In artificial intelligence and operations research, constraint satisfaction is the process of finding a solution to a set
of constraints that impose conditions that the variables must satisfy. A solution is therefore a vector of variables that

satisfies all constraints.

The techniques used in constraint satisfaction depend on the kind of constraints being considered. Often used are
constraints on a finite domain, to the point that constraint satisfaction problems are typically identified with problems
based on constraints on a finite domain. Such problems are usually solved via search, in particular a form of
backtracking or local search. Constraint propagation are other methods used on such problems; most of them are
incomplete in general, that is, they may solve the problem or prove it unsatisfiable, but not always. Constraint
propagation methods are also used in conjunction with search to make a given problem simpler to solve. Other
considered kinds of constraints are on real or rational numbers; solving problems on these constraints is done via

variable elimination or the simplex algorithm.

Constraint satisfaction originated in the field of artificial intelligence in the 1970s (see for example (Lauriere 1978)).
During the 1980s and 1990s, embedding of constraints into a programming language were developed. Languages

often used for constraint programming are Prolog and C++.

Constraint satisfaction problem

As originally defined in artificial intelligence, constraints enumerate the possible values a set of variables may take.
Informally, a finite domain is a finite set of arbitrary elements. A constraint satisfaction problem on such domain
contains a set of variables whose values can only be taken from the domain, and a set of constraints, each constraint
specifying the allowed values for a group of variables. A solution to this problem is an evaluation of the variables
that satisfies all constraints. In other words, a solution is a way for assigning a value to each variable in such a way

that all constraints are satisfied by these values.

In practice, constraints are often expressed in compact form, rather than enumerating all values of the variables that
would satisfy the constraint. One of the most used constraints is the one establishing that the values of the affected

variables must be all different.

Problems that can be expressed as constraint satisfaction problems are the Eight queens puzzle, the Sudoku solving
problem, the Boolean satisfiability problem, scheduling problems and various problems on graphs such as the graph

coloring problem.

While usually not included in the above definition of a constraint satisfaction problem, arithmetic equations and
inequalities bound the values of the variables they contain and can therefore be considered a form of constraints.
Their domain is the set of numbers (either integer, rational, or real), which is infinite: therefore, the relations of these
constraints may be infinite as well; for example, ;X' = Y + ]has an infinite number of pairs of satisfying values.
Arithmetic equations and inequalities are often not considered within the definition of a "constraint satisfaction

problem", which is limited to finite domains. They are however used often in constraint programming.
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Solving

Constraint satisfaction problems on finite domains are typically solved using a form of search. The most used
techniques are variants of backtracking, constraint propagation, and local search. These techniques are used on

problems with nonlinear constraints.

Variable elimination and the simplex algorithm are used for solving linear and polynomial equations and
inequalities, and problems containing variables with infinite domain. These are typically solved as optimization

problems in which the optimized function is the number of violated constraints.

Complexity

Solving a constraint satisfaction problem on a finite domain is an NP complete problem. Research has shown a
number of tractable subcases, some limiting the allowed constraint relations, some requiring the scopes of constraints
to form a tree, possibly in a reformulated version of the problem. Research has also established relationship of the

constraint satisfaction problem with problems in other areas such as finite model theory.

Constraint programming

Constraint programming is the use of constraints as a programming language to encode and solve problems. This is
often done by embedding constraints into a programming language, which is called the host language. Constraint
programming originated from a formalization of equalities of terms in Prolog II, leading to a general framework for
embedding constraints into a logic programming language. The most common host languages are Prolog, C++, and

Java, but other languages have been used as well.

Constraint logic programming

A constraint logic program is a logic program that contains constraints in the bodies of clauses. As an example, the
clause A(X):-X>0,B(X) is a clause containing the constraint X>0 in the body. Constraints can also be present in the
goal. The constraints in the goal and in the clauses used to prove the goal are accumulated into a set called constraint
store. This set contains the constraints the interpreter has assumed satisfiable in order to proceed in the evaluation.
As a result, if this set is detected unsatisfiable, the interpreter backtracks. Equations of terms, as used in logic
programming, are considered a particular form of constraints which can be simplified using unification. As a result,
the constraint store can be considered an extension of the concept of substitution that is used in regular logic
programming. The most common kinds of constraints used in constraint logic programming are constraints over

integers/rational/real numbers and constraints over finite domains.

Concurrent constraint logic programming languages have also been developed. They significantly differ from
non-concurrent constraint logic programming in that they are aimed at programming concurrent processes that may
not terminate. Constraint handling rules can be seen as a form of concurrent constraint logic programming, but are
also sometimes used within a non-concurrent constraint logic programming language. They allow for rewriting

constraints or to infer new ones based on the truth of conditions.
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Constraint satisfaction toolkits

Constraint satisfaction toolkits are software libraries for imperative programming languages that are used to encode

and solve a constraint satisfaction problem.

Cassowary constraint solver is an open source project for constraint satisfaction (accessible from C, Java, Python
and other languages).

Comet, a commercial programming language and toolkit

Gecode, an open source portable toolkit written in C++ developed as a production-quality and highly efficient
implementation of a complete theoretical background.

JaCoP (solver) an open source Java constraint solver (1
Koalog (214 commercial Java-based constraint solver.

logilab-constraint (31

an open source constraint solver written in pure Python with constraint propagation
algorithms.

MINION ™ an open-source constraint solver written in C++, with a small language for the purpose of specifying
models/problems.

zDC Plis an open source program developed in the Computer-Aided Constraint Satisfaction Project (61 for

modelling and solving constraint satisfaction problems.

Other constraint programming languages

Constraint toolkits are a way for embedding constraints into an imperative programming language. However, they

are only used as external libraries for encoding and solving problems. An approach in which constraints are

integrated into an imperative programming language is taken in the Kaleidoscope programming language.

Constraints have also been embedded into functional programming languages.

See also

Constraint satisfaction problem
Constraint (mathematics)
Candidate solution

Boolean satisfiability problem

Decision theory
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Rewriting

In mathematics, computer science and logic, rewriting covers a wide range of (potentially non-deterministic)
methods of replacing subterms of a formula with other terms. What is considered are rewriting systems (also known
as rewrite systems or reduction systems). In their most basic form, they consist of a set of objects, plus relations on

how to transform those objects.

Rewriting can be non-deterministic. One rule to rewrite a term could be applied in many different ways to that term,
or more than one rule could be applicable. Rewriting systems then do not provide an algorithm for changing one
term to another, but a set of possible rule applications. When combined with an appropriate algorithm, however,
rewrite systems can be viewed as computer programs, and several declarative programming languages are based on

term rewriting.

Intuitive examples

Logic
In logic, the procedure for determining the conjunctive normal form (CNF) of a formula can be conveniently written
as a rewriting system. The rules of such a system would be:

——A — A (double negative elimination)

—(AA B) — =AYV —B (De Morgan's laws)

-(AVB) - -AA-B

(AANB) Vv C — (AVC) A (B V C)(Distributivity)

AV (BAC) — (AVB)A(AVO),
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where the arrow ( — ) indicates that the left side of the rule can be rewritten to the right side (so it does not denote
logical implication).

Abstract rewriting systems

From the above examples, it's clear that we can think of rewriting systems in an abstract manner. We need to specify
a set of objects and the rules that can be applied to transform them. The most general (unidimensional) setting of this
notion is called an abstract reduction system, (abbreviated ARS), although more recently authors use abstract
rewriting system as well.l1 (The preference for the word "reduction” here instead of "rewriting" constitutes a
departure from the uniform use of "rewriting" in the names of systems that are particularizations of ARS. Because
the word "reduction” does not appear in the names of more specialized systems, in older texts reduction system is a

synonym for ARS).[Z]

An ARS is simply a set A, whose elements are usually called objects, together with a binary relation on A,

B o just reduction.”! This

traditionally denoted by —, and called the reduction relation, rewrite relation
(entrenched) terminology using "reduction" is a little misleading, because the relation is not necessarily reducing
some measure of the objects; this will become more apparent when we discuss string rewriting systems further in

this article.

Example 1. Suppose the set of objects is T = {a, b, ¢} and the binary relation is given by the rulesa — b, b — a, a
— ¢, and b — c. Observe that these rules can be applied to both @ and b in any fashion to get the term c. Such a
property is clearly an important one. Note also, that c is, in a sense, a "simplest" term in the system, since nothing
can be applied to c to transform it any further. This example leads us to define some important notions in the general

setting of an ARS. First we need some basic notions and notations.

* _*,is the transitive closure of — U =, where = is the identity relation, i.e. _*, is the smallest preorder
(reflexive and transitive relation) containing — . It is also called the reflexive transitive closure of — .
* <>is _, |J —s—1, thatis the union of the relation — with its inverse relation, also known as the symmetric

closure of — .
* X, is the transitive closure of «» U =, thatis /*, is the smallest equivalence relation containing — . It is also

known as the reflexive transitive symmetric closure of — .

Normal forms, joinability and the word problem

An object x in A is called reducible if there exist some other y in A and T — ¥ ; otherwise it is called irreducible
or a normal form. An object y is called a normal form of x if :Ci>y and y is irreducible. If x has a unique normal
form, then this is usually denoted with x j, . In example 1 above, c is a normal form, and ¢ = a l: b l . If every

object has at least one normal form, the ARS is called normalizing.
A related, but weaker notion than the existence of normal forms is that of two objects being joinable: x and y are

said joinable if there exists some z with the property that 7 Z<iy- From this definition, it's apparent one may
define the joinability relation as _*, 5 . , where ©is the composition of relations. Joinability is usually denoted,
somewhat confusingly, also with | , but in this notation the down arrow is a binary relation, i.e. we write x| yif x

and y are joinable.

One of the important problems that may be formulated in an ARS is the word problem: given x and y are they
equivalent under . *, ? This is a very general setting for formulating the word problem for the presentation of an
algebraic structure. For instance, the word problem for groups is a particular case of an ARS word problem. Central
to an "easy" solution for the word problem is the existence of unique normal forms: in this case if two objects have

the same normal form, then they are equivalent under .*, . The word problem for an ARS is undecidable in general.
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The Church-Rosser property and confluence

An ARS is said to possess the Church-Rosser property if and only if ;g(iyimplies xly. In words, the

Church-Rosser property means that the reflexive transitive symmetric closure is contained in the joinability relation.
Alonzo Church and J. Barkley Rosser proved in 1936 that lambda calculus has this property;[s] hence the name of the
property.[(’] (The fact that lambda calculus has this property is also known as the Church-Rosser theorem.) In an ARS
with the Church-Rosser property the word problem may be reduced to the search for a common successor. In a
Church-Rosser system, an object has at most one normal form; that is the normal form of an object is unique if it

exists, but it may well not exist.
Several different properties are equivalent to the Church-Rosser property, but may be simpler to check in any

particular setting. In particular, confluence is equivalent to Church-Rosser. The notion of confluence can be defined
for individual elements, something that's not possible for Church-Rosser. An ARS ( A, —>) is said:

* confluent if and only if for all w, x, and y in A, ;miwiy implies x | . Roughly speaking, confluence says

that no matter how two paths diverge from a common ancestor (w), the paths are joining at some common
successor. This notion may be refined as property of a particular object w, and the system called confluent if all its

elements are confluent.
¢ locally confluent if and only if for all w, x, and y in A, Z +— W — ¥Yimplies x| 3. This property is sometimes

called weak confluence.
Theorem. For an ARS the following conditions are equivalent: (i) it has the Church-Rosser property, (ii) it is

conﬂuent.m

Corollary.’® In a confluent ARS if x5y then

¢ If both x and y are normal forms, then x = y.

* Ifyis a normal form, then 75y

Because of these equivalences, a fair bit of variation in definitions is encountered in the literature. For instance, in
Bezem et al 2003 the Church-Rosser property and confluence are defined to be synonymous and identical to the
definition of confluence presented here; Church-Rosser as defined here remains unnamed, but is given as an
equivalent property; this departure from other texts is deliberate.”’) Because of the above corollary, one may define a

normal form y of x as an irreducible y with the property that $<i>y. This definition, found in Book and Otto, is

equivalent to common one given here in a confluent system, but it is more inclusive in a non-confluent ARS.
Local confluence on the other hand is not equivalent with the other notions of confluence given in this section, but it

is strictly weaker than confluence.

Termination and convergence

An abstract rewriting system is said to be terminating or noetherian if there is no infinite chain
To — T1 — T2 — ---.In aterminating ARS, every object has at least one normal form, thus it is normalizing.
The converse is not true. In example 1 for instance, there is an infinite rewriting chain, namely
a—b—a— b— ..., even though the system is normalizing. A confluent and terminating ARS is called
convergent. In a convergent ARS, every object has a unique normal form. But it is sufficient for the system to be

confluent and normalizing for a unique normal to exist for every element, as seen in example 1.

Theorem (Newman's Lemma): A terminating ARS is confluent if and only if it is locally confluent.
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String rewriting systems

A string rewriting system (SRS), also known as semi-Thue system, exploits the free monoid structure of the
strings (words) over an alphabet to extend a rewriting relation, R to all strings in the alphabet that contain left- and
respectively right-hand sides of some rules as substrings. Formally a semi-Thue systems is a tuple (Z, R) where Y
is a (usually finite) alphabet, and R is a binary relation between some (fixed) strings in the alphabet, called rewrite
rules. The one-step rewriting relation relation — rinduced by R on };*is defined as: for any strings s, and ¢ in
3* s —pg tif and only if there exist x, y, u, v in 3* such that s = xuy, t = xvy, and u R v. Since — R s a relation
on Y *, the pair (2*7 — R) fits the definition of an abstract rewriting system. Obviously R is subset of — R . If the
relation R is symmetric, then the system is called a Thue system.

In a SRS, the reduction relation 1 1s compatible with the monoid operation, meaning that 5 ry implies
ULV RUYV for all strings x, y, u, v in };*. Similarly, the reflexive transitive symmetric closure of —R,
denoted & R 18 @ congruence, meaning it is an equivalence relation (by definition) and it is also compatible with
string concatenation. The relation p 1s called the Thue congruence generated by R. In a Thue system, i.e. if R is

symmetric, the rewrite relation % , coincides with the Thue congruence s .. . . . .
e notion of a semi-Thue syst@n essentially coincides with the preseﬁtatlon of a monoid. Since & ,is a

congruence, we can define the factor monoid A, = ¥* / & p of the free monoid Y * by the Thue congruence in
the usual manner. If a monoid A is isomorphic with M p, then the semi-Thue system (X, R)is called a

monoid presentation of Af .
We immediately get some very useful connections with other areas of algebra. For example, the alphabet {a, b} with

the rules { ab — €, ba — ¢ }, where ¢ is the empty string, is a presentation of the free group on one generator. If
instead the rules are just { ab — ¢ }, then we obtain a presentation of the bicyclic monoid. Thus semi-Thue systems
constitute a natural framework for solving the word problem for monoids and groups. In fact, every monoid has a
presentation of the form (E, R), i.e. it may be always be presented by a semi-Thue system, possibly over an
infinite alphabet.

The word problem for a semi-Thue system is undecidable in general; this result is sometimes know as the

Post-Markov theorem. [10]

Term rewriting systems

A generalization of term rewrite systems are graph rewrite systems, operating on graphs instead of (ground-) terms /

their corresponding tree representation.

Trace rewriting systems

Trace theory provides a means for discussing multiprocessing in more formal terms, such as via the trace monoid

and the history monoid. Rewriting can be performed in trace systems as well.

Philosophy

Rewriting systems can be seen as programs that infer end-effects from a list of cause-effect relationships. In this

way, rewriting systems can be considered to be automated causality provers.
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Properties of rewriting systems

Observe that in both of the above rewriting systems, it is possible to get terms rewritten to a "simplest" term, where
this term cannot be modified any further from the rules in the rewriting system. Terms which cannot be written any
further are called normal forms. The potential existence or uniqueness of normal forms can be used to classify and
describe certain rewriting systems. There are rewriting systems which do not have normal forms: a very simple one

is the rewriting system on two terms a and b witha — b, b — a.

The property exhibited above where terms can be rewritten regardless of the choice of rewriting rule to obtain the
same normal form is known as confluence. The property of confluence is linked with the property of having unique

normal forms.

See also

* Critical pair

* Knuth-Bendix completion algorithm

* L-system

* Pure a programming language based on term rewriting.
* Regulated rewriting

* Rho calculus
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Maude system

The Maude system is an implementation of rewriting logic developed at SRI International. It is similar in its general
approach to Joseph Goguen's OBJ3 implementation of equational logic, but based on rewriting logic rather than

order-sorted equational logic, and with a heavy emphasis on powerful metaprogramming based on reflection.

Maude - the basics

Maude modules (rewrite theories) consists of a term-language plus sets of equations and rewrite-rules. Terms in a
rewrite theory are constructed using operators (functions taking 0 or more arguments of some sort, which return a
term of a specific sort). Operators taking 0 arguments are considered constants, and we construct our term-language

by these simple constructs.

NOTE: If you want to test these examples on your own, you should start Maude with the option -no-prelude which
lets Maude know that none of its basic modules are included (like Maude's own NAT module which will cause a

conflict).

Example 1

fmod NAT is
sort Nat

op 0 : —> Nat [ctor]
op s : Nat -> Nat [ctor]

endfm

This rewrite theory specifies all the natural numbers. First we introduce the sort, saying that there exists a sort called
Nat (short for natural numbers), and below is the specification of how these terms are constructed. The operator s in
Example 1 is the successor function representing the next natural number in the sequence of natural numbers i.e.
s(N) := N + 1. s(0) is meant to represent the natural number 1 and so on. 0 is a constant, it takes no input

parameter(s) but returns a Nat.

Example 2

fmod NAT is
sort Nat

op 0 : —> Nat [ctor]
op s : Nat -> Nat [ctor]
op _t+_ : Nat Nat —-> Nat

vars N M : Nat

eq 0 + N =N
eq s(N) + M = s (N + M)

endfm
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In Example 2 we introduce the + sign meant to represent addition of natural numbers. Its definition is almost
identical to the previous one, with input and output sorts but there is a difference, its operator has underscores on
each side. Maude lets the user specify whether or not operators are infix, postfix or prefix (default), this is done using
underscores as place fillers for the input terms. So the + operator takes its input on each side making it an infix

operator. Unlike our previous operator s which takes its input terms after the operator (prefix).

op + : Nat Nat —-> Nat

*** s the same as

op +__ : Nat Nat -> Nat . *** two underscores

The three stars are Maude's rest-of-line-comments and lets the parser know that it can ignore the rest of the line (not
part of the program), with parenthesis we get section comments:

*** rest of line is ignored by Maude

* k k (

section

is

ignored by Maude

)

The extended Nat module also holds two variables and two sets of equations.

vars N M : Nat

eq 0 + N =N
eq s(N) + M = s (N + M)

When Maude "executes", it rewrites terms according to our specifications. And this is done with the statement

reduce in <some module> : <some term>

or the shorter form

red <some term>

For this last statement to be used it is important that nothing is ambiguous. A small example from our rewrite theory

representing the natural numbers:

reduce in NAT : s(0) + s(0)
rewrites: 2 in Oms cpu (Oms real) (~ rewrites/second)

result Nat: s(s(0))

Using the two equations in the rewrite theory NAT Maude was able to reduce our term into the desired term, the
representation of the number two i.e. the second successor of 0. At that point no other application of the two
equations were possible, so Maude halts. Maude rewrites terms according to the equations whenever there is a
match between the closed terms that we try to rewrite (or reduce) and the left hand side of an equation in our
equation-set. A match in this context is a substitution of the variables in the left hand side of an equation which

leaves it identical to the term we try to rewrite/reduce.

To illustrate it further we can look at the left hand side of the equations as Maude executes, reducing/rewriting the

term.

eq s(N) + M = s (N + M)
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can be applied to the term:

s(0) + s(0)

since the substitution:

N => 0
M => s(0)
s(N) + MN => 0, M => s(0) == s(0) + s(0)

makes them identical, and therefore it can be reduced/rewritten using this equation. After this equation has been

applied to the term, we are left with the term:

s (0 + s(0))

If we take a close look at that term we will see that it has a fitting substitution with matches the first equation, at least

parts of the term matches the first equation:

eqg 0 + N =N

substitution:

N => s (0)

s (0 + N) N => s(0) == (0 + s(0))

0 + s(0) - matches first equation and is rewritten

As we can see the second substitution and rewrite step rewrites the an inner-term (the whole term does not match any
of the equations but the inner term does). Then we end up with our resulting term s(s(0)), and it can seem like a lot of
hassle to add 1 + 1, but hopefully you will soon see the strength of this approach.

Another thing worth mentioning is that reduction/rewriting up to this point has taken something very important for

granted, which is:

* Reduction/Rewriting terminates
* Reduction/Rewriting is confluent (applying the equations in any order will eventually lead to the same resulting

term)

This cannot be taken for granted, and for a rewrite theory to be sane, we have to ensure that equational application is
confluent and terminating. To prove that term-rewriting terminates is not possible in any instance, as we know from
the halting problem. To be able to prove that term-rewriting (with regards to the equations) terminates, one can
usually create some mapping between terms and the natural numbers, and show that application of the equations
reduces the associated value of the term. Induction then proves that it is a halting process since the event of finding
smaller natural numbers is a halting process. Naturally equation sets that can cause a term-rewrite to contain cycles
will not be terminating. To prove confluence is another important aspect since a rewrite theory lacking this ability
will be rather flawed. To prove that the equation set is confluent one has to prove that any application of the
equations to any belonging term will lead to the same resulting term (termination is a prerequisite). Details for how
to prove termination or confluence will not be given here, it just had to be mentioned, since this is where equations

and rewrite-rules differ, which is the next topic of this short overview.
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Rewrite Rules

Up to this point we have been talking about rewriting and reduction as more or less the same thing, our first rewrite
theory had no rewrite rules, still we rewrote terms, so it is time to illustrate what rewrite rules are, and how they
differ from the equations we have seen so far (they do not differ much from equations naturally since we talk about

the two concepts almost interchangeably).

The module presented so far NAT which represented the natural numbers and addition on its elements, is considered
a functional module/rewrite theory, since it contains no rewrite rules. Such modules are often encapsuled with a
fmod and endfm (instead of mod endm) to illustrate this fact. A functional module and its set of equations must be
confluent and terminating since they build up the part of a rewrite theory that always should compute the same

result, this will be clear once the rewrite rules come into play.

Example 3

mod PERSON is
including NAT . *** our previous module

sort Person

sort State

op married : -> State [ctor]

op divorced : —-> State [ctor]

op single : -> State [ctor]

op engaged : —> State [ctor]

op dead : -> State [ctor]

op person : State Nat —-> Person [ctor]

var N : Nat

var S : State

rl [birthday]

person (S, N) => person (S, N + s(0))

rl [get—-engaged]

person (single, N) => person (engaged, N)

rl [get-married]

person (engaged, N) => person (married, N)

rl [get-divorced]

person (married, N) => person (divorced, N)

rl [las-vegas]
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person (S, N) => person (married, N)

rl [die]

person (S, N) => person (dead, N)

endm

This module introduces two new sorts, and a set of rewrite rules. We also include our previous module, to illustrate
how equations and rewrite rules differ. The rewrite rules is thought of as a set of legal state changes, so while
equations hold the same meaning on both sides of the equality sign, rewrite rules do not (rewrite rules use a => token
instead of an equality sign). You are still the same person after your married (this is open for debate), but something
has changed, your marital status at least. So this is illustrated by a rewrite rule, not an equation. Rewrite rules do not
have to be confluent and terminating so it does matter a great deal what rules are chosen to rewrite the term. The
rules are applied at "random" by the Maude system, meaning that you can not be sure that one rule is applied before

another rule and so on. If an equation can be applied to the term, it will always be applied before any rewrite rule.

A small example is in order:

Example 4

rewrite [3] in PERSON : person (single, O0)

rewrites: 4 in Oms cpu (Oms real) (~ rewrites/second)

result Person: person (married, s (0))

Here we tell the Maude system to rewrite our input term according to the rewrite theory, and we tell it to stop after 3
rewrite steps (remember that rewrite rules do not have to be terminating or confluent so an upper bound is not a bad
idea), we just want see what sort of state we end up in after randomly choosing 3 matching rules. And as you can
see the state this person ends up in might look a bit strange. (When you're married at the age of one you kind of stick
out a bit in kindergarten I guess). It also says 4 rewrite steps, although we specifically stated an upper limit of 3
rewrite steps, this is because rewrite steps that are the result of applying equations does not count (they do not
change the term, at least if the equations are sane). In this example one of the equations of the NAT module has been

used to reduce the term 0 + s(0) to s(0), which accounts for the 4'th rewrite step.

To make this rewrite theory a bit less morbid, we can alter some of our rewrite rules a bit, and make them
conditional rewrite rules, which basically means they have to fulfill some criteria to be applied to the term (other

than just matching the left hand side of the rewrite rule).

crl [las—-vegas]

person (S, N) => person (married, N) if (S =/= married) /\ (S =/= dead)

crl [die]

person (S, N) => person (dead, N) if (S =/= dead)

It seems reasonable that you cannot die once you're dead, and you cannot marry as long as you are married. The
leaning toothpicks (/\) are supposed to resemble a logical AND which means that both criteria have to be fulfilled to
be able to apply the rule (apart from term matching). Equations can also be made conditional in a similar manner.
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Why Rewriting Logic? Why Maude?

As you probably can tell Maude sets out to solve a different set of problems than ordinary imperative languages like
C, Java or Perl. It is a formal reasoning tool, which can help us verify that things are "as they should", and show us
why they are not if this is the case. In other words Maude lets us define formally what we mean by some concept in a
very abstract manner (not concerning ourselves with how the structure is internally represented and so on), but we
can describe what is thought to be the equal concerning our theory (equations) and what state changes it can go
through (rewrite rules). This is extremely useful to validate security protocols and critical code. The Maude system
has proved flaws in cryptography protocols by just specifying what the system can do (in a manner similar to the
PERSON rewrite theory), and by looking for unwanted situations (states or terms that should not be possible to
reach) the protocol can be showed to contain bugs, not programming bugs but situations happen that are hard to
predict just by walking down the "happy path" as most developers do.

We can use Maude's built-in search to look for unwanted states, or it can be used to show that no such states can be
reached.

A small example from our PERSON module once again.

search [1] in PERSON : person (single, 1) =>1 person (married, 2)

No solution.

Here the Natural numbers have a more familiar look (the basic Maude modules prelude.maude has been loaded, that
can be done with the command "in prelude", or 1 can be replaced by s(0) and 2 by s(s(0)) if you don't want to load
the default Maude-modules), naturally Maude has built-in support for ordinary structures like integers and floats and
so on. The natural numbers are still members of the built-in sort Nat. We state that we want to search for a transition
using one rewrite rule (=>1), which rewrites the first term into the other. The result of the investigation is not
shocking but still, sometimes proving the obvious is all we can do. If we let Maude use more than one step we
should see a different result:

search [1] in PERSON : person (single, 1) =>+ person (married, 2)

Solution 1 (state 7)

states: 8 rewrites: 14 in Oms cpu (Oms real) (~ rewrites/second)

To see what led us in that direction we can use the built in command show path which lets us know what rule

applications led us to the resulting term. The token (=>+) means one or more rule application.

show path 7 .

state 0, Person: person (single, 1)

===[[rl person(S, N) => person(S, N + 1) [label 'birthday]] .]

=—=>

state 1, Person: person (single, 2)

===[[crl person(S, N) => person(married, N) if S =/= married = true /\ S =/= dead = true [label las-vegas]] .]
=—=>

state 7, Person: person (married, 2)

As we can see the rule application "birthday" followed by "las-vegas" got us where we wanted. Since all rewrite
theories or modules with many possible rule applications will generate a huge tree of possible states to search for
with the search command, this approach is not always the solution. We also have the ability to control what rule
applications should be attempted at each step using meta-programming, due to the reflective property or rewriting
logic. This subject of meta-programming and reflection requires a great deal of explanation for it to be simple, so
that will be left for another section.
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Maude is free software with great performance, and well written tutorials are available online (don't let this short
howto scare you away).

References

¢ Clavel, Duréan, Eker, Lincoln, Marti-Oliet, Meseguer and Quesada, 1998. Maude as a Metalanguage [1], in Proc.
2nd International Workshop on Rewriting Logic and its Applications, Electronic Notes in Theoretical Computer
Science 15, Elsevier.

* Marti-Oliet and José Meseguer, 2002. Rewriting Logic: Roadmap and Bibliography (21 Theoretical Computer
Science 285(2):121-154.

* Marti-Oliet and José Meseguer, 1993-2000. Rewriting Logic as a Logical and Semantic Framework 31 [4].

Electronic Notes in Theoretical Computer Science 4, Elsevier.

External links

e Maude homepage 51 at University of Illinois at Urbana-Champaign;

e The Real-Time Maude Tool homepage 61 developed by Peter Csaba Olveczky;

« An introduction to Maude ! by Neal Harman, Swansea University (errata [8])

* The Policy And GOal based Distributed Architecture 1 \written in Maude by SRI International.
¢ Maude for Windows [10], the Maude installer for Windows, and Maude Development Tools 1 1], the Maude

Eclipse plugin developed by the MOMENT project 1121 ¢ Technical University of Valencia [13] (Spain).
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Resolution (logic)

In mathematical logic and automated theorem proving, resolution is a rule of inference leading to a refutation
theorem-proving technique for sentences in propositional logic and first-order logic. In other words, iteratively
applying the resolution rule in a suitable way allows for telling whether a propositional formula is satisfiable and for
proving that a first-order formula is unsatisfiable; this method may prove the satisfiability of a first-order satisfiable
formula, but not always, as it is the case for all methods for first-order logic. Resolution was introduced by John
Alan Robinson in 1965.

Resolution in propositional logic

Resolution rule

The resolution rule in propositional logic is a single valid inference rule that produces a new clause implied by two
clauses containing complementary literals. A literal is a propositional variable or the negation of a propositional
variable. Two literals are said to be complements if one is the negation of the other (in the following, @; is taken to
be the complement to b;). The resulting clause contains all the literals that do not have complements. Formally:

al\/.‘.\/aiv‘..\/an, bl\/\/bj\/\/bm
al\/...\/ai,l\/aHl\/...\/aanl\/...Vbj,l\/bjﬂ\/...\/bm

where

all as and p s are literals,

a; is the complement to b;, and

the dividing line stands for entails
The clause produced by the resolution rule is called the resolvent of the two input clauses.

When the two clauses contain more than one pair of complementary literals, the resolution rule can be applied
(independently) for each such pair. However, only the pair of literals that are resolved upon can be removed: all
other pairs of literals remain in the resolvent clause. Note that resolving any two clauses that can be resolved over
more than one variable always results in a tautology.

Modus ponens can be seen as a special case of resolution of a one-literal clause and a two-literal clause.

A resolution technique

When coupled with a complete search algorithm, the resolution rule yields a sound and complete algorithm for
deciding the satisfiability of a propositional formula, and, by extension, the validity of a sentence under a set of

axioms.

This resolution technique uses proof by contradiction and is based on the fact that any sentence in propositional logic

can be transformed into an equivalent sentence in conjunctive normal form. The steps are as follows.

* All sentences in the knowledge base and the negation of the sentence to be proved (the conjecture) are
conjunctively connected.
* The resulting sentence is transformed into a conjunctive normal form with the conjuncts viewed as elements in a

set, S, of clauses.

* Forexample (A1 V Ay) A (By V By V Bg) A (Cy)gives rise to the set
S = {Al\/AQ,Bl\/BQ\/B:J”Cl} .
* The resolution rule is applied to all possible pairs of clauses that contain complementary literals. After each
application of the resolution rule, the resulting sentence is simplified by removing repeated literals. If the sentence

contains complementary literals, it is discarded (as a tautology). If not, and if it is not yet present in the clause set
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S, it is added to S, and is considered for further resolution inferences.

 If after applying a resolution rule the empty clause is derived, the original formula is unsatisfiable (or
contradictory), and hence it can be concluded that the initial conjecture follows from the axioms.

* If, on the other hand, the empty clause cannot be derived, and the resolution rule cannot be applied to derive any

more new clauses, the conjecture is not a theorem of the original knowledge base.

One instance of this algorithm is the original Davis—Putnam algorithm that was later refined into the DPLL

algorithm that removed the need for explicit representation of the resolvents.

This description of the resolution technique uses a set S as the underlying data-structure to represent resolution
derivations. Lists, Trees and Directed Acyclic Graphs are other possible and common alternatives. Tree
representations are more faithful to the fact that the resolution rule is binary. Together with a sequent notation for
clauses, a tree representation also makes it clear to see how the resolution rule is related to a special case of the
cut-rule, restricted to atomic cut-formulas. However, tree representations are not as compact as set or list
representations, because they explicitly show redundant subderivations of clauses that are used more than once in the
derivation of the empty clause. Graph representations can be as compact in the number of clauses as list
representations and they also store structural information regarding which clauses were resolved to derive each

resolvent.

A simple example

aVb —aVe

bVe
In English: if a or b is true, and a is false or c is true, then either b or c is true.

If a is true, then for the second premise to hold, ¢ must be true. If a is false, then for the first premise to hold, b must

be true.

So regardless of a, if both premises hold, then b or c is true.

Resolution in first order logic
In first order logic, resolution condenses the traditional syllogisms of logical inference down to a single rule.
To understand how resolution works, consider the following example syllogism of term logic:
All Greeks are Europeans.
Homer is a Greek.
Therefore, Homer is a European.
Or, more generally:
Vz.P(z) = Q(x)
P(a)
Therefore, ()(a)

To recast the reasoning using the resolution technique, first the clauses must be converted to conjunctive normal
form. In this form, all quantification becomes implicit: universal quantifiers on variables (X, Y, ...) are simply

omitted as understood, while existentially-quantified variables are replaced by Skolem functions.
—P(x) v Q(z)
P(a)
Therefore, ()(a)
So the question is, how does the resolution technique derive the last clause from the first two? The rule is simple:

* Find two clauses containing the same predicate, where it is negated in one clause but not in the other.
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* Perform a unification on the two predicates. (If the unification fails, you made a bad choice of predicates. Go back
to the previous step and try again.)

e If any unbound variables which were bound in the unified predicates also occur in other predicates in the two
clauses, replace them with their bound values (terms) there as well.

* Discard the unified predicates, and combine the remaining ones from the two clauses into a new clause, also

ne,n

joined by the "v" operator.
To apply this rule to the above example, we find the predicate P occurs in negated form
—P(X)
in the first clause, and in non-negated form
P(a)

in the second clause. X is an unbound variable, while a is a bound value (atom). Unifying the two produces the

substitution
X>a

Discarding the unified predicates, and applying this substitution to the remaining predicates (just Q(X), in this case),

produces the conclusion:
O(a)
For another example, consider the syllogistic form
All Cretans are islanders.
All islanders are liars.
Therefore all Cretans are liars.
Or more generally,
VX P(X) implies Q(X)
VX Q(X) implies R(X)
Therefore, YX P(X) implies R(X)
In CNF, the antecedents become:
~P(X) v 0(X)
—Q(Y) v R(Y)

(Note that the variable in the second clause was renamed to make it clear that variables in different clauses are
distinct.)

Now, unifying Q(X) in the first clause with =Q(Y) in the second clause means that X and Y become the same variable

anyway. Substituting this into the remaining clauses and combining them gives the conclusion:

—P(X) v R(X)
The resolution rule, as defined by Robinson, also incorporated factoring, which unifies two literals in the same
clause, before or during the application of resolution as defined above. The resulting inference rule is refutation
complete, in that a set of clauses is unsatisfiable if and only if there exists a derivation of the empty clause using

resolution alone.
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Implementations

* Carine

¢ Gandalf
e Otter

* Prover9

e SNARK
¢ SPASS

*  Vampire

See also

* Conjunctive normal form

¢ Inverse resolution

References

* J. Alan Robinson (1965), A Machine-Oriented Logic Based on the Resolution Principle. Journal of the ACM
(JACM), Volume 12, Issue 1, pp. 23—41.

* Leitsch, Alexander (1997). The Resolution Calculus. Springer-Verlag.

* Gallier, Jean H. (1986). Logic for Computer Science: Foundations of Automatic Theorem Proving t, Harper &
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External links

e Alex Sakharov, "Resolution Principle 21" from MathWorld.

¢ Alex Sakharov, "Resolution (31 from MathWorld.

* Notes on computability and resolution 4
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Automated theorem proving

Automated theorem proving (ATP) or automated deduction, currently the most well-developed subfield of

automated reasoning (AR), is the proving of mathematical theorems by a computer program.

Decidability of the problem

Depending on the underlying logic, the problem of deciding the validity of a formula varies from trivial to
impossible. For the frequent case of propositional logic, the problem is decidable but NP-complete, and hence only
exponential-time algorithms are believed to exist for general proof tasks. For a first order predicate calculus, with no
("proper") axioms, Godel's completeness theorem states that the theorems (provable statements) are exactly the
logically valid well-formed formulas, so identifying valid formulas is recursively enumerable: given unbounded

resources, any valid formula can eventually be proven.

However, invalid formulas (those that are not entailed by a given theory), cannot always be recognized. In addition,
a consistent formal theory that contains the first-order theory of the natural numbers (thus having certain "proper
axioms"), by Godel's incompleteness theorem, contains true statements which cannot be proven. In these cases, an
automated theorem prover may fail to terminate while searching for a proof. Despite these theoretical limits, in

practice, theorem provers can solve many hard problems, even in these undecidable logics.

Related problems

A simpler, but related, problem is proof verification, where an existing proof for a theorem is certified valid. For this,
it is generally required that each individual proof step can be verified by a primitive recursive function or program,

and hence the problem is always decidable.

Interactive theorem provers require a human user to give hints to the system. Depending on the degree of
automation, the prover can essentially be reduced to a proof checker, with the user providing the proof in a formal
way, or significant proof tasks can be performed automatically. Interactive provers are used for a variety of tasks, but
even fully automatic systems have proven a number of interesting and hard theorems, including some that have

[1]

eluded human mathematicians for a long time. (2] However, these successes are sporadic, and work on hard

problems usually requires a proficient user.

Another distinction is sometimes drawn between theorem proving and other techniques, where a process is
considered to be theorem proving if it consists of a traditional proof, starting with axioms and producing new
inference steps using rules of inference. Other techniques would include model checking, which is equivalent to
brute-force enumeration of many possible states (although the actual implementation of model checkers requires

much cleverness, and does not simply reduce to brute force).

There are hybrid theorem proving systems which use model checking as an inference rule. There are also programs
which were written to prove a particular theorem, with a (usually informal) proof that if the program finishes with a
certain result, then the theorem is true. A good example of this was the machine-aided proof of the four color
theorem, which was very controversial as the first claimed mathematical proof which was essentially impossible to
verify by humans due to the enormous size of the program's calculation (such proofs are called non-surveyable

proofs). Another example would be the proof that the game Connect Four is a win for the first player.
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Industrial uses

Commercial use of automated theorem proving is mostly concentrated in integrated circuit design and verification.
Since the Pentium FDIV bug, the complicated floating point units of modern microprocessors have been designed
with extra scrutiny. In the latest processors from AMD, Intel, and others, automated theorem proving has been used

to verify that division and other operations are correct.

First-order theorem proving

First-order theorem proving is one of the most mature subfields of automated theorem proving. The logic is
expressive enough to allow the specification of arbitrary problems, often in a reasonably natural and intuitive way.
On the other hand, it is still semi-decidable, and a number of sound and complete calculi have been developed,
enabling fully automated systems. More expressive logics, such as higher order and modal logics, allow the
convenient expression of a wider range of problems than first order logic, but theorem proving for these logics is less
well developed. The quality of implemented system has benefited from the existence of a large library of standard

B __ as well as

benchmark examples — the Thousands of Problems for Theorem Provers (TPTP) Problem Library
from the CADE ATP System Competition (CASC), a yearly competition of first-order systems for many important

classes of first-order problems.
Some important systems (all have won at least one CASC competition division) are listed below.

* Eis a high-performance prover for full first-order logic, but built on a purely equational calculus, developed
primarily in the automated reasoning group of Technical University of Munich.

* Oftter, developed at the Argonne National Laboratory, is the first widely used high-performance theorem prover. It
is based on first-order resolution and paramodulation. Otter has since been replaced by Prover9, which is paired
with Mace4.

* SETHEQO is a high-performance system based on the goal-directed model elimination calculus. It is developed in
the automated reasoning group of Technical University of Munich. E and SETHEO have been combined (with
other systems) in the composite theorem prover E-SETHEO.

* Vampire is developed and implemented at Manchester University 41 by Andrei Voronkov [5], formerly together
with Alexandre Riazanov [°!. It has won the "world cup for theorem provers" (the CADE ATP System
Competition) in the most prestigious CNF (MIX) division for eight years (1999, 2001-2007).

* Waldmeister is a specialized system for unit-equational first-order logic. It has won the CASC UEQ division for
the last ten years (1997—20006).

Deontic theorem proving

Deontic logic concerns normative propositions, such as those used in law, engineering specifications, and computer
programs. In other words, propositions that are translations of commands or "ought" or "must (not)" statements in
ordinary language. The deontic character of such logic requires formalism that extends the first-order predicate

calculus. Representative of this is the tool KED.!"]

Popular techniques

* First-order resolution with unification
* Lean theorem proving

* Model elimination

e Method of analytic tableaux

* Superposition and term rewriting

* Model checking

e Mathematical induction
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Binary decision diagrams
DPLL

Higher-order unification

Available implementations

See also: Category:Theorem proving software systems

Free software

. ACL2 e iProver ¢ LoTREC . sap 8
e Alt-Ergo ¢ IsaPlanner ¢ MetaPRL * SNARK
e Automath e Jape ¢ NuPRL * SPASS
* CVC « KED e Otter * Tau
 E « KeY e Paradox * Theorema
« EQP ¢ KeYmaera ¢ PhoX e Theorem Checker
* Gandalf * LCF ¢ Prover9/
Mace4

*  Godel-machines 91 + PVS

e Leoll

Proprietary software including Share-alike Non-commercial

* Acumen RuleManager (commercial product) *  Simplify
e Alligator ¢ SPARK (programming language)
« CARINE * Spear modular arithmetic theorem prover
« KIV * Theorem Proving System (TPS)
e Prover Plug-In (commercial proof engine product) ¢ Twelf
* ProverBox e Vampire/Vampyre
* ResearchCyc *  Waldmeister
Notable people

Leo Bachmair, co-developer of the superposition calculus.

Woody Bledsoe, artificial intelligence pioneer.

Robert S. Boyer, co-author of the Boyer-Moore theorem prover, co-recipient of the Herbrand Award 1999.
Alan Bundy, University of Edinburgh, meta-level reasoning for guiding inductive proof, proof planning and
recipient of 2007 IJCAI Award for Research Excellence, Herbrand Award, and 2003 Donald E. Walker
Distinguished Service Award.

William McCune %! Argonne National Laboratory, author of Otter, the first high-performance theorem prover.
Many important papers, recipient of the Herbrand Award 2000.

Hubert Comon ! 1], CNRS and now ENS Cachan. Many important papers.

Robert Constable, Cornell University. Important contributions to type theory, NuPRL.

Martin Davis [12], author of the "Handbook of Artificial Reasoning", co-inventor of the DPLL algorithm, recipient
of the Herbrand Award 2005.

Branden Fitelson ! University of California at Berkeley. Work in automated discovery of shortest axiomatic
bases for logic systems.

Harald Ganzinger, co-developer of the superposition calculus, head of the MPI Saarbriicken, recipient of the
Herbrand Award 2004 (posthumous).
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* Michael Genesereth [14], Stanford University professor of Computer Science.

» Keith Goolsbey chief developer of the Cyc inference engine.

e Michael J. C. Gordon led the development of the HOL theorem prover.

« Gerard Huet ™! Term rewriting, HOL logics, Herbrand Award 1998

* Robert Kowalski developed the connection graph theorem-prover and SLD resolution, the inference engine that
executes logic programs.

« Donald W. Loveland ['® Duke University. Author, co-developer of the DPLL-procedure, developer of model
elimination, recipient of the Herbrand Award 2001.

[17], an online database of

* Norman Megill, developer of Metamath, and maintainer of its site at metamath.org
automatically verified proofs.

» J Strother Moore, co-author of the Boyer-Moore theorem prover, co-recipient of the Herbrand Award 1999.

* Robert Nieuwenhuis University of Barcelona. Co-developer of the superposition calculus.

* Tobias Nipkow Technical University of Munich, contributions to (higher-order) rewriting, co-developer of the
Isabelle, proof assistant

* Ross Overbeek Argonne National Laboratory. Founder of The Fellowship for Interpretation of Genomes (18]

* Lawrence C. Paulson University of Cambridge, work on higher-order logic system, co-developer of the Isabelle
proof assistant

» David A. Plaisted University of North Carolina at Chapel Hill. Complexity results, contributions to rewriting and
completion, instance-based theorem proving.

* John Rushby [19] Program Director - SRI International

* J. Alan Robinson Syracuse University. Developed original resolution and unification based first order theorem
proving, co-editor of the "Handbook of Automated Reasoning", recipient of the Herbrand Award 1996

e Jiirgen Schmidhuber Work on Godel Machines: Self-Referential Universal Problem Solvers Making Provably
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* Stephan Schulz, E theorem Prover.

* Natarajan Shankar SRI International, work on decision procedures, little engines of proof, co-developer of PVS.

* Mark Stickel SRI. Recipient of the Herbrand Award 2002.

* Geoff Sutcliffe University of Miami. Maintainer of the TPTP collection, an organizer of the CADE annual
contest.

* Dolph Ulrich 211 Purdue, Work on automated discovery of shortest axiomatic bases for systems.

« Robert Veroff 12! University of New Mexico. Many important papers.

« Andrei Voronkov (%! Developer of Vampire and Co-Editor of the "Handbook of Automated Reasoning"

* Larry Wos 241 Argonne National Laboratory. (Otter) Many important papers. Very first Herbrand Award winner
(1992)

e Wen-Tsun Wu Work in geometric theorem proving: Wu's method, Herbrand Award 1997

See also

* Symbolic computation

* Computer-aided proof

e Automated reasoning

* Formal verification

* Logic programming

¢ Proof checking

* Model checking

¢ Proof complexity

* Computer algebra system

e Program analysis (computer science)
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Prover9

Prover9 is an automated theorem prover for First-order and equational logic developed by William McCune.

Prover9 is the successor of the Otter theorem prover.

Prover9 is intentionally paired with Mace4, which searches for finite models and counterexamples. Both can be run
simultaneously from the same input, with Prover9 attempting to find a proof, while Mace4 attempts to find a
(disproving) counter-example. Prover9, Mace4, and many other tools are built on an underlying library named
LADR to simplify implementation. Resulting proofs can be double-checked by Ivy, a proof-checking tool that has
been separately verified using ACL2.

In July 2006 the LADR/Prover9/Mace4 input language made a major change (which also differentiates it from
Otter). The key distinction between "clauses” and "formulas" completely disappeared; "formulas" can now have free
variables; and "clauses" are now a subset of "formulas". Prover9/Mace4 also supports a "goal" type of formula,
which is automatically negated for proof. Prover9 attempts to automatically generate a proof by default; in contrast,

Otter's automatic mode must be explicitly set.

Prover9 is under active development, with new releases every month or every other month. Prover9 is free

software/open source software; it is released under GPL version 2 or later.

Examples

Socrates

The traditional "all men are mortal", "Socrates is a man", prove "Socrates is mortal" can be expressed this way in

Prover9:

formulas (assumptions) .
man (x) —> mortal (x) . % open formula with free variable x
man (socrates) .

end_of_list.

formulas (goals) .
mortal (socrates) .

end_of_list.

This will be automatically converted into clausal form (which Prover9 also accepts):

formulas (sos) .
-man (x) | mortal (x).
man (socrates) .
-mortal (socrates) .
end_of_ list.

Square Root of 2 is irrational

A proof that the square root of 2 is irrational can be expressed this way:

formulas (assumptions) .

1*x = x. % identity
X*y = y*x. % commutativity
x* (y*z) = (x*y)*z. % associativity

oe

( x*y = x*z ) —> vy = z. cancellation (0 is not allowed, so x!=0).
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o\°

o

Now let's define divides(x,y): x divides y.

% Example: divides(2,6) is true b/c 2*3=6.

divides (x,y) <-> (exists z x*z = y).

divides (2, x*x) —-> divides (2, x) . $ If 2 divides x*x, it divides x.
a*a = 2* (b*b) . a/b = sqgrt(2), so a”2 = 2 * b"2.
(x !'= 1) -=> —(divides(x,a) &

divides (x,b)) .

o\°

o\°

a/b is in lowest terms
2 1= 1.
end_of_list.

o

Original author almost forgot this.

External links

* Prover9 home page [

¢ Prover9 - Mace4 - LADR forums 21
¢ Formal methods (square root of 2 example) 3]
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Method of analytic tableaux

In proof theory, the semantic tableau (or truth tree) is a decision

procedure for sentential and related logics, and a proof procedure aAb
for formulas of first-order logic. The tableau method can also |
determine the satisfiability of finite sets of formulas of various ~ave
logics. It is the most popular proof procedure for modal logics

(Girle 2000). The method of semantic tableaux was invented by |

the Dutch logician Evert Willem Beth. ZcvTh

An analytic tableau has for each node a subformula of the

formula at the origin. In other words, it is a tableau satisfying the " C "b
subformula property. / \

Ta c a
Introduction
For refutation tableaux, the objective is to show that the negation b

of a formula cannot be satisfied. There are rules for handling each
) . . . . A graphical representation of a partially built
of the usual connectives, starting with the main connective. In

propositional tableau
many cases, applying these rules causes the subtableau to divide
into two. Quantifiers are instantiated. If any branch of a tableau leads to an evident contradiction, the branch closes.

If all branches close, the proof is complete and the original formula is a logical truth.

Although the fundamental idea behind the analytic tableau method is derived from the cut-elimination theorem of
structural proof theory, the origins of tableau calculi lie in the meaning (or semantics) of the logical connectives, as
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the connection with proof theory was made only in recent decades.

More specifically, a tableau calculus consists of a finite collection of rules with each rule specifying how to break
down one logical connective into its constituent parts. The rules typically are expressed in terms of finite sets of
formulae, although there are logics for which we must use more complicated data structures, such as multisets, lists,

or even trees of formulas. Henceforth, "set" denotes any of {set, multiset, list, tree}.

If there is such a rule for every logical connective then the procedure will eventually produce a set which consists
only of atomic formulae and their negations, which cannot be broken down any further. Such a set is easily
recognizable as satisfiable or unsatisfiable with respect to the semantics of the logic in question. To keep track of this
process, the nodes of a tableau itself are set out in the form of a tree and the branches of this tree are created and
assessed in a systematic way. Such a systematic method for searching this tree gives rise to an algorithm for
performing deduction and automated reasoning. Note that this larger tree is present regardless of whether the nodes

contain sets, multisets, lists or trees.

Propositional logic

This section presents the tableau calculus for classical propositional logic. Tableau checks whether a given set of
formulae is satisfiable or not. It can be used to check validity or entailment: a formula is valid if its negation is
unsatisfiable and formulae Ay, ..., A,imply Bif {A;, ... A, , —B} is unsatisfiable.

The main principle of propositional tableau is to attempt to "break" complex formulae into smaller ones until

complementary pairs of literals are produced or no further expansion is possible.

(@vb)Ab

"a

Initial tableau for
{(aV-b)Ab,—a}

The method works on a tree whose nodes are labeled with formulae. At each step, this tree is modified; in the
propositional case, the only allowed changes are additions of nodes as descendant of a leaf. The procedure starts by
generating the tree made of a chain of all formulae in the set to prove unsatisfiability. A variant to this starting step is
to begin with a single-node tree whose root is labeled by T ; in this second case, the procedure can always copy a

formula in the set below a leaf. As a running example, the tableau for the set {(a VV —b) A b, —a} is shown.

The principle of tableau is that formulae in nodes of the same branch are considered in conjunction while the
different branches are considered to be disjuncted. As a result, a tableau is a tree-like representation of a formula that
is a disjunction of conjunctions. This formula is equivalent to the set to prove unsatisfiability. The procedure
modifies the tableau in such a way that the formula represented by the resulting tableau is equivalent to the original
one. One of these conjunctions may contain a pair of complementary literals, which proves that that conjunction is

unsatisfiable. If all conjunctions are proved unsatisfiable, the original set of formulae is unsatisfiable.
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And

Whenever a branch of a tableau contains a formula 4 A J that is the conjunction of
two formulae, these two formulae are both consequences of that formula. This fact can
be formalized by the following rule for expansion of a tableau: (aVﬂb)/\b

( A ) If a branch of the tableau contains a conjunctive formula A A B,

add to its leaf the chain of two nodes containing the formulae 4 and B

This rule is generally written as follows: Ta

avb

(aV-b)Ab generates aV-b
and b

A variant of this rule allows a node to contain a set of formulae rather than a single one. In this case, the formulae in

this set are considered in conjunction, so one can add { A B } at the end of a branch containing 4 A B . More

precisely, if a node on a branch is labeled X U {A A B} , one can add to the branch the new leaf X U {A, B}
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Or

If a branch of a tableau contains a formula that is a disjunction of two
formulae, such as 4 \/ B, the following rule can be applied:

o (avTb)Ab

( V) If a node on a branch contains a disjunctive formula

AV B, then create two sibling children to the leaf of

the branch, containing the formulae A and B,

respectively. a
This rules splits a branch into two ones, differing only for the final
node. Since branches are considered in disjunction to each other, the
two resulting branches are equivalent to the original one, as the
disjunction of their non-common nodes is precisely 4 \/ B . The rule avb
for disjunction is generally formally written using the symbol ‘ for
separating the formulae of the two distinct nodes to be created:

aV-b generates a and —b

V) AV B
AlB
If nodes are assumed to contain sets of formulae, this rule is replaced by: if a node is labeled Y U { AV B} ,a
leaf of the branch this node is in can be appended two sibling child nodes labeled Y U { A} and Y U {B},

respectively.

Not

The aim of tableau is to generate progressively simpler formulae until pairs of opposite literals are produced or no
other rule can be applied. Negation can be treated by initially making formulae in negation normal form, so that
negation only occurs in front of literals. Alternatively, one can use De Morgan's laws during the expansion of the
tableau, so that for example —|( AN B)is treated as — A Vv =B . Rules that introduce or remove a pair of
negations (such as in —— 4 ) are also used in this case (otherwise, there would be no way of expanding a formula
like =—(A A B):
(=1) A
——A

_I_|A
-2)—=
(2=
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Closure

Every tableau can be considered as a graphical representation of a (aV"b) /\b
formula, which is equivalent to the set the tableau is built from.
This formula is as follows: each branch of the tableau represents
the conjunction of its formulae; the tableau represents the
disjunction of its branches. The expansion rules transforms a
tableau into one having an equivalent represented formula. Since
the tableau is initialized as a single branch containing the formulae

of the input set, all subsequent tableaux obtained from it represent

formulae which are equivalent to that set (in the variant where the
initial tableau is the single node labeled true, the formulae av—lb
represented by tableaux are consequences of the original set.)

/

The tableau is closed



http://en.wikipedia.org/w/index.php?title=File:Prop-tableau-4.svg

Method of analytic tableaux 109

The method of tableaux works by starting with the initial set

of formulae and then adding to the tableau simpler and

simpler formulae, while still preserving equivalent to the anc
original set, until contradiction is shown in the simple form of

opposite literals. Since the formula represented by a tableau is

the disjunction of the formulae represented by its branches,

contradiction is obtained when every branch contains a pair of TaVv b

opposite literals.

Once a branch contains a literal and its negation, its
corresponding formula is unsatisfiable. As a result, this branch -3 b
can be now "closed", as there is no need to further expand it.
If all branches of a tableau are closed, the formula represented
by the tableau is unsatisfiable; therefore, the original set is
unsatisfiable as well. Obtaining a tableau where all branches a a
are closed is a way for proving the unsatisfiability of the

original set. In the propositional case, one can also prove that

satisfiability is proved by the impossibility of finding a closed
tableau, provided that every expansion rule has been applied C C
everywhere it could be applied. In particular, if a tableau

contains some open (non-closed) branches and every formula A tableau for the satisfiable set {aAc,7aVb}: all rules have
that is not a literal has been used by a rule to generate a new been applied to every formula on every branch, but the

node on every branch the formula is in, the set is satisfiable. tableau is not closed (only the left branch is closed), as

expected for satisfiable sets
This rule takes into account that a formula may occur in more

than one branch (this is the case if there is at least a branching point "below" the node). In this case, the rule for
expanding the formula has to be applied so that its conclusion(s) are appended to all of these branches that are still
open, before one can conclude that the tableau cannot be further expanded and that the formula is therefore

satisfiable.

Set-labeled tableau

A variant of tableau is to label nodes with sets of formulae rather than single formulae. In this case, the initial tableau
is a single node labeled with the set to be proved satisfiable. The formulae in a set are therefore considered to be in

conjunction.
The rules of expansion of the tableau can now work on the leaves of the tableau, ignoring all internal nodes. For
conjunction, the rule is based on the equivalence of a set containing a conjunction 4 A B with the set containing
both A and £ in place of it. In particular, if a leaf is labeled with X U { AANB } , a node can be appended to it
with label X U {A, B} :

(X UiAnB)

XU {A B}
For disjunction, a set X U { AV B} is equivalent to the disjunction of the two sets X U {A} and X U { B}
. As a result, if the first set labels a leaf, two children can be appended to it, labeled with the latter two formulae.
XU{AVB)

M otaxoiE
Finally, if a set contains both a literal and its negation, this branch can be closed:
X U{p,—p}

closed

(i)
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A tableau for a given finite set X is a finite (upside down) tree with root X in which all child nodes are obtained by
applying the tableau rules to their parents. A branch in such a tableau is closed if its leaf node contains "closed". A

tableau is closed if all its branches are closed. A tableau is open if at least one branch is not closed.

Here are two closed tableaux for the set X = {r0 & ~r0, p0 & ((~p0 v ¢0) & ~¢0)} with each rule application marked
at the right hand side (& and ~ stand for A and —, respectively)

{r0 & ~r0, pO & ((~p0 v g0) & ~qgO0)} {r0 & ~r0, pO & ((~p0 v g0) & ~qgO0)}
(&) (&)

{r0 , ~r0, p0 & ((~p0 v 90) & ~q0)} {r0 & ~r0, p0, ((~p0 v g0) & ~q0)}
(id) (&)

closed {r0 & ~r0, pO, (~p0 v g0), ~qg0}
(v)
{r0 & ~r0, p0, ~p0, ~qO0} | {r0 & ~r0, p0, g0, ~gO0}
(id) (id)
closed closed

The left hand tableau closes after only one rule application while the right hand one misses the mark and takes a lot
longer to close. Clearly, we would prefer to always find the shortest closed tableaux but it can be shown that one

single algorithm that finds the shortest closed tableaux for all input sets of formulae cannot exist.

The three rules (A), (V)and (id)given above are then enough to decide if a given set X'of formulae in
negated normal form are jointly satisfiable:
Just apply all possible rules in all possible orders until we find a closed tableau for X’or until we

exhaust all possibilities and conclude that every tableau for Xis open.

In the first case, X'is jointly unsatisfiable and in the second the case the leaf node of the open branch gives an
assignment to the atomic formulae and negated atomic formulae which makes X jointly satisfiable. Classical logic
actually has the rather nice property that we need to investigate only (any) one tableau completely: if it closes then
X'is unsatisfiable and if it is open then Xis satisfiable. But this property is not generally enjoyed by other logics.

These rules suffice for all of classical logic by taking an initial set of formulae X and replacing each member C by its
logically equivalent negated normal form C’ giving a set of formulae X'. We know that X is satisfiable if and only if

X'1is satisfiable, so it suffices to search for a closed tableau for X' using the procedure outlined above.

By setting X = {—. A} we can test whether the formula A is a tautology of classical logic:
If the tableau for {—.A} closes then — 4 is unsatisfiable and so A is a tautology since no assignment

of truth values will ever make A false. Otherwise any open leaf of any open branch of any open tableau

for {= A} gives an assignment that falsifies A.

Conditional

Classical propositional logic usually has a connective to denote material implication. If we write this connective as
=, then the formula A = B stands for "if A then B". It is possible to give a tableau rule for breaking down A = B
into its constituent formulae. Similarly, we can give one rule each for breaking down each of =(A A B), =(A v B),
—(-A), and 7(A = B). Together these rules would give a terminating procedure for deciding whether a given set of
formulae is simultaneously satisfiable in classical logic since each rule breaks down one formula into its constituents
but no rule builds larger formulae out of smaller constituents. Thus we must eventually reach a node that contains
only atoms and negations of atoms. If this last node matches (id) then we can close the branch, otherwise it remains

open.

But note that the following equivalences hold in classical logic where (...) = (...) means that the left hand side

formula is logically equivalent to the right hand side formula:
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-(AANB) = -AV-B

-(AvB) = -AA-B

—(=A) = A

-(A=B) = AA-B

A= 1B = -AvVDB

A& B = (AAB)V(-AA-B)

(A< B) = (AA-B)V(-AAB)

If we start with an arbitrary formula C of classical logic, and apply these equivalences repeatedly to replace the left
hand sides with the right hand sides in C, then we will obtain a formula C" which is logically equivalent to C but
which has the property that C’ contains no implications, and — appears in front of atomic formulae only. Such a
formula is said to be in negation normal form and it is possible to prove formally that every formula C of classical
logic has a logically equivalent formula C' in negation normal form. That is, C is satisfiable if and only if C'is

satisfiable.

First-order logic tableau

Tableaux are extended to first order predicate logic by two rules for dealing with universal and existential
quantifiers, respectively. Two different sets of rules can be used; both employ a form of Skolemization for handing
existential quantifiers, but differ on the handling of universal quantifiers.

The set of formulae to check for validity is here supposed to contain no free variables; this is not a limitation as free
variables are implicitly universally quantified, so universal quantifiers over these variables can be added, resulting in

a formula with no free variables.

First-order tableau without unification

A first-order formula Vx.~(z ) implies all formulae ~ () where ¢ is a ground term. The following inference rule is
therefore correct:
(v) Vr.y(x)
v(t)

Contrarily to the rules for the propositional connectives, multiple applications of this rule to the same formula may
be necessary. As an example, the set {—P(a)V —P(b),Vz.P(z)} can only be proved unsatisfiable if both

P(a) and P(b) are generated from VQ:.P(:E) .

Existential quantifiers are dealt with Skolemization. In particular, a formula with a leading existential quantifier like

where ¢ is an arbitrary ground term

dz.é (z) generates its Skolemization § (c) , where ¢ is a new constant symbol.

) El:ndfc()m)

where ¢ is a new constant symbol
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The Skolem term cis a constant (a
function of arity 0) because the 1 Y x.P(x)
quantification over x does not occur
within the scope of any universal
quantifier. If the original formula 2 Ix.(7 P(x) v 7 P(f(x)))
contained some universal quantifiers

such that the quantification over x

L ) 3 7 P(c) v ~ P(f(c)) 2(3)
was  within their scope, these
quantifiers have evidently been
removed by the application of the rule P(c) 1(V)
for universal quantifiers.
= P(c) ~ P(f(c)) 3(v)
P(f(c)) 1(V)

A tableau without unification for {Vx.P(x), Ix.(-P(x)V-P(f(x))) }. For clarity, formulae
are numbered on the left and the formula and rule used at each step is on the right

The rule for existential quantifiers introduces new constant symbols. These symbols can be used by the rule for
universal quantifiers, so that Vy,'y(y) can generate ﬁ)r(c) even if ¢ was not in the original formula but is a Skolem
constant created by the rule for existential quantifiers.

The above two rules for universal and existential quantifiers are correct, and so are the propositional rules: if a set of
formulae generates a closed tableau, this set is unsatisfiable. Completeness can also be proved: if a set of formulae is
unsatisfiable, there exists a closed tableau built from it by these rules. However, actually finding such a closed
tableau requires a suitable policy of application of rules. Otherwise, an unsatisfiable set can generate an
infinite-growing tableau. As an example, the set {—=P(f(c)), Yx.P(z)} is unsatisfiable, but a closed tableau is
never obtained if one unwisely keeps applying the rule for universal quantifiers to Y. P(g:), generating for

example P(c). P c)), P c . ... A closed tableau can always be found by ruling out this and similar
ple P(c), P(f(c)), P(f(f(c))), y y ruling

"unfair" policies of application of tableau rules.
The rule for universal quantifiers (‘v’) is the only non-deterministic rule, as it does not specify which term to

instantiate with. Moreover, while the other rules need to be applied only once for each formula and each path the
formula is in, this one may require multiple applications. Application of this rule can however be restricted by
delaying the application of the rule until no other rule is applicable and by restricting the application of the rule to
ground terms that already appear in the path of the tableau. The variant of tableaux with unification shown below

aims at solving the problem of non-determinism.

First-order tableau with unification

The main problem of tableau without unification is how to choose a ground term ¢ for the universal quantifier rule.

Indeed, every possible ground term can be used, but clearly most of them might be useless for closing the tableau.

A solution to this problem is to "delay" the choice of the term to the time when the consequent of the rule allows

closing at least a branch of the tableau. This can be done by using a variable instead of a term, so that Vg:.fy(:c)
generates fy(cc') , and then allowing substitutions to later replace 5/ with a term. The rule for universal quantifiers

becomes:
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Vr.y(x)
@)

While the initial set of formulae is supposed not to contain free variables, a formula of the tableau contain the free

where 7/ is a variable not occurring everywhere else in the tableau

variables generated by this rule. These free variables are implicitly considered universally quantified.

This rule employs a variable instead of a ground term. The gain of this change is that these variables can be then
given a value when a branch of the tableau can be closed, solving the problem of generating terms that might be

useless.

(g) if o is the most general unifier of two literals 4 and B, where A and the negation of B occur in the same branch of the tableau, o can
be applied at the same time to all formulae of the tableau

As an example, {—P(a), Vz.P(x)} can be proved unsatisfiable by first generating P (1) the negation of this
literal is unifiable with — P (a), the most general unifier being the substitution that replaces 1with a ; applying
this substitution results in replacing P(xq)with P(a), which closes the tableau.

This rule closes at least a branch of the tableau -the one containing the considered pair of literals. However, the
substitution has to be applied to the whole tableau, not only on these two literals. This is expressed by saying that the
free variables of the tableau are rigid: if an occurrence of a variable is replaced by something else, all other
occurrences of the same variable must be replaced in the same way. Formally, the free variables are (implicitly)

universally quantified and all formulae of the tableau are within the scope of these quantifiers.

Existential quantifiers are dealt with by Skolemization. Contrary to the tableau without unification, Skolem terms
may not be simple constant. Indeed, formulae in a tableau with unification may contain free variables, which are
implicitly considered universally quantified. As a result, a formula like Jx.d (:r) may be within the scope of
universal quantifiers; if this is the case, the Skolem term is not a simple constant but a term made of a new function

symbol and the free variables of the formula.

dz.6(x)
(3)5(1‘(:1:1, )

This rule incorporates a simplification

where fis a new function symbol and Z1; - - . , Ty the free variables of §

over a rule where 1, ..., Tnare the 1 Y x.P(x)
free variables of the branch, not of §
alone. This rule can be further 2 A x.(7 P(x) v = P(f(x)))

simplified by the reuse of a function

symbol if it has already been used in a 3 P(x') 1(Y)
formula that is identical to 4 up to X' = f(c)
variable renaming. 4 - P(c) v - P(f(c)) 2(3)

~P(c) = P(f(c)) 4(v)
X"=>C < |
P(x") 1(V)

A first-order tableau with unification for {Vx.P(x), Ix.(-P(x)V-P(f(x)))}. For clarity,
formulae are numbered on the left and the formula and rule used at each step is on the

right

The formula represented by a tableau is obtained in a way that is similar to the propositional case, with the additional
assumption that free variables are considered universally quantified. As for the propositional case, formulae in each
branch are conjoined and the resulting formulae are disjoined. In addition, all free variables of the resulting formula

are universally quantified. All these quantifiers have the whole formula in their scope. In other words, if Fis the
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formula obtained by disjoining the conjunction of the formulae in each branch, and Z1, - - - ; Tpare the free variables in it, then ¥V
the formula represented by the tableau. The following considerations apply:
» The assumption that free variables are universally quantified is what makes the application of a most general
unifier a sound rule: since 7(:5’) means that 7'is true for every possible value of 4/, then fy(t) is true for the
term ¢ that the most general unifier replaces x with.
» Free variables in a tableau are rigid: all occurrences of the same variable have to be replaced all with the same
term. Every variable can be considered a symbol representing a term that is yet to be decided. This is a
consequence of free variables being assumed universally quantified over the whole formula represented by the
tableau: if the same variable occurs free in two different nodes, both occurrences are in the scope of the same

quantifier. As an example, if the formulae in two nodes are A(;c) and B (;U) , where z is free in both, the
formula represented by the tableau is something in the form Vz.(... A(x)...B(x)...). This formula implies that
(...A(z)...B(x)...)is true for any value of x , but does not in general imply (... A(#)...A(t')...) for two
different terms ¢ and ¢/, as these two terms may in general take different values. This means that x cannot be

replaced by two different terms in A(z)and B(x).
* Free variables in a formula to check for validity are also considered universally quantified. However, these

variables cannot be left free when building a tableau, because tableau rules works on the converse of the formula

but still treats free variables as universally quantified. For example, P(z) — P(c)is not valid (it is not true in
the model where D = {1,2}, P(1) = L, P(2) = T,c = 1, and the interpretation where z; = 2).

Consequently, { P(x), —P(c)} is satisfiable (it is satisfied by the same model and interpretation). However, a
closed tableau could be generated with P(z)and —P(c), and substituting  with ¢ would generate a closure.

A correct procedure is to first make universal quantifiers explicit, thus generating Vz.(P(z) — P(c)).
The following two variants are also correct.

* Applying to the whole tableau a substitution to the free variables of the tableau is a correct rule, provided that this
substitution is free for the formula representing the tableau. In other worlds, applying such a substitution leads to
a tableau whose formula is still a consequence of the input set. Using most general unifiers automatically ensures
that the condition of freeness for the tableau is met.

* While in general every variable has to be replaced with the same term in the whole tableau, there are some special

cases in which this is not necessary.

Tableaux with unification can be proved complete: if a set of formulae is unsatisfiable, it has a
tableau-with-unification proof. However, actually finding such a proof may be a difficult problem. Contrarily to the
case without unification, applying a substitution can modify the existing part of a tableau; while applying a

substitution closes at least a branch, it may make other branches impossible to close (even if the set is unsatisfiable).

A solution to this problem is that delayed instantiation: no substitution is applied until one that closes all branches at
the same time is found. With this variant, a proof for an unsatisfiable set can always be found by a suitable policy of
application of the other rules. This method however requires the whole tableau to be kept in memory: the general

method closes branches which can be then discarded, while this variant does not close any branch until the end.

The problem that some tableaux that can be generated are impossible to close even if the set is unsatisfiable is
common to other sets of tableau expansion rules: even if some specific sequences of application of these rules allow
constructing a closed tableau (if the set is unsatisfiable), some other sequences lead to tableau that cannot be closed.
General solutions for these cases are outlined in the "Searching for a tableau" section.
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Tableau calculi and their properties

A tableau calculus is a set of rules that allows building and modification of a tableau. Propositional tableau rules,
tableau rules without unification, and tableau rules with unification, are all tableau calculi. Some important

properties a tableau calculus may or may not possess are completeness, destructiveness, and proof confluence.

A tableau calculi is said complete if it allows building a tableau proof for every given unsatisfiable set of formulae.

The tableau calculi mentioned above can be proved complete.

A remarkable difference between tableau with unification and the other two calculi is that the latter two calculi only
modify a tableau by adding new nodes to it, while the former one allows substitutions to modify the existing part of
the tableau. More generally, tableau calculi are classed as destructive or non-destructive depending on whether they
only add new nodes to tableau or not. Tableau with unification is therefore destructive, while propositional tableau

and tableau without unification are non-destructive.

Proof confluence is the property of a tableau calculus to obtain a proof for an arbitrary unsatisfiable set from an
arbitrary tableau, assuming that this tableau has itself been obtained by applying the rules of the calculus. In other
words, in a proof confluent tableau calculus, from an unsatisfiable set one can apply whatever set of rules and still

obtain a tableau from which a closed one can be obtained by applying some other rules.

Proof procedures

A tableau calculus is simply a set of rules that tells how a tableau can be modified. A proof procedure is a method for
actually finding a proof (if one exists). In other words, a tableau calculus is a set of rules, while a proof procedure is
a policy of application of these rules. Even if a calculus is complete, not every possible choice of application of rules
leads to a proof of an unsatisfiable set. For example {P(f(x)), R(c), ~P(f(c))V —R(c),Vr.Q(x)} is
unsatisfiable, but both tableaux with unification and tableaux without unification allow the rule for the universal
quantifiers to be applied repeatedly to the last formula, while simply applying the rule for disjunction to the third one
would directly lead to closure.

For proof procedures, a definition of completeness has been given: a proof procedure is strongly complete if it allows
finding a closed tableau for any given unsatisfiable set of formulae. Proof confluence of the underlying calculus is
relevant to completeness: proof confluence is the guarantee that a closed tableau can be always generated from an
arbitrary partially constructed tableau (if the set is unsatisfiable). Without proof confluence, the application of a

'wrong' rule may result in the impossibility of making the tableau complete by applying other rules.

Propositional tableaux and tableaux without unification have strongly complete proof procedures. In particular, a
complete proof procedure is that of applying the rules in a fair way. This is because the only way such calculi cannot

generate a closed tableau from an unsatisfiable set is by not applying some applicable rules.

For propositional tableaux, fairness amounts to expanding every formula in every branch. More precisely, for every
formula and every branch the formula is in, the rule having the formula as a precondition has been used to expand

the branch. A fair proof procedure for propositional tableaux is strongly complete.

For first-order tableaux without unification, the condition of fairness is similar, with the exception that the rule for
universal quantifier might require more than one application. Fairness amounts to expanding every universal
quantifier infinitely often. In other words, a fair policy of application of rules cannot keep applying other rules

without expanding every universal quantifier in every branch that is still open once in a while.




Method of analytic tableaux 116

Searching for a closed tableau

If a tableau calculus is complete, every unsatisfiable set of formula has an associated closed tableau. While this
tableau can always be obtained by applying some of the rules of the calculus, the problem of which rules to apply for
a given formula still remains. As a result, completeness does not automatically implies the existence of a feasible
policy of application of rules that can always lead to building a closed tableau for every given unsatisfiable set of
formulae. While a fair proof procedure is complete for ground tableau and tableau without unification, this is not the

case for tableau with unification.

A general solution for this problem is
that of searching the space of tableau -
until a closed one is found (if any

exists, that is, the set is unsatisfiable).

In this approach, one starts with an

empty tableau and then recursively

tries to apply every possible applicable

rule. This procedure visit a (implicit)

tree whose nodes are labeled with

tableau, and such that the tableau in a )
A search tree in the space of tableau for {Vx.P(x), 7P(c)V-Q(c), dy.Q(c)}. For

simplicity, the formulae of the set have been omitted from all tableau in the figure and a
parent by applying one of the valid rectangle used in their place. A closed tableau is in the bold box; the other branches could
rules. be still expanded.

node is obtained from the tableau in its

Since one such branch can be infinite,

this tree has to be visited breadth-first rather than depth-first. This requires a large amount of space, as the breadth of
the tree can grow exponentially. A method that may visit some nodes more than once but works in polynomial space
is to visit in a depth-first manner with iterative deepening: one first visits the tree up to a certain depth, then increases
the depth and perform the visit again. This particular procedure uses the depth (which is also the number of tableau
rules that have been applied) for deciding when to stop at each step. Various other parameters (such as the size of the

tableau labeling a node) have been used instead.

Reducing search

The size of the search tree depends on the number of (children) tableau that can be generated from a given (parent)

one. Reducing the number of such tableau therefore reduces the required search.

A way for reducing this number is to disallow the generation of some tableau based on their internal structure. An
example is the condition of regularity: if a branch contains a literal, using an expansion rule that generates the same
literal is useless because the branch containing two copies of the literals would have the same set of formulae of the
original one. This expansion can be disallowed because if a closed tableau exists, it can be found without it. This

restriction is structural because it can be checked by looking at the structure of the tableau to expand only.

Different methods for reducing search disallow the generation of some tableau on the ground that a closed tableau
can still be found by expanding the other ones. These restrictions are called global. As an example of a global
restriction, one may employ a rule that specify which of the open branches is to be expanded. As a result, if a tableau
has for example two non-closed branches, the rule tells which one is to be expanded, disallowing the expansion of
the second one. This restriction reduces the search space because one possible choice is now forbidden;
completeness if however not harmed, as the second branch will still be expanded if the first one is eventually closed.
As an example, a tableau with root —g A —p , child g \/ b, and two leaves a and p can be closed in two ways:

applying ( /\) first to @ and then to } , or vice versa. There is clearly no need to follow both possibilities; one may
consider only the case in which ( /\) is first applied to a and disregard the case in which it is first applied to § .

This is a global restriction because what allows neglecting this second expansion is the presence of the other tableau,
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where expansion is applied to a first and § afterwards.

Clause tableaux

When applied to sets of clauses (rather than of arbitrary formulae), tableaux methods allow for a number of
efficiency improvements. A first-order clause is a formula Yz, ..., x,L1 V - - -V L,, that does not contain free
variables and such that each L, is a literal. The universal quantifiers are often omitted for clarity, so that for
example P(z,y)V Q(f(z))actually means Vz,y.P(z,y) V Q(f(z)). Note that, if taken literally, these

two formulae are not the same as for satisfiability: rather, the satisfiability P(x,y) V Q(f(z))is the same as that
of Jr,y.P(x,y)V Q(f(z)). That free variables are universally quantified is not a consequence of the

definition of first-order satisfiability; it is rather used as an implicit common assumption when dealing with clauses.
The only expansion rules that are applicable to a clause are ) and (\/) ; these two rules can be replaced by their

combination without losing completeness. In particular, the following rule corresponds to applying in sequence the

rules (V) and (\/) of the first-order calculus with unification.

Liv---VL, , - , . . : :
(C )there Ly V---V L, is obtained by replacing every variable with a new one in
ARERNIA
LyV---VL,

When the set to be checked for satisfiability is only composed of clauses, this and the unification rules are sufficient

to prove unsatisfiability. In other worlds, the tableau calculi composed of (C')and (¢ )is complete.

Since the clause expansion rule only generates literals and never new clauses, the clauses to which it can be applied
are only clauses of the input set. As a result, the clause expansion rule can be further restricted to the case where the
clause is in the input set.

Lyv---VL, , b : . ,
(C ) —————  where L\ VV - .-V L is obtained by replacing every variable with a
Ly -+ |17, ' "
newonein [, V/ -- -V L, , which is a clause of the input set

Since this rule directly exploit the clauses in the input set there is no need to initialize the tableau to the chain of the
input clauses. The initial tableau can therefore be initialize with the single node labeled {rue ; this label is often
omitted as implicit. As a result of this further simplification, every node of the tableau (apart of the root) is labeled

with a literal.

A number of optimizations can be used for clause tableau. These optimization are aimed at reducing the number of
possible tableaux to be explored when searching for a closed tableau as described in the "Searching for a closed

tableau" section above.

Connection tableau

Connection is a condition over tableau that forbids expanding a branch using clauses that are unrelated to the literals

that are already in the branch. Connection and be defined in two ways:
strong connectedness

when expanding a branch, use an input clause only if it contains a literal that can be unified with the negation
of the literal in the current leaf

weak connectedness
allow the use of clauses that contain a literal that unifies with the negation of a literal on the branch

Both conditions apply only to branches consisting not only of the root. The second definition allows for the use of a
clause containing a literal that unifies with the negation of a literal in the branch, while the first only further
constraint that literal to be in leaf of the current branch.
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If clause expansion is restricted by connectedness (either strong or weak), its application produces a tableau in which
substitution can applied to one of the new leaves, closing its branch. In particular, this is the leaf containing the
literal of the clause that unifies with the negation of a literal in the branch (or the negation of the literal in the parent,

in case of strong connection).

Both conditions of connectedness lead to a complete first-order calculus: if a set of clauses is unsatisfiable, it has a
closed connected (strongly or weakly) tableau. Such a closed tableau can be found by searching in the space of
tableaux as explained in the "Searching for a closed tableau" section. During this search, connectedness eliminates
some possible choices of expansion, thus reducing search. In other worlds, while the tableau in a node of the tree can
be in general expanded in several different ways, connection may allow only few of them, thus reducing the number

of resulting tableaux that need to be further expanded.

This can be seen on the following (propositional) example. The tableau made of a chain {rue — g for the set of

clauses {a, —a V b,—cVd, —\b} can be in general expanded using each of the four input clauses, but connection

only allows the expansion that uses —¢g \/ . This means that the tree of tableaux has four leaves in general but
only one if connectedness is imposed. This means that connectedness leaves only one tableau to try and expand,
instead of the four ones to consider in general. In spite of this reduction of choices, the completeness theorem implies
that a closed tableau can be found if the set is unsatisfiable.

The connectedness conditions, when applied to the propositional (clausal) case, make the resulting calculus

non-confluent. As an example, {a, b, b} is unsatisfiable, but applying (C')to a generates the chain {rue — a

, which is not closed and to which no other expansion rule can be applied without violating either strong or weak
connectedness. In the case of weak connectedness, confluence holds provided that the clause used for expanding the
root is relevant to unsatisfiability, that is, it is contained in a minimally unsatisfiable subset of the set of clauses.
Unfortunately, the problem of checking whether a clause meets this condition is itself a hard problem. In spite of
non-confluence, a closed tableau can be found using search, as presented in the "Searching for a closed tableau"
section above. While search is made necessary, connectedness reduces the possible choices of expansion, thus

making search more efficient.

Regular tableaux

A tableau is regular if no literal occurs twice in the same branch. Enforcing this condition allows for a reduction of
the possible choices of tableau expansion, as the clauses that would generate a non-regular tableau cannot be

expanded.

These disallowed expansion steps are however useless. If B is a branch containing a literal [, , and ( is a clause
whose expansion violates regularity, then (' contains [, . In order to close the tableau, one needs to expand and
close, among others, the branch where B — [, , where [, occurs twice. However, the formulae in this branch are
exactly the same as the formulae of R alone. As a result, the same expansion steps that close 3 — [, also close
B . This means that expanding (' was unnecessary; moreover, if (C' contained other literals, its expansion
generated other leaves that needed to be closed. In the propositional case, the expansion needed to close these leaves
are completely useless; in the first-order case, they may only affect the rest of the tableau because of some

unifications; these can however be combined to the substitutions used to close the rest of the tableau.
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Tableaux for modal logics

In a modal logic, a model comprises a set of possible worlds, each one associated to a truth evaluation; an
accessibility relation tells when a world is accessible from another one. A modal formula may specify not only
conditions over a possible world, but also on the ones that are accessible from it. As an example, [ ]A is true in a

world if A is true in all worlds that are accessible from it.

As for propositional logic, tableaux for modal logics are based on recursively breaking formulae into its basic
components. Expanding a modal formula may however require stating conditions over different worlds. As an
example, if —[] 4 is true in a world then there exists a world accessible from it where A is false. However, one

cannot simply add the following rule to the propositional ones.

-0A

—A
In propositional tableaux all formulae refer to the same truth evaluation, but the precondition of the rule above holds
in a world while the consequence holds in another. Not taking into account this would generate wrong results. For
example, formula g A —[Jg states that ais true in the current world and ais false in a world that is accessible

from it. Simply applying (/\) and the expansion rule above would produce aand —a, but these two formulae

should not in general generate a contradiction, as they hold in different worlds. Modal tableaux calculi do contain
rules of the kind of the one above, but include mechanisms to avoid the incorrect interaction of formulae referring to
different worlds.

Technically, tableaux for modal logics check the satisfiability of a set of formulae: they check whether there exists a
model }\f and world w such that the formulae in the set are true in that model and world. In the example above,
while a states the truth of ain w, the formula —[q states the truth of —a in some world 4, that is accessible
from w and which may in general be different from w . Tableaux calculi for modal logic take into account that
formulae may refer to different worlds.

This fact has an important consequence: formulae that hold in a world may imply conditions over different
successors of that world. Unsatisfiability may then be proved from the subset of formulae referring to the a single
successor. This holds if a world may have more than one successor, which is true for most modal logic. If this is the
case, a formula like —[]A4 A —[]RB is true if a successor where — 4 holds exists and a successor where — 3
holds exists. In the other way around, if one can show unsatisfiability of — 4 in an arbitrary successor, the formula
is proved unsatisfiable without checking for worlds where — B holds. At the same time, if one can show
unsatisfiability of — B, there is no need to check — 4 . As a result, while there are two possible way to expand
—[JA A =B, one of these two ways is always sufficient to prove unsatisfiability if the formula is unsatisfiable.
For example, one may expand the tableau by considering an arbitrary world where — A holds. If this expansion
leads to unsatisfiability, the original formula is unsatisfiable. However, it is also possible that unsatisfiability cannot
be proved this way, and that the world where — 3 holds should have been considered instead. As a result, one can
always prove unsatisfiability by expanding either —[] A only or —[] B only; however, if the wrong choice is done
the resulting tableau may not be closed. Expanding either subformula leads to tableau calculi that are complete but
not proof-confluent. Searching as described in the "Searching for a closed tableau" may therefore be necessary.
Depending on whether the precondition and consequence of a tableau expansion rule refer to the same world or not,
the rule is called static or transactional. While rules for propositional connectives are all static, not all rules for modal
connectives are transactional: for example, in every modal logic including axiom T, it holds that [] 4 implies A in
the same world. As a result, the relative (modal) tableau expansion rule is static, as both its precondition and

consequence refer to the same world.
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Formula-deleting tableau

A way for making formulae referring to different worlds not interacting in the wrong way is to make sure that all
formulae of a branch refer to the same world. This condition is initially true as all formulae in the set to be checked
for consistency are assumed referring to the same world. When expanding a branch, two situations are possible:
either the new formulae refer to the same world as the other one in the branch or not. In the first case, the rule is
applied normally. In the second case, all formulae of the branch that do not also hold in the new world are deleted

from the branch, and possibly added to all other branches that are still relative to the old world.

As an example, in S5 every formula [] 4 that is true in a world is also true in all accessible worlds (that is, in all

1

accessible worlds both 4 and []A4 are true). Therefore, when applying , whose consequence holds in a

different world, one deletes all formulae from the branch, but can keep all formulae [] 4 , as these hold in the new
world as well. In order to retain completeness, the deleted formulae are then added to all other branches that still

refer to the old world.

World-labeled tableau

A different mechanism for ensuring the correct interaction between formulae referring to different worlds is to
switch from formulae to labeled formulae: instead of writing 4 , one would write ¢ : A to make it explicit that
‘A holds in world w .
All propositional expansion rules are adapted to this variant by stating that they all refer to formulae with the same
world label. For example, 1 - 4 A B generates two nodes labeled with ¢ : 4 and ¢y : B ; a branch is closed
only if it contains two opposite literals of the same world, like w : @ and w : —a ; no closure is generated if the
two world labels are different, like in w : a and ¢y - —¢g -
The modal expansion rule may have a consequence that refer to a different worlds. For example, the rule for —[] A
would be written as follows

w: A

w': —A
The precondition and consequent of this rule refer to worlds w and 4, respectively. The various different calculi
use different methods for keeping track of the accessibility of the worlds used as labels. Some include
pseudo-formulae like ¢ Ry, to denote that 4;’is accessible from w . Some others use sequences of integers as

world labels, this notation implicitly representing the accessibility relation (for example, (1, 4,2, 3)is accessible

from (1,4, 2).)

Set-labeling tableaux

The problem of interaction between formulae holding in different worlds can be overcome by using set-labeling
tableaux. These are trees whose nodes are labeled with sets of formulae; the expansion rules tell how to attach new
nodes to a leaf, based only on the label of the leaf (and not on the label of other nodes in the branch).

Tableaux for modal logics are used to verify the satisfiability of a set of modal formulae in a given modal logic.
Given a set of formulae S, they check the existence of a model }{ and a world w such that M w ): S.

The expansion rules depend on the particular modal logic used. A tableau system for the basic modal logic K can be

obtained by adding to the propositional tableau rules the following one:
Ay ... OA,; -0OB
Ay . AL B

Intuitively, the precondition of this rule expresses the truth of all formulae A1, ..., A, at all accessible worlds,

(K)

and truth of — B at some accessible worlds. The consequence of this rule is a formula that must be true at one of

those worlds where — B is true.
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More technically, modal tableaux methods check the existence of a model }fand a world w that make set of
formulae true. If [1A1; . ..;[JA,,; =[JB are true in w, there must be a world 4, that is accessible from w and
that makes Aq; . ..; A, ;B true. This rule therefore amounts to deriving a set of formulae that must be satisfied
in such ¢;/.

While the preconditions [1Aq;...;[JA,; -[JB are assumed satisfied by M, w, the consequences
Aj;...;A,; - B are assumed satisfied in M, w': same model but possibly different worlds. Set-labeled

tableaux do not explicitly keep track of the world where each formula is assumed true: two nodes may or may not

refer to the same world. However, the formulae labeling any given node are assumed true at the same world.
As a result of the possibly different worlds where formulae are assumed true, a formula in a node is not

automatically valid in all its descendants, as every application of the modal rule correspond to a move from a world
to another one. This condition is automatically captured by set-labeling tableaux, as expansion rules are based only

on the leaf where they are applied and not on its ancestors.
Remarkably, ( K ) does not directly extend to multiple negated boxed formulae such as in

Aq;...;0A,; m0By; -~ B5: while there exists an accessible world where B is false and one in which B,

is false, these two worlds are not necessarily the same.
Differently from the propositional rules, ( K ) states conditions over all its preconditions. For example, it cannot be

applied to a node labeled by a;[Jb; (b — ¢); —~[lc; while this set is inconsistent and this could be easily
proved by applying ( K ), this rule cannot be applied because of formula a, which is not even relevant to

inconsistency. Removal of such formulae is made possible by the rule:

oA By B
0 1 ) <1n, ) y Pm
() Ao A,

The addition of this rule (thinning rule) makes the resulting calculus non-confluent: a tableau for an inconsistent set

may be impossible to close, even if a closed tableau for the same set exists.

Rule ((9) is non-deterministic: the set of formulae to be removed (or to be kept) can be chosen arbitrarily; this
creates the problem of choosing a set of formulae to discard that is not so large it makes the resulting set satisfiable
and not so small it makes the necessary expansion rules inapplicable. Having a large number of possible choices
makes the problem of searching for a closed tableau harder.

This non-determinism can be avoided by restricting the usage of (9) so that it is only applied before a modal
expansion rule, and so that it only removes the formulae that make that other rule inapplicable. This condition can be
also formulated by merging the two rules in a single one. The resulting rule produces the same result as the old one,

but implicitly discard all formulae that made the old rule inapplicable. This mechanism for removing (6) has been

proved to preserve completeness for many modal logics.
Axiom T expresses reflexivity of the accessibility relation: every world is accessible from itself. The corresponding

tableau expansion rule is:
A A OB
Ay A OB B

This rule relates conditions over the same world: if [] B is true in a world, by reflexivity R is also true in the same

(1)

world. This rule is static, not transactional, as both its precondition and consequent refer to the same world.

This rule copies []B from the precondition to the consequent, in spite of this formula having being "used" to
generate 3. This is correct, as the considered world is the same, so []/3 also holds there. This "copying" is
necessary in some cases. It is for example necessary to prove the inconsistency of D(a A —-Da): the only

applicable rules are in order (77), (A), (6), (K), from which one is blocked if [Jq is not copied.
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Auxiliary tableaux

A different method for dealing with formulae holding in alternate worlds is to start a different tableau for each now
world that is introduced in the tableau. For example, —[] 4 implies that 4 is false in an accessible world, so one
starts a new tableau rooted by — 4 . This new tableau is attached to the node of the original tableau where the
expansion rule has been applied; a closure of this tableau immediately generates a closure of all branches where that
node is, regardless of whether the same node is associated other auxiliary tableaux. The expansion rules for the
auxiliary tableaux are the same as for the original one; therefore, an auxiliary tableau can have in turns other
(sub-)auxiliary tableaux.

Global assumptions

The above modal tableaux establish the consistency of a set of formulae, and can be used for solving the local logical
consequence problem. This is the problem of telling whether, for each model }f, if A is true in a world w, then
B is also true in the same world. This is the same as checking whether [ is true in a world of a model, in the

assumption that A4 is also true in the same world of the same model.

A related problem is the global consequence problem, where the assumption is that a formula (or set of formulae) (7
is true in all possible worlds of the model. The problem is that of checking whether, in all models }J where (5 is

true in all worlds, R is also true in all worlds.

Local and global assumption differ on models where the assumed formula is true in some worlds but not in others.
As an example, { P, —=[J(P A Q)} entails —[]() globally but not locally. Local entailment does not hold in a

model consisting of two worlds making Pand — P, () true, respectively, and where the second is accessible from

the first; in the first world, the assumption is true but DQ is false. This counterexample works because P can be

assumed true in a world and false in another one. If however the same assumption is considered global, — P is not

allowed in any world of the model.
These two problems can be combined, so that one can check whether R is a local consequence of 4 under the

global assumption (5 . Tableaux calculi can deal with global assumption by a rule allowing its addition to every

node, regardless of the world it refers to.

Notations

The following conventions are sometimes used.

Uniform notation

When writing tableaux expansion rules, formulae are often denoted using a convention, so that for example ¢ is
always considered to be &7 A «g. The following table provides the notation for formulae in propositional,

first-order, and modal logic.
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Notation Formulae

a @A | o(ar vVag) | (a1 — a3)
s BV B | B — B2 | =(BiADBa)
v Vzyi(z) | =3z, (x)

) Jzd1(z) | Vb, (z)

™ Umy —~0m1

v Quy —oy

Each label in the first column is taken to be either formula in the other columns. An overlined formula such as a7
indicates that Q¢1is the negation of whatever formula appears in its place, so that for example in formula —|(a \% b)
the subformula «¢1is the negation of a .

Since every label indicates many equivalent formulae, this notation allows writing a single rule for all these
equivalent formulae. For example, the conjunction expansion rule is formulated as:

(@)

«

03]
8%

Signed formulae

A formula in a tableau is assumed true. Signed tableaux allows stating that a formula is false. This is generally
achieved by adding a label to each formula, where the label T indicates formulae assumed true and F those assumed
false. A different but equivalent notation is that to write formulae that are assumed true at the left of the node and

formulae assumed false at its right.
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External links

« TABLEAUX 2! an annual international conference on automated reasoning with analytic tableaux and related
methods.

« JAR P! Journal of Automated Reasoning.

. lolo™:a simple theorem prover written in Haskell that uses analytic tableaux for propositional logic.

* tableaux.cgi 51; an interactive prover for propositional and first-order logic using tableaux.
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Natural deduction

In logic and proof theory, natural deduction is a kind of proof calculus in which logical reasoning is expressed by
inference rules closely related to the "natural" way of reasoning. This contrasts with the axiomatic systems which

instead use axioms as much as possible to express the logical laws of deductive reasoning.

Motivation

Natural deduction grew out of a context of dissatisfaction with the axiomatizations of deductive reasoning common
to the systems of Hilbert, Frege, and Russell (see, e.g., Hilbert system). Such axiomatizations were most famously
used by Russell and Whitehead in their mathematical treatise Principia Mathematica. Spurred on by a series of
seminars in Poland in 1926 by Lukasiewicz that advocated a more natural treatment of logic, Jaskowski made the
earliest attempts at defining a more natural deduction, first in 1929 using a diagrammatic notation, and later updating
his proposal in a sequence of papers in 1934 and 1935. His proposals led to different notations such as Fitch-style

calculus (or Fitch's diagrams) or Suppes' method of which e.g. Lemmon gave a variant called system L.

Natural deduction in its modern form was independently proposed by the German mathematician Gentzen in 1935,
in a dissertation delivered to the faculty of mathematical sciences of the university of Gottingen. The term natural

deduction (or rather, its German equivalent natiirliches Schliefjen) was coined in that paper:

Ich wollte zunichst einmal einen Formalismus aufstellen, der dem wirklichen Schliefen moglichst nahe
kommt. So ergab sich ein ,Kalkiil des natiirlichen SchlieBens®.
(First I wished to construct a formalism that comes as close as possible to actual reasoning. Thus arose a

"calculus of natural deduction".)
—Gentzen, Untersuchungen iiber das logische Schlief}en (Mathematische Zeitschrift 39, pp.176-210, 1935)

Gentzen was motivated by a desire to establish the consistency of number theory, and he found immediate use for his
natural deduction calculus. He was nevertheless dissatisfied with the complexity of his proofs, and in 1938 gave a
new consistency proof using his sequent calculus. In a series of seminars in 1961 and 1962 Prawitz gave a
comprehensive summary of natural deduction calculi, and transported much of Gentzen's work with sequent calculi
into the natural deduction framework. His 1965 monograph Natural deduction: a proof-theoretical study was to

become a reference work on natural deduction, and included applications for modal and second-order logic.
In natural deduction, a proposition is deduced from a collection of premises by applying inference rules repeatedly.
The system presented in this article is a minor variation of Gentzen's or Prawitz's formulation, but with a closer

adherence to Martin-Lof's description of logical judgments and connectives (Martin-Lof, 1996).
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Judgments and propositions

A judgment is something that is knowable, that is, an object of knowledge. It is evident if one in fact knows it. Thus
"it is raining" is a judgment, which is evident for the one who knows that it is actually raining; in this case one may
readily find evidence for the judgment by looking outside the window or stepping out of the house. In mathematical
logic however, evidence is often not as directly observable, but rather deduced from more basic evident judgments.

The process of deduction is what constitutes a proof; in other words, a judgment is evident if one has a proof for it.

The most important judgments in logic are of the form "A is true". The letter A stands for any expression
representing a proposition; the truth judgments thus require a more primitive judgment: "A is a proposition". Many
other judgments have been studied; for example, "A is false" (see classical logic), "A is true at time t" (see temporal
logic), "A is necessarily true" or "A is possibly true" (see modal logic), "the program M has type t" (see
programming languages and type theory), "A is achievable from the available resources" (see linear logic), and
many others. To start with, we shall concern ourselves with the simplest two judgments "A is a proposition" and "A

is true", abbreviated as "A prop" and "A true" respectively.

The judgment "A prop" defines the structure of valid proofs of A, which in turn defines the structure of propositions.
For this reason, the inference rules for this judgment are sometimes known as formation rules. To illustrate, if we
have two propositions A and B (that is, the judgments "A prop" and "B prop" are evident), then we form the
compound proposition A and B, written symbolically as " A A B ". We can write this in the form of an inference

rule:
A prop B prop
AN B prop

This inference rule is schematic: A and B can be instantiated with any expression. The general form of an inference

F

rule is:

J, Jo . J,
J

where each .J; is a judgment and the inference rule is named "name". The judgments above the line are known as

name

premises, and those below the line are conclusions. Other common logical propositions are disjunction ( 4 \/ B ),
negation ( — A ), implication ( 4 O B ), and the logical constants truth ( T ) and falsehood ( | ). Their

formation rules are below.

—

A prop B prop A prop B prop A prop
AV B prop A D B prop T prop L prop - A prop

Introduction and elimination

Now we discuss the "A true" judgment. Inference rules that introduce a logical connective in the conclusion are
known as introduction rules. To introduce conjunctions, i.e., to conclude "A and B true" for propositions A and B,

one requires evidence for "A true" and "B true". As an inference rule:

A true B true
AN B true

It must be understood that in such rules the objects are propositions. That is, the above rule is really an abbreviation

1

for:

A prop B prop A true B true
A AN B true

This can also be written:

A A B prop A true B true
AN B true

I

I
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In this form, the first premise can be satisfied by the /\ pformation rule, giving the first two premises of the previous
form. In this article we shall elide the "prop" judgments where they are understood. In the nullary case, one can

derive truth from no premises.

— T,
T true

If the truth of a proposition can be established in more than one way, the corresponding connective has multiple
introduction rules.

A true B true
AV B true ! AV B true

Note that in the nullary case, i.e., for falsehood, there are no introduction rules. Thus one can never infer falsehood

12

from simpler judgments.

Dual to introduction rules are elimination rules to describe how to de-construct information about a compound

proposition into information about its constituents. Thus, from "A [ B true", we can conclude "A true" and "B true":

A N B true AN B true

El
A true B true
As an example of the use of inference rules, consider commutativity of conjunction. If A [ B is true, then B [l A is

E2

true; This derivation can be drawn by composing inference rules in such a fashion that premises of a lower inference

match the conclusion of the next higher inference.
AN B true A A B true

A
B true £z A true
B A A true

The inference figures we have seen so far are not sufficient to state the rules of implication introduction or

AE1

A1
disjunction elimination; for these, we need a more general notion of hypothetical derivation.

Hypothetical derivations

A pervasive operation in mathematical logic is reasoning from assumptions. For example, consider the following

derivation:

AN(BAC) true
AFE
B AC true
B true

This derivation does not establish the truth of B as such; rather, it establishes the following fact:

1

IfA0 (B C) is true then B is true.

In logic, one says "assuming AU (B C) is true, we show that B is true"; in other words, the judgement "B true"

depends on the assumed judgement "A [ (B[ C) true". This is a hypothetical derivation, which we write as follows:

AN(BACQC) true

B true
The interpretation is: "B true is derivable from A [ (B I C) true". Of course, in this specific example we actually
know the derivation of "B true" from "A [ (B0 C) true", but in general we may not a-priori know the derivation. The

general form of a hypothetical derivation is:

Dl DQ"'Dn

J
Each hypothetical derivation has a collection of antecedent derivations (the Dl.) written on the top line, and a

succedent judgement (J) written on the bottom line. Each of the premises may itself be a hypothetical derivation.
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(For simplicity, we treat a judgement as a premise-less derivation.)

The notion of hypothetical judgement is internalised as the connective of implication. The introduction and

elimination rules are as follows.

—

A true

B true S A D B true At’rueDE
A D B true B true

In the introduction rule, the antecedent named u is discharged in the conclusion. This is a mechanism for delimiting
the scope of the hypothesis: its sole reason for existence is to establish "B true"; it cannot be used for any other
purpose, and in particular, it cannot be used below the introduction. As an example, consider the derivation of "A [
(B0 (A1 B)) true":

U w
A true B true AT

AN B true S I
B D (AAB) true

AD (B> (AAB)) true:)

This full derivation has no unsatisfied premises; however, sub-derivations are hypothetical. For instance, the

derivation of "B [l (Al B) true" is hypothetical with antecedent "A frue" (named u).

With hypothetical derivations, we can now write the elimination rule for disjunction:

Atrue. B true
AV B true rue rue

C true C true
C true

In words, if A [ B is true, and we can derive C true both from A true and from B true, then C is indeed true. Note that

v E‘M,uﬁ

this rule does not commit to either A true or B true. In the zero-ary case, i.e. for falsehood, we obtain the following

elimination rule:

1 true

C true
This is read as: if falsehood is true, then any proposition C is true.

Negation is similar to implication.

—

A true
ptrue —A true A true
—A true C true B

The introduction rule discharges both the name of the hypothesis u, and the succedent p, i.e., the proposition p must
not occur in the conclusion A. Since these rules are schematic, the interpretation of the introduction rule is: if from
"A true" we can derive for every proposition p that "p true", then A must be false, i.e., "not A true". For the
elimination, if both A and not A are shown to be true, then there is a contradiction, in which case every proposition C
is true. Because the rules for implication and negation are so similar, it should be fairly easy to see that nor A and A [

0 are equivalent, i.e., each is derivable from the other.
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Consistency, completeness, and normal forms

A theory is said to be consistent if falsehood is not provable (from no assumptions) and is complete if every theorem
is provable using the inference rules of the logic. These are statements about the entire logic, and are usually tied to
some notion of a model. However, there are local notions of consistency and completeness that are purely syntactic
checks on the inference rules, and require no appeals to models. The first of these is local consistency, also known as
local reducibility, which says that any derivation containing an introduction of a connective followed immediately by
its elimination can be turned into an equivalent derivation without this detour. It is a check on the strength of
elimination rules: they must not be so strong that they include knowledge not already contained in its premises. As

an example, consider conjunctions.

Dually, local completeness says that the elimination rules are strong enough to decompose a connective into the

forms suitable for its introduction rule. Again for conjunctions:

—————————— u el —========= ——————————u
A AB true A AB true A AB true
—————————— AE —————————— AE
1 2
A true B true
——————————————————————— AL
A AB true

These notions correspond exactly to f3-reduction (beta reduction) and n-conversion (eta conversion) in the lambda
calculus, using the Curry-Howard isomorphism. By local completeness, we see that every derivation can be
converted to an equivalent derivation where the principal connective is introduced. In fact, if the entire derivation
obeys this ordering of eliminations followed by introductions, then it is said to be normal. In a normal derivation all
eliminations happen above introductions. In most logics, every derivation has an equivalent normal derivation, called
a normal form. The existence of normal forms is generally hard to prove using natural deduction alone, though such
accounts do exist in the literature, most notably by Dag Prawitz in 1961; see his book Natural deduction: a
proof-theoretical study, A&W Stockholm 1965, no ISBN. It is much easier to show this indirectly by means of a

cut-free sequent calculus presentation.
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First and higher-order extensions

The logic of the earlier section is an example of a single-sorted logic,
i.e., a logic with a single kind of object: propositions. Many extensions E e
e
of this simple framework have been proposed; in this section we will S A
extend it with a second sort of individuals or terms. More precisely, we =~ |™™
. . . . . ‘ = ‘zwu‘./;.'..:,,\,,m,, — pred-F
will add a new kind of judgement, " is a term" (or "t term") where t is S [ .
schematic. We shall fix a countable set V of variables, another v Sep, Sarame , saramp
SrASBprop S Vx Aprop S+ av Aprop
countable set F' of function symbols, and construct terms as follows: kil
Sihuiaruia P
introduction rules
L:Tkm:A L:Trm:B
TESrr@mmians M Eweoir
ST AR ST AvE " wow
b et Ry v 7 R o e
elimination rules
s e L.
LiMer:AVE Lilu:Arm:C EiNv:iBrm:C Lilkm:L
TiTr caserofinlu= mlinry = C VE  ETr abortziC HE
L:Tkm:ADB X:Trm:A E:Fkn:¥x.A Xktterm
Py ok T AT
LiTkm:AnA Exilu:Arm:C IE
o0 let(xu) = ings : C

Summary of first-order system

For propositions, we consider a third countable set P of predicates, and define atomic predicates over terms with the

following formation rule:

—————— u -—————--u
x term x term
I I
A prop A prop
—————————— VF!  —————————— 3JF"
Vx. A prop Jx. A prop

These quantified propositions have the following introduction and elimination rules.

Vx. A true t term

[t/x] A true
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[t/x] A true

777777 Bl =——=—=—===== §
———————————— =B
a term a/x] A true
dx. A true 0 [a/x]
dx. A true C true
77777777777777777777777777 Jgdr WY
C true

In these rules, the notation [#/x] A stands for the substitution of ¢ for every (visible) instance of x in A, avoiding
capture; see the article on lambda calculus for more detail about this standard operation. As before the superscripts
on the name stand for the components that are discharged: the term a cannot occur in the conclusion of VI (such
terms are known as eigenvariables or parameters), and the hypotheses named u and v in JE are localised to the
second premise in a hypothetical derivation. Although the propositional logic of earlier sections was decidable,

adding the quantifiers makes the logic undecidable.

So far the quantified extensions are first-order: they distinguish propositions from the kinds of objects quantified
over. Higher-order logic takes a different approach and has only a single sort of propositions. The quantifiers have as

the domain of quantification the very same sort of propositions, as reflected in the formation rules:

—————— u m——====
P prop p prop
I I
A prop A prop
—————————— VEY o FF"
Vp. A prop dp. A prop

A discussion of the introduction and elimination forms for higher-order logic is beyond the scope of this article. It is
possible to be in between first-order and higher-order logics. For example, second-order logic has two kinds of

propositions, one kind quantifying over terms, and the second kind quantifying over propositions of the first kind.

Different presentations of natural deduction

Tree-like presentations

Gentzen's discharging annotations used to internalise hypothetical judgment can be avoided by representing proofs

as a tree of sequents /" A instead of a tree of A frue judgments.

Sequential presentations

Jaskowski's representations of natural deduction led to different notations such as Fitch-style calculus (or Fitch's

diagrams) or Suppes' method of which e.g. Lemmon gave a variant called system L.

Proofs and type-theory

The presentation of natural deduction so far has concentrated on the nature of propositions without giving a formal
definition of a proof. To formalise the notion of proof, we alter the presentation of hypothetical derivations slightly.
We label the antecedents with proof variables (from some countable set V of variables), and decorate the succedent
with the actual proof. The antecedents or hypotheses are separated from the succedent by means of a rurnstile ().
This modification sometimes goes under the name of localised hypotheses. The following diagram summarises the

change.
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-— u, ——f—— u_ ... ———— u = u :Jd, u:d, ..., u:d +HJ
1 1 2 2 n n

The collection of hypotheses will be written as I" when their exact composition is not relevant. To make proofs
explicit, we move from the proof-less judgement "A true" to a judgement: " is a proof of (A true)", which is written
symbolically as "m : A true". Following the standard approach, proofs are specified with their own formation rules
for the judgement "mt proof". The simplest possible proof is the use of a labelled hypothesis; in this case the evidence
is the label itself.

——————— proof-F u:A true F u : A true

For brevity, we shall leave off the judgemental label true in the rest of this article, i.e., write "I - 7t : A". Let us
re-examine some of the connectives with explicit proofs. For conjunction, we look at the introduction rule Al to

discover the form of proofs of conjunction: they must be a pair of proofs of the two conjuncts. Thus:

The elimination rules AE | and /\E2 select either the left or the right conjunct; thus the proofs are a pair of projections
— first (fst) and second (snd).

n proof ' mn A AB
——————————— FHEP —mmeme—e—e—e= AE,
fst 0 proof I + fst A
n proof ' mn A AB
——————————— snd-F —~———————————— AE,
snd n proof ' -sndmno: B

For implication, the introduction form localises or binds the hypothesis, written using a A; this corresponds to the
discharged label. In the rule, "T', u:A" stands for the collection of hypotheses I', together with the additional
hypothesis u.

n proof 'y u:tA 1o B

———————————— A-F ———————-=—-——-——= DI

Au. 0 proof ' - Au. 0 A DB

o proof n_ proof I o A DB r + n, A
——————————————————— app-F ----—7-——-——-—-——--—---—-——-—-—-— DE
onon, proof I oo, B

With proofs available explicitly, one can manipulate and reason about proofs. The key operation on proofs is the
substitution of one proof for an assumption used in another proof. This is commonly known as a substitution
theorem, and can be proved by induction on the depth (or structure) of the second judgement.
Substitution theorem

IfT 08 cAandT, w:A + T, B, thenT + [n:l/u] T, B.
So far the judgement "I' = m : A" has had a purely logical interpretation. In type theory, the logical view is
exchanged for a more computational view of objects. Propositions in the logical interpretation are now viewed as

types, and proofs as programs in the lambda calculus. Thus the interpretation of "; : A" is "the program = has type
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A". The logical connectives are also given a different reading: conjunction is viewed as product (x), implication as
the function arrow (—), etc. The differences are only cosmetic, however. Type theory has a natural deduction
presentation in terms of formation, introduction and elimination rules; in fact, the reader can easily reconstruct what

is known as simple type theory from the previous sections.

The difference between logic and type theory is primarily a shift of focus from the types (propositions) to the
programs (proofs). Type theory is chiefly interested in the convertibility or reducibility of programs. For every type,
there are canonical programs of that type which are irreducible; these are known as canonical forms or values. If
every program can be reduced to a canonical form, then the type theory is said to be normalising (or weakly
normalising). If the canonical form is unique, then the theory is said to be strongly normalising. Normalisability is a
rare feature of most non-trivial type theories, which is a big departure from the logical world. (Recall that every
logical derivation has an equivalent normal derivation.) To sketch the reason: in type theories that admit recursive
definitions, it is possible to write programs that never reduce to a value; such looping programs can generally be
given any type. In particular, the looping program has type L, although there is no logical proof of "L true". For this
reason, the propositions as types; proofs as programs paradigm only works in one direction, if at all: interpreting a
type theory as a logic generally gives an inconsistent logic.

Like logic, type theory has many extensions and variants, including first-order and higher-order versions. An
interesting branch of type theory, known as dependent type theory, allows quantifiers to range over programs
themselves. These quantified types are written as IT and X instead of V¥ and 3, and have the following formation

rules:
' = A type 'y x:A - B type ' = A type T, x:A F B type

' = [Ix:A. B type I' - Zx:A. B type

These types are generalisations of the arrow and product types, respectively, as witnessed by their introduction and

elimination rules.

'y, x:A + 1 B FI—Hl [Ix:A. B FI—H2 A

———————————————————— O0I -————————————————————————————_ [E

' W Ax. @ Ix:A. B L'+ 1 o, [HZ/X]B
FI—Hl A F,xZ—\I—n2 B ' o Ix:A. B ' o Ix:A. B
————————————————————————————— 81 --—-—--—--—-=--= ZE, -——--—-—--——-—-———————-—- 3E
L+ (o, m) Ix:A. B I - £fst o A ' - snd o [fst n/x] B

Dependent type theory in full generality is very powerful: it is able to express almost any conceivable property of
programs directly in the types of the program. This generality comes at a steep price — checking that a given
program is of a given type is undecidable. For this reason, dependent type theories in practice do not allow
quantification over arbitrary programs, but rather restrict to programs of a given decidable index domain, for

example integers, strings, or linear programs.

Since dependent type theories allow types to depend on programs, a natural question to ask is whether it is possible
for programs to depend on types, or any other combination. There are many kinds of answers to such questions. A
popular approach in type theory is to allow programs to be quantified over types, also known as parametric
polymorphism; of this there are two main kinds: if types and programs are kept separate, then one obtains a
somewhat more well-behaved system called predicative polymorphism; if the distinction between program and type
is blurred, one obtains the type-theoretic analogue of higher-order logic, also known as impredicative polymorphism.
Various combinations of dependency and polymorphism have been considered in the literature, the most famous

being the lambda cube of Henk Barendregt.
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The intersection of logic and type theory is a vast and active research area. New logics are usually formalised in a
general type theoretic setting, known as a logical framework. Popular modern logical frameworks such as the
calculus of constructions and LF are based on higher-order dependent type theory, with various trade-offs in terms of
decidability and expressive power. These logical frameworks are themselves always specified as natural deduction

systems, which is a testament to the versatility of the natural deduction approach.

Classical and modal logics

For simplicity, the logics presented so far have been intuitionistic. Classical logic extends intuitionistic logic with an

additional axiom or principle of excluded middle:
For any proposition p, the proposition p I —p is true.
This statement is not obviously either an introduction or an elimination; indeed, it involves two distinct connectives.

Gentzen's original treatment of excluded middle prescribed one of the following three (equivalent) formulations,

which were already present in analogous forms in the systems of Hilbert and Heyting:

A v7A true 0 —————————— XM

(XM3 is merely XM2 expressed in terms of E.) This treatment of excluded middle, in addition to being objectionable

from a purist's standpoint, introduces additional complications in the definition of normal forms.

A comparatively more satisfactory treatment of classical natural deduction in terms of introduction and elimination
rules alone was first proposed by Parigot in 1992 in the form of a classical lambda calculus called Au. The key
insight of his approach was to replace a truth-centric judgement A true with a more classical notion, reminiscent of
the sequent calculus: in localised form, instead of I' + A, he used I' -+ A, with A a collection of propositions similar
to I'. T was treated as a conjunction, and A as a disjunction. This structure is essentially lifted directly from classical
sequent calculi, but the innovation in Au was to give a computational meaning to classical natural deduction proofs in

terms of a callcc or a throw/catch mechanism seen in LISP and its descendants. (See also: first class control.)

Another important extension was for modal and other logics that need more than just the basic judgement of truth.
These were first described, for the alethic modal logics S4 and S5, in a natural deduction style by Prawitz in 1965,
and have since accumulated a large body of related work. To give a simple example, the modal logic S4 requires one

new judgement, "A valid", that is categorical with respect to truth:
If "A true" under no assumptions of the form "B true", then "A valid".

This categorical judgement is internalised as a unary connective 0OA (read "necessarily A") with the following
introduction and elimination rules:

Note that the premise "A valid" has no defining rules; instead, the categorical definition of validity is used in its
place. This mode becomes clearer in the localised form when the hypotheses are explicit. We write "Q;I" - A true"
where I' contains the true hypotheses as before, and Q contains valid hypotheses. On the right there is just a single
judgement "A true"; validity is not needed here since "Q + A valid" is by definition the same as "Q;* — A true". The
introduction and elimination forms are then:
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Q; Fbox m : OA true Q;TC F unbox n : A true

The modal hypotheses have their own version of the hypothesis rule and substitution theorem.

——————————————————————————————— valid-hyp
Q, u: (A valid) ; " F u : A true

Modal substitution theorem
IfQ; + e A true and Q, u: (A valid) ;T + T, C true, then Q;I" + [nllu] T, C true.

This framework of separating judgements into distinct collections of hypotheses, also known as multi-zoned or
polyadic contexts, is very powerful and extensible; it has been applied for many different modal logics, and also for
linear and other substructural logics, to give a few examples. However, relatively few systems of modal logic can be
formalised directly in natural deduction; to give proof-theoretic characterisations of these systems, extensions such

as labelling,[l] or systems of deep inferencel?!

Comparison with other foundational approaches

Sequent calculus

The sequent calculus is the chief alternative to natural deduction as a foundation of mathematical logic. In natural
deduction the flow of information is bi-directional: elimination rules flow information downwards by deconstruction,
and introduction rules flow information upwards by assembly. Thus, a natural deduction proof does not have a
purely bottom-up or top-down reading, making it unsuitable for automation in proof search, or even for proof
checking (or type-checking in type theory). To address this fact, Gentzen in 1935 proposed his sequent calculus,
though he initially intended it as a technical device for clarifying the consistency of predicate logic. Kleene, in his
seminal 1952 book Introduction to Metamathematics (ISBN 0-7204-2103-9), gave the first formulation of the

sequent calculus in the modern style.

In the sequent calculus all inference rules have a purely bottom-up reading. Inference rules can apply to elements on
both sides of the turnstile. (To differentiate from natural deduction, this article uses a double arrow = instead of the
right tack + for sequents.) The introduction rules of natural deduction are viewed as right rules in the sequent
calculus, and are structurally very similar. The elimination rules on the other hand turn into left rules in the sequent

calculus. To give an example, consider disjunction; the right rules are familiar:

L =A r =B
————————— VR ———————== VR
1 2
r =A VB I =A VB
On the left:
', u:A =C ', v:B =C
777777777777777777777777777 VL
C, w: (A VB) =¢C
Recall the VE rule of natural deduction in localised form:
' - A VB ', u:A - C r, v:BFC
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The proposition A [ B, which is the succedent of a premise in VE, turns into a hypothesis of the conclusion in the left

rule vL. Thus, left rules can be seen as a sort of inverted elimination rule. This observation can be illustrated as

follows:
natural deduction sequent calculus
—————— hyp = ——————————————————————————— 1init
| T T
| elim. rules | |
| | left rules | right rules
J | |
—————————————————————— ™ meet conclusion
T
|
| intro. rules
|
conclusion

In the sequent calculus, the left and right rules are performed in lock-step until one reaches the initial sequent, which
corresponds to the meeting point of elimination and introduction rules in natural deduction. These initial rules are
superficially similar to the hypothesis rule of natural deduction, but in the sequent calculus they describe a

transposition or a handshake of a left and a right proposition:

The correspondence between the sequent calculus and natural deduction is a pair of soundness and completeness
theorems, which are both provable by means of an inductive argument.
Soundness of = wrt.
IfT = A, thenT - A.
Completeness of = wrt.
IfT -A, thenT = A.

It is clear by these theorems that the sequent calculus does not change the notion of truth, because the same
collection of propositions remain true. Thus, one can use the same proof objects as before in sequent calculus
derivations. As an example, consider the conjunctions. The right rule is virtually identical to the introduction rule

sequent calculus natural deduction
' =>n A I' =>o B ' o A ' o B
1 2 1 2
——————————————————————————— AR = AT
r = (nl, n2) A AB r + (nl, n2) A AB

The left rule, however, performs some additional substitutions that are not performed in the corresponding

elimination rules.




Natural deduction 136

sequent calculus natural deduction

r, v (A AB), u:A > C ' W A AB

77777777777777777777777777777777 AL ————————————= AE
1 1

', v: (A AB) = [fst v/u] n : C I'' - fst o0 : A

'y, v: (A AB), u:B = C ' W A AB

77777777777777777777777777777777 AL ————————————= AE

', v: (A AB) = [snd v/u] n : C ' msnd o : B

The kinds of proofs generated in the sequent calculus are therefore rather different from those of natural deduction.
The sequent calculus produces proofs in what is known as the -normal n-long form, which corresponds to a
canonical representation of the normal form of the natural deduction proof. If one attempts to describe these proofs
using natural deduction itself, one obtains what is called the intercalation calculus (first described by John Byrnes

[3]), which can be used to formally define the notion of a normal form for natural deduction.

The substitution theorem of natural deduction takes the form of a structural rule or structural theorem known as cut

in the sequent calculus.
Cut (substitution)
IfTr = T, cAandT, wA = T, C, thenl = [nl/u] m, C.

In most well behaved logics, cut is unnecessary as an inference rule, though it remains provable as a meta-theorem;
the superfluousness of the cut rule is usually presented as a computational process, known as cut elimination. This
has an interesting application for natural deduction; usually it is extremely tedious to prove certain properties directly
in natural deduction because of an unbounded number of cases. For example, consider showing that a given
proposition is not provable in natural deduction. A simple inductive argument fails because of rules like VE or E
which can introduce arbitrary propositions. However, we know that the sequent calculus is complete with respect to
natural deduction, so it is enough to show this unprovability in the sequent calculus. Now, if cut is not available as an
inference rule, then all sequent rules either introduce a connective on the right or the left, so the depth of a sequent
derivation is fully bounded by the connectives in the final conclusion. Thus, showing unprovability is much easier,
because there are only a finite number of cases to consider, and each case is composed entirely of sub-propositions
of the conclusion. A simple instance of this is the global consistency theorem: " + L true" is not provable. In the
sequent calculus version, this is manifestly true because there is no rule that can have "- = 1" as a conclusion! Proof

theorists often prefer to work on cut-free sequent calculus formulations because of such properties.
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Stable release Isabelle 2009-2

Written in Standard ML

Operating Linux, Solaris, Mac OS X, Windows (Cygwin)
system

Type Mathematics

License BSD license

Website http://isabelle.in.tum.de/

The Isabelle theorem prover is an interactive theorem proving framework, a successor of the Higher Order Logic
(HOL) theorem prover. It is an LCF-style theorem prover (written in Standard ML), so it is based on a small logical
core guaranteeing logical correctness. Isabelle is generic: it provides a meta-logic (a weak type theory), which is
used to encode object logics like First-order logic (FOL), Higher-order logic (HOL) or Zermelo—Fraenkel set theory
(ZFC). Isabelle's main proof method is a higher-order version of resolution, based on higher-order unification.
Though interactive, Isabelle also features efficient automatic reasoning tools, such as a term rewriting engine and a
tableaux prover, as well as various decision procedures. Isabelle has been used to formalize numerous theorems from
mathematics and computer science, like Godel's completeness theorem, Godel's theorem about the consistency of the
axiom of choice, the prime number theorem, correctness of security protocols, and properties of programming

language semantics. The Isabelle theorem prover is free software, released under the revised BSD license.

Example proof

Isabelle's proof language Isar aims to support proofs that are both human-readable and machine-checkable. For

example, the proof that the square root of two is not rational can be written as follows.

theorem sqgrt2_not_rational:
"sgrt (real 2) ¢ [Ir
proof

assume "sqgrt (real 2) el

then obtain m n :: nat where
n_nonzero: "n # 0" and sqgrt_rat: "|sgrt (real 2)| = real m / real n"
and lowest_terms: "gcd m n = 1"
from n_nonzero and sqgrt_rat have "real m = |sqgrt (real 2)| * real n" by simp
then have "real (m?) = (sqgrt (real 2))2 * real (n?)" by (auto simp add: power2_eq_square)
also have " (sgrt (real 2))2? = real 2" by simp
also have "... * real (n?) = real (2 * n?)" by simp
finally have eq: "m2? = 2 * n2"

hence "2 dvd m2"

with two_is_prime have dvd_m: "2 dvd m" by (rule prime_dvd_power_two)
then obtain k where "m = 2 * k"
with eq have "2 * n? = 22 * k2" by (auto simp add: power2_eq_square mult_ac)

"

hence "n2? = 2 * k2" by simp

hence "2 dvd n?2"

with two_is_prime have "2 dvd n" by (rule prime_dvd_power_two)
with dvd_m have "2 dvd gcd m n" by (rule gcd_greatest)

with lowest_terms have "2 dvd 1" by simp



http://en.wikipedia.org/w/index.php?title=Software_release_life_cycle
http://en.wikipedia.org/w/index.php?title=Programming_language
http://en.wikipedia.org/w/index.php?title=Operating_system
http://en.wikipedia.org/w/index.php?title=Operating_system
http://en.wikipedia.org/w/index.php?title=List_of_software_categories
http://en.wikipedia.org/w/index.php?title=Software_license
http://en.wikipedia.org/w/index.php?title=BSD_license
http://en.wikipedia.org/w/index.php?title=Website
http://isabelle.in.tum.de/
http://en.wikipedia.org/w/index.php?title=Theorem_prover
http://en.wikipedia.org/w/index.php?title=HOL_theorem_prover
http://en.wikipedia.org/w/index.php?title=HOL_theorem_prover
http://en.wikipedia.org/w/index.php?title=LCF_theorem_prover
http://en.wikipedia.org/w/index.php?title=Standard_ML
http://en.wikipedia.org/w/index.php?title=Type_theory
http://en.wikipedia.org/w/index.php?title=First-order_logic
http://en.wikipedia.org/w/index.php?title=Higher-order_logic
http://en.wikipedia.org/w/index.php?title=Zermelo%E2%80%93Fraenkel_set_theory
http://en.wikipedia.org/w/index.php?title=Higher-order_logic
http://en.wikipedia.org/w/index.php?title=First-order_resolution
http://en.wikipedia.org/w/index.php?title=Unification_%28computing%29
http://en.wikipedia.org/w/index.php?title=Term_rewriting
http://en.wikipedia.org/w/index.php?title=G%C3%B6del%27s_completeness_theorem
http://en.wikipedia.org/w/index.php?title=Axiom_of_choice
http://en.wikipedia.org/w/index.php?title=Prime_number_theorem
http://en.wikipedia.org/w/index.php?title=Information_security
http://en.wikipedia.org/w/index.php?title=Formal_semantics_of_programming_languages
http://en.wikipedia.org/w/index.php?title=Formal_semantics_of_programming_languages
http://en.wikipedia.org/w/index.php?title=Free_software
http://en.wikipedia.org/w/index.php?title=BSD_license

Isabelle (theorem prover) 139

thus False by arith

ged

Usage

Among other places, Isabelle has been applied by Hewlett-Packard in the design of the HP 9000 line of server's

Runway bus where it discovered a number of bugs uncaught by previous testing and simulation.!!!

More recently, Isabelle has also been used successfully in software implementation verification. In 2009, the
L4.verified project at NICTA produced the first formal proof of functional correctness of a general-purpose
operating system kernel™ : the seL4 (secure embedded L4) microkernel. The proof is constructed and checked in
Isabelle/HOL and comprises over 200,000 lines of proof script. The verification covers code, design, and
implementation and the main theorem states that the C code correctly implements the formal specification of the
kernel. The proof uncovered 160 bugs in the C code of the sel.4 kernel, and about 150 issues in each of design and
specification.

(3]

Larry Paulson keeps a list of research projects "~ that use Isabelle.

See also

* Formal methods
* Intelligible semi-automated reasoning

* Lightweight Java
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Satisfiability Modulo Theories

In computer science, the Satisfiability Modulo Theories (SMT) problem is a decision problem for logical formulas
with respect to combinations of background theories expressed in classical first-order logic with equality. Examples
of theories typically used in computer science are the theory of real numbers, the theory of integers, and the theories

of various data structures such as lists, arrays, bit vectors and so on.

Basic terminology

Formally speaking, an SMT instance is a formula in first-order logic, where some function and predicate symbols
have additional interpretations, and SMT is the problem of determining whether such a formula is satisfiable. In
other words, imagine an instance of the Boolean satisfiability problem (SAT) in which some of the binary variables
are replaced by predicates over a suitable set of non-binary variables. A predicate is basically a binary-valued
function of non-binary variables. Example predicates include linear inequalities (e.g., 3x + 2y — z > 4) or

equalities involving so-called uninterpreted terms and function symbols (e.g., f(f(u,v),v) = f(u,v)where f

is some unspecified function of two unspecified arguments.) These predicates are classified according to the theory
they belong to. For instance, linear inequalities over real variables are evaluated using the rules of the theory of
linear real arithmetic, whereas predicates involving uninterpreted terms and function symbols are evaluated using the
rules of the theory of uninterpreted functions with equality (sometimes referred to as the empty theory [1]). Other
theories include the theories of arrays and list structures (useful for modeling and verifying software programs), and
the theory of bit vectors (useful in modeling and verifying hardware designs). Subtheories are also possible: for
example, difference logic is a sub-theory of linear arithmetic in which each inequality is restricted to have the form
T—Y < ¢ for variables x and ¥ and constant ¢ .

Most SMT solvers support only quantifier free fragments of their logics.

Expressive power of SMT

An SMT instance is a generalization of a Boolean SAT instance in which various sets of variables are replaced by
predicates from a variety of underlying theories. Obviously, SMT formulas provide a much richer modeling
language than is possible with Boolean SAT formulas. For example, an SMT formula allows us to model the

datapath operations of a microprocessor at the word rather than the bit level.

SMT solvers

Early attempts for solving SMT instances involved translating them to Boolean SAT instances (e.g., a 32-bit integer
variable would be encoded by 32 bit variables with appropriate weights and word-level operations such as 'plus'
would be replaced by lower-level logic operations on the bits) and passing this formula to a Boolean SAT solver.
This approach, which is referred to as the eager approach, has its merits: by pre-processing the SMT formula into an
equivalent Boolean SAT formula we can use existing Boolean SAT solvers "as-is" and leverage their performance
and capacity improvements over time. On the other hand, the loss of the high-level semantics of the underlying
theories means that the Boolean SAT solver has to work a lot harder than necessary to discover "obvious" facts (such
as £ + Yy = Yy + x for integer addition.) This observation led to the development of a number of SMT solvers that
tightly integrate the Boolean reasoning of a DPLL-style search with theory-specific solvers (T-solvers) that handle
conjunctions (ANDs) of predicates from a given theory. This approach is referred to as the lazy approach.

Dubbed DPLL(T) (Nieuwenhuis, Oliveras & Tinelli 2006) , this architecture gives the responsibility of Boolean
reasoning to the DPLL-based SAT solver which, in turn, interacts with a solver for theory T through a well-defined
interface. The theory solver need only worry about checking the feasibility of conjunctions of theory predicates

passed on to it from the SAT solver as it explores the Boolean search space of the formula. For this integration to
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work well, however, the theory solver must be able to participate in propagation and conflict analysis, i.e., it must be
able to infer new facts from already established facts, as well as to supply succinct explanations of infeasibility when
theory conflicts arise. In other words, the theory solver must be incremental and backtrackable.

CVC (for Cooperating Validity Checker) is an automatic theorem prover for the Satisfiability Modulo Theories
problem. It was developed originally by the Stanford Verification Group 21 45 a successor to the Stanford Validity
Checker [3], but is now maintained primarily by researchers at New York University and the University of lowa. Its
latest release is version 3.0 or CVC3. Previous releases were called CVC Lite (v2.0) and CVC (v1.0).

SMT for undecidable theories

Most of the common SMT approaches support decidable theories. However, many real-world systems can only be
modelled by means of non-linear arithmetic over the real numbers involving transcendental functions, e.g. an aircraft

and its behavior. This fact motivates an extension of the SMT problem to non-linear theories, e.g. determine whether

(sin(z)? = cos(log(y) - ) VbV —2* > 2.3y)

A (—|b Vy < —34.4Vexp(z) > E)

T

where

beB,z,yeR
is satisfiable. Then, such problems become undecidable in general. (It is important to note, however, that the theory
of real closed fields, and thus the full first order theory of the real numbers, are decidable using quantifier
elimination. This is due to Alfred Tarski.) The first order theory of the natural numbers with addition (but not
multiplication), called Presburger arithmetic, is also decidable. Since multiplication by constants can be implemented

as nested additions, the arithmetic in many computer programs can be expressed using Presburger arithmetic,

resulting in decidable formulas.

Examples of SMT solvers addressing Boolean combinations of theory atoms from undecidable arithmetic theories
over the reals are ABsolver (Bauer, Pister & Tautschnig 2007), which employs a classical DPLL(T) architecture with
a non-linear optimization packet as (necessarily incomplete) subordinate theory solver, and HySAT-2, building on a
unification of DPLL SAT-solving and interval constraint propagation called the iSAT algorithm (Frinzle et al.
2007).

External links

e SMT-LIB: The Satisfiability Modulo Theories Library 41
e SMT-COMP: The Satisfiability Modulo Theories Competition 151

* Decision procedures - an algorithmic point of view L61

SMT solvers

e ABsolver 7]

» Barcelogic 81

e Beaver ]

¢ Boolector (101
. cvces!tt
« The Decision Procedure Toolkit (DPT) !'?!
* Alt-Ergo [13]

. HySAT 4

« MathSAT !

e OpenSMT, an Open-source lazy SMT Solver [16]
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Prolog

Paradigm Logic programming
Appeared in 1972
Designed by Alain Colmerauer
Major BProlog, Ciao Prolog, ECLiPSe, GNU Prolog, Logic Programming Associates, Poplog Prolog, P#, Quintus,
implementations SICStus, Strawberry, SWI-Prolog, tuProlog, YAP-Prolog
Dialects ISO Prolog, Edinburgh Prolog
Influenced Visual Prolog, Mercury, Oz, Erlang, Strand, KLO, KL1, Datalog
3 Prolog at Wikibooks

Prolog is a general purpose logic programming language associated with artificial intelligence and computational
linguistics.

Prolog has its roots in formal logic, and unlike many other programming languages, Prolog is declarative: The
program logic is expressed in terms of relations, represented as facts and rules. A computation is initiated by running

a query over these relations.

The language was first conceived by a group around Alain Colmerauer in Marseille, France, in the early 1970s and

the first Prolog system was developed in 1972 by Colmerauer with Phillipe Roussel.[!!

Prolog was one of the first logic programming languages, and remains among the most popular such languages
today, with many free and commercial implementations available. While initially aimed at natural language
processing, the language has since then stretched far into other areas like theorem proving, expert systems, games,
automated answering systems, ontologies and sophisticated control systems. Modern Prolog environments support

the creation of graphical user interfaces, as well as administrative and networked applications.

Syntax and semantics

In Prolog, program logic is expressed in terms of relations, and a computation is initiated by running a query over
these relations. Relations and queries are constructed using Prolog's single data type, the term. Relations are defined
by clauses. Given a query, the Prolog engine attempts to find a resolution refutation of the negated query. If the
negated query can be refuted, i.e., an instantiation for all free variables is found that makes the union of clauses and
the singleton set consisting of the negated query false, it follows that the original query, with the found instantiation
applied, is a logical consequence of the program. This makes Prolog (and other logic programming languages)
particularly useful for database, symbolic mathematics, and language parsing applications. Because Prolog allows
impure predicates, checking the truth value of certain special predicates may have some deliberate side effect, such
as printing a value to the screen. Because of this the programmer is permitted to use some amount of conventional
imperative programming when the logical paradigm is inconvenient. It has a purely logical subset, called "pure

Prolog", as well as a number of extralogical features.
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Data types

Prolog's single data type is the term. Terms are either atoms, numbers, variables or compound terms.

An atom is a general-purpose name with no inherent meaning. Examples of atoms include x, blue, 'Taco', and
'some atom'.

Numbers can be floats or integers.

Variables are denoted by a string consisting of letters, numbers and underscore characters, and beginning with an
upper-case letter or underscore. Variables closely resemble variables in logic in that they are placeholders for
arbitrary terms.

A compound term is composed of an atom called a "functor”" and a number of "arguments", which are again
terms. Compound terms are ordinarily written as a functor followed by a comma-separated list of argument terms,
which is contained in parentheses. The number of arguments is called the term's arity. An atom can be regarded as
a compound term with arity zero. Examples of compound terms are truck_year('Mazda', 1986) and

'"Person_Friends'(zelda,[tom,jim]).

Special cases of compound terms:

A List is an ordered collection of terms. It is denoted by square brackets with the terms separated by commas or in
the case of the empty list, []. For example [1,2,3] or [red,green,blue].

Strings: A sequence of characters surrounded by quotes is equivalent to a list of (numeric) character codes,
generally in the local character encoding or Unicode if the system supports Unicode. For example, "to be, or not
to be".

Rules and facts

Prolog programs describe relations, defined by means of clauses. Pure Prolog is restricted to Horn clauses. There are

two types of clauses: Facts and rules. A rule is of the form

Head :—- Body.

and is read as "Head is true if Body is true". A rule's body consists of calls to predicates, which are called the rule's

goals. The built-in predicate ,/2 (meaning a 2-arity operator with name ,) denotes conjunction of goals, and ;/2

denotes disjunction. Conjunctions and disjunctions can only appear in the body, not in the head of a rule.

Clauses with empty bodies are called facts. An example of a fact is:

cat (tom) .

which is equivalent to the rule:

cat (tom) :—- true.

The built-in predicate true/0 is always true.

Given the above fact, one can ask:

is tom a cat?

?—

cat (tom) .

Yes

what things are cats?

?—

X

cat (X) .

= tom
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Due to the relational nature of many built-in predicates, they can typically be used in several directions. For example,
length/2 can be used to determine the length of a list (length(List, L), given a list List) as well as to generate a list
skeleton of a given length (length(X, 5)), and also to generate both list skeletons and their lengths together (Iength(X,
L)). Similarly, append/3 can be used both to append two lists (append(ListA, ListB, X) given lists ListA and ListB)
as well as to split a given list into parts (append(X, Y, List), given a list List). For this reason, a comparatively small

set of library predicates suffices for many Prolog programs.

As a general purpose language, Prolog also provides various built-in predicates to perform routine activities like
input/output, using graphics and otherwise communicating with the operating system. These predicates are not given
a relational meaning and are only useful for the side-effects they exhibit on the system. For example, the predicate

write/1 displays a term on the screen.

Evaluation

Execution of a Prolog program is initiated by the user's posting of a single goal, called the query. Logically, the
Prolog engine tries to find a resolution refutation of the negated query. The resolution method used by Prolog is
called SLD resolution. If the negated query can be refuted, it follows that the query, with the appropriate variable
bindings in place, is a logical consequence of the program. In that case, all generated variable bindings are reported
to the user, and the query is said to have succeeded. Operationally, Prolog's execution strategy can be thought of as a
generalization of function calls in other languages, one difference being that multiple clause heads can match a given
call. In that case, the system creates a choice-point, unifies the goal with the clause head of the first alternative, and
continues with the goals of that first alternative. If any goal fails in the course of executing the program, all variable
bindings that were made since the most recent choice-point was created are undone, and execution continues with

the next alternative of that choice-point. This execution strategy is called chronological backtracking. For example:

mother_ child(trude, sally).

father_ child(tom, sally).
father_child(tom, erica).
father_child(mike, tom).

sibling (X, Y) :— parent_child(Zz, X), parent_child(Z, Y).
parent_child (X, Y) :- father_child (X, Y).
parent_child (X, Y) :- mother_child (X, Y).

This results in the following query being evaluated as true:

?— sibling(sally, erica).

Yes

This is obtained as follows: Initially, the only matching clause-head for the query sibling(sally, erica) is the first one,
so proving the query is equivalent to proving the body of that clause with the appropriate variable bindings in place,
i.e., the conjunction (parent_child(Z,sally), parent_child(Z,erica)). The next goal to be proved is the leftmost one of
this conjunction, i.e., parent_child(Z, sally). Two clause heads match this goal. The system creates a choice-point
and tries the first alternative, whose body is father_child(Z, sally). This goal can be proved using the fact
father_child(tom, sally), so the binding Z = tom is generated, and the next goal to be proved is the second part of the
above conjunction: parent_child(tom, erica). Again, this can be proved by the corresponding fact. Since all goals
could be proved, the query succeeds. Since the query contained no variables, no bindings are reported to the user. A

query with variables, like:
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?— father_child(Father, Child).

enumerates all valid answers on backtracking.

Notice that with the code as stated above, the query ?- sibling(sally, sally). also succeeds. One would insert

additional goals to describe the relevant restrictions, if desired.

Loops and recursion

Iterative algorithms can be implemented by means of recursive predicates.

Negation
The built-in Prolog predicate \+/1 provides negation as failure, which allows for non-monotonic reasoning. The goal

\+ illegal(X) in the rule

legal (X) :— \+ illegal (X).

is evaluated as follows: Prolog attempts to prove the illegal(X). If a proof for that goal can be found, the original goal
(i.e., \+ illegal(X)) fails. If no proof can be found, the original goal succeeds. Therefore, the \+/1 prefix operator is
called the "not provable" operator, since the query ?- \+ Goal. succeeds if Goal is not provable. This kind of negation
is sound if its argument is "ground" (i.e. contains no variables). Soundness is lost if the argument contains variables
and the proof procedure is complete. In particular, the query ?- legal(X). can now not be used to enumerate all things

that are legal.

Examples

Here follow some example programs written in Prolog.

Hello world

An example of a query:

?— write('Hello world!'), nl.
Hello world!

true.

Compiler optimization
Any computation can be expressed declaratively as a sequence of state transitions. As an example, an optimizing

compiler with three optimization passes could be implemented as a relation between an initial program and its

optimized form:

program_optimized(Prog0, Prog) :-—
optimization_pass_1 (Prog0, Progl),
optimization_pass_2 (Progl, Prog2),

optimization_pass_3(Prog2, Prog).

or equivalently using DCG notation:

program_optimized ——> optimization_pass_1, optimization_pass_2,

optimization_pass_3.
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QuickSort

The QuickSort sorting algorithm, relating a list to its sorted version:

partition([], _, [1, [1).
partition([X|Xs], Pivot, Smalls, Bigs) :-—
( X @< Pivot —>
Smalls = [X|Rest],
partition (Xs, Pivot, Rest, Bigs)
A Bigs = [X|Rest],
partition (Xs, Pivot, Smalls, Rest)

quicksort ([]) —> [].

quicksort ([X|Xs]) —-—>
{ partition(Xs, X, Smaller, Bigger) 1},
quicksort (Smaller), [X], quicksort (Bigger) .

Dynamic programming
The following Prolog program uses dynamic programming to find the longest common subsequence of two lists in

polynomial time. The clause database is used for memoization:

:— dynamic (stored/1) .

memo (Goal) :— ( stored(Goal) —-> true ; Goal, assertz(stored(Goal)) ).
les([1, —, [1) := !.
les(_, [1, [1) 8= U,
lcs ([X|Xs], [X]Ys], [X|Ls]) :— !, memo(lcs(Xs, Ys, Ls)).
lcs([X|Xs], [Y|Ys], Ls) :—
(

[X|Xs], ¥Ys, Lsl)), memo(lcs(Xs, [Y]|Ys], Ls2)),
length(Lsl, L1), length(Ls2, L2),
( L1 > L2 —> Ls = Lsl ; Ls = Ls2 ).

memo (1lcs

Example query:

?- les([x,m, j,y,a,u,z], [m,z,]J,a,w,x,ul, Ls).

Ls = [m, J, a, ul
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Modules

For programming in the large, Prolog provides a module system. The module system is standardised by 150.
However, not all Prolog compilers support modules and there are compatibility problems between the module
systems of the major Prolog compilers.m Consequently, modules written on one Prolog compiler will not necessarily

work on others.

Parsing

There is a special notation called definite clause grammars (DCGs). A rule defined via -->/2 instead of :-/2 is
expanded by the preprocessor (expand_term/2, a facility analogous to macros in other languages) according to a few
straightforward rewriting rules, resulting in ordinary Prolog clauses. Most notably, the rewriting equips the predicate
with two additional arguments, which can be used to implicitly thread state around, analogous to monads in other
languages. DCGs are often used to write parsers or list generators, as they also provide a convenient interface to list
differences.

Parser example
A larger example will show the potential of using Prolog in parsing.

Given the sentence expressed in Backus-Naur Form:

<sentence> ::= <stat_part>

<stat_part> ::= <statement> | <stat_part> <statement>
<statement> ::= <id> = <expression> ;

<expression> ::= <operand> | <expression> <operator> <operand>
<operand> 1= <id> | <digit>

<id> = a | b

<digit> = 0..9

<operator> 3= # | = [

This can be written in Prolog using DCGs, corresponding to a predictive parser with one token look-ahead:

sentence (S) —-—> statement (S0), sentence_r (S0, S).
sentence_r (S, S) -—> [].

sentence_r (S0, seqg(S0, S)) —-—> statement (S1), sentence_r(S1l, S).
statement (assign(Id,E)) —--—> id(Id), [=], expression(E), [;].
expression(E) —--> term(T), expression_r (T, E).

expression_r (E, E) -—> [].

expression_r (E0O, E) —-—> [+], term(T), expression_r (plus(EO0,T), E).
expression_r (EQ0, E) —-—> [-], term(T), expression_r (minus(EO0, T), E).
term (T) --> factor(F), term_r(F, T).

term_r (T, T) -—> [].

term_r (TO, T) ——> [*], factor(F), term r (times(TO, F), T).

factor (id (ID)) ——> id (ID) .

factor (digit (D)) —--> [D], { (number (D) ; var(D)), between(0, 9, D)}.
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id(a) —-—> [a].
id(b) —--> [b].

This code defines a relation between a sentence (given as a list of tokens) and its abstract syntax tree (AST).

Example query:

?— phrase (sentence (AST), [a,=,1,+,3,*,b,;,b,=,0,;1).
AST = seqg(assign(a, plus(digit(l), times(digit(3), id(b)))), assign(b, digit(0))) ;

The AST is represented using Prolog terms and can be used to apply optimizations, to compile such expressions to
machine-code, or to directly interpret such statements. As is typical for the relational nature of predicates, these
definitions can be used both to parse and generate sentences, and also to check whether a given tree corresponds to a
given list of tokens. Using iterative deepening for fair enumeration, each arbitrary but fixed sentence and its

corresponding AST will be generated eventually:

?— length (Tokens, _), phrase(sentence(AST), Tokens).
Tokens = [a, =, a, (;)], AST = assign(a, id(a)) ;
Tokens = [a, =, b, (;)], AST = assign(a, 1id(b))

etc.

Higher-order programming

First-order logic does not allow quantification over predicates. A higher-order predicate is a predicate that takes one
or more other predicates as arguments. Since arbitrary Prolog goals can be constructed and evaluated at run-time, it
is easy to write higher-order predicates like maplist/2, which applies an arbitrary predicate to each member of a

given list, and sublist/3, which filters elements that satisfy a given predicate, also allowing for currying.

To convert solutions from temporal representation (answer substitutions on backtracking) to spatial representation
(terms), Prolog has various all-solutions predicates that collect all answer substitutions of a given query in a list. This

can be used for list comprehension. For example, perfect numbers equal the sum of their proper divisors:

perfect (N) :-
between (1, inf, N), U is N // 2,
findall (D, (between(l,U,D), N mod D =:= 0), Ds),
sumlist (Ds, N).

This can be used to enumerate perfect numbers, and also to check whether a number is perfect.

Meta-interpreters and reflection

Prolog is a homoiconic language and provides many facilities for reflection. Its implicit execution strategy makes it
possible to write a concise meta-circular evaluator (also called meta-interpreter) for pure Prolog code. Since Prolog
programs are themselves sequences of Prolog terms (:-/2 is an infix operator) that are easily read and inspected using
built-in mechanisms (like read/l), it is easy to write customized interpreters that augment Prolog with

domain-specific features.
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Turing completeness

Pure Prolog is based on a subset of first-order predicate logic, Horn clauses, which is Turing-complete. Turing

completeness of Prolog can be shown by using it to simulate a Turing machine:

turing (TapeO, Tape) :-—
perform (g0, [], Ls, TapeO, Rs),
reverse (Ls, Lsl),

append (Lsl, Rs, Tape).

perform(gf, Ls, Ls, Rs, Rs) :— !.
perform(Q0, LsO, Ls, RsO, Rs) :-
symbol (RsO, Sym, RsRest),
once (rule (Q0, Sym, Q1, NewSym, Action)),
action (Action, LsO, Lsl, [NewSym|RsRest], Rsl),
perform(Ql, Lsl, Ls, Rsl, Rs).

symbol ([], b, [1]).
symbol ([Sym|Rs], Sym, Rs).

action(left, Ls0O, Ls, RsO, Rs) :— left(Ls0O, Ls, RsO, Rs).
action(stay, Ls, Ls, Rs, Rs).
action(right, LsO, [Sym|LsO], [Sym|Rs], Rs).

left ([]1, []l, RsO, [b|RsO0]).
left ([L|Ls], Ls, Rs, [L|Rs]).

A simple example Turing machine is specified by the facts:

rule (g0, 1, g0, 1, right).
rule (g0, b, gf, 1, stay).

This machine performs incrementation by one of a number in unary encoding: It loops over any number of "1" cells

and appends an additional "1" at the end. Example query and result:

?- turing([1,1,1], Ts).
Ts = [1, 1, 1, 11 ;

This illustrates how any computation can be expressed declaratively as a sequence of state transitions, implemented

in Prolog as a relation between successive states of interest.

Implementation

ISO Prolog
The ISO Prolog standard consists of two parts. ISO/IEC 13211-1¥ , published in 1995, aims to standardize the

existing practices of the many implementations of the core elements of Prolog. It has clarified aspects of the
language that were previously ambiguous and leads to portable programs. ISO/IEC 1321124 , published in 2000,
adds support for modules to the standard. The standard is maintained by the ISO/IEC JTC1/SC22/W G17" working
group. ANSI X3J17 is the US Technical Advisory Group for the standard.[®!
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Compilation

For efficiency, Prolog code is typically compiled to abstract machine code, often influenced by the register-based
Warren Abstract Machine (WAM) instruction set. Some implementations employ abstract interpretation to derive
type and mode information of predicates at compile time, or compile to real machine code for high performance.
Devising efficient implementation techniques for Prolog code is a field of active research in the logic programming
community, and various other execution techniques are employed in some implementations. These include clause

binarization and stack-based virtual machines.

Tail recursion

Prolog systems typically implement a well-known optimization technique called tail call optimization (TCO) for
deterministic predicates exhibiting tail recursion or, more generally, tail calls: A clause's stack frame is discarded
before performing a call in a tail position. Therefore, deterministic tail-recursive predicates are executed with

constant stack space, like loops in other languages.

Tabling

Some Prolog systems, (BProlog, XSB and Yap), implement an extension called rabling, which frees the user from

manually storing intermediate results.

Implementation in hardware

During the Fifth Generation Computer Systems project, there were attempts to implement Prolog in hardware with
the aim of achieving faster execution with dedicated architectures.!’! (81 V] Furthermore, Prolog has a number of
properties that may allow speed-up through parallel execution."”! A more recent approach has been to compile

[

restricted Prolog programs to a field programmable gate array. 1 However, rapid progress in general-purpose

hardware has consistently overtaken more specialised architectures.

Criticism
Although Prolog is widely used in research and education, Prolog and other logic programming languages have not

had a significant impact on the computer industry in general.[]z] Most applications are small by industrial standards

[13]

with few exceeding 100,000 lines of code. [14] Programming in the large is considered to be complicated because

not all Prolog compilers support modules, and there are compatibility problems between the module systems of the
major Prolog Compilers.[ls] Portability of Prolog code across implementations has also been a problem but
developments since 2007 have meant: "the portability within the family of Edinburgh/Quintus derived Prolog

implementations is good enough to allow for maintaining portable real-world applications.”[m]

Software developed in Prolog has been criticised for having a high performance penalty, but advances in

implementation have made some of these arguments obsolete.!”!
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Extensions

Various implementations have been developed from Prolog to extend logic programming capabilities in numerous
directions. These include constraint logic programming (CLP), object-oriented logic programming (OOLP),
concurrency, Linear Logic (LLP), functional and higher-order logic programming capabilities, plus interoperability

with knowledge bases:

Constraints

Constraint logic programming is important for many Prolog applications in industrial settings, like time tabling and
other scheduling tasks. Most Prolog systems ship with at least one constraint solver for finite domains, and often also

with solvers for other domains like rational numbers.

Higher-order programming

HiLog and AProlog extend Prolog with higher-order programming features.

Object orientation

Logtalk is an object-oriented logic programming language that can use most Prolog implementations as a back-end
compiler. As a multi-paradigm language, it includes support for both prototypes and classes, protocols (interfaces),
component-based programming through category-based composition, event-driven programming, and high-level

multi-threading programming.

Oblog is a small, portable, Object-oriented extension to Prolog by Margaret McDougall of EdACAAD, University of
Edinburgh.

Concurrency

Prolog-MPI is an open-source SWI-Prolog extension for distributed computing over the Message Passing

Interface. '8 Also there are various concurrent Prolog programming languages.[lg]

Web programming

Some Prolog implementations, notably SWI-Prolog, support server-side web programming with support for web
protocols, HTML and XML.?%! There are also extensions to support semantic web formats such as RDF and

owL.121 122 Prolog has also been suggested as a client-side language.m]

Other

* F-logic extends Prolog with frames/objects for knowledge representation.
* OW Prolog has been created in order to answer Prolog's lack of graphics and interface.

« Cedar '*Y free and basic prolog interpreter.

Interfaces to other languages
Frameworks exist which can provide a bridge between Prolog and the Java programming language:

» JPL is a bi-directional Java Prolog bridge which ships with SWI-Prolog by default, allowing Java and Prolog to
call each other respectively. It is known to have good concurrency support and is under active development.

* InterProlog 251

, a programming library bridge between Java and Prolog, implementing bi-directional
predicate/method calling between both languages. Java objects can be mapped into Prolog terms and vice-versa.
Allows the development of GUIs and other functionality in Java while leaving logic processing in the Prolog

layer. Supports XSB, SWI-Prolog and YAP.
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* Prova provides native syntax integration with Java, agent messaging and reaction rules. Prova positions itself as a
rule-based scripting (RBS) system for middleware. The language breaks new ground in combining imperative and
declarative programming.

« PROL ?® An embeddable Prolog engine for Java. It includes a small IDE and a few libraries.

Related languages

* The Godel programming language is a strongly-typed implementation of Concurrent constraint logic
programming. It is built on SICStus Prolog.

* Visual Prolog, also formerly known as PDC Prolog and Turbo Prolog. Visual Prolog is a strongly typed
object-oriented dialect of Prolog, which is considerably different from standard Prolog. As Turbo Prolog it was
marketed by Borland, but it is now developed and marketed by the Danish firm PDC (Prolog Development
Center) that originally produced it.

» Datalog is a subset of Prolog. It is limited to relationships that may be stratified and does not allow compound
terms. In contrast to Prolog, Datalog is not Turing-complete.

* CSC GraphTalk is a proprietary implementation of Warren's Abstract Machine, with additional object-oriented
properties.

* In some ways Prolog is a subset of Planner. The ideas in Planner were later further developed in the Scientific

Community Metaphor.

History

The name Prolog was chosen by Philippe Roussel as an abbreviation for programmation en logique (French for
programming in logic). It was created around 1972 by Alain Colmerauer with Philippe Roussel, based on Robert
Kowalski's procedural interpretation of Horn clauses. It was motivated in part by the desire to reconcile the use of
logic as a declarative knowledge representation language with the procedural representation of knowledge that was
popular in North America in the late 1960s and early 1970s. According to Robert Kowalski, the first Prolog system
was developed in 1972 by Alain Colmerauer and Phillipe Roussel.?”! The first implementations of Prolog were
interpreters, however, David H. D. Warren created the Warren Abstract Machine, an early and influential Prolog
compiler which came to define the "Edinburgh Prolog" dialect which served as the basis for the syntax of most

modern implementations.

Much of the modern development of Prolog came from the impetus of the fifth generation computer systems project

(FGCS), which developed a variant of Prolog named Kernel Language for its first operating system.

Pure Prolog was originally restricted to the use of a resolution theorem prover with Horn clauses of the form:

B

Lro-eer B
The application of the theorem-prover treats such clauses as procedures:

to show/solve H, show/solve B1 and ... and Bn.

Pure Prolog was soon extended, however, to include negation as failure, in which negative conditions of the form
not(Bi) are shown by trying and failing to solve the corresponding positive conditions B.l.
Subsequent extensions of Prolog by the original team introduced Constraint logic programming abilities into the

implementations.
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See also

* Comparison of Prolog implementations
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